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1 Çàäà÷à 1.

Íàéòè êðàò÷àéøåå ðàññòîÿíèå ìåæäó ïîâåðõíîñòüþ x2+y2+z2 = 1 è ïðîñòðàíñòâåííîé êðèâîé x = 5, z = y2+5.

1.1 Ðåøåíèå (ñïîñîá 1):

Ïàðàìåòðèçàöèÿ ïðîñòðàíñòâåííîé êðèâîé âûãëÿäèò ñëåäóþùèì îáðàçîì:

x = ϕ(y) = 5, z = ψ(y) = y2 + 5. (1)

Ðàññìîòðèì ôóíêöèîíàë ñëåäóþùåãî âèäà

J [x, z] =

∫ y1

y0

dyF (y, x, z, x′, z′) =

∫ y1

y0

dy
√
1 + x′2 + z′2. (2)

Ñèñòåìà óðàâíåíèé Ýéëåðà óñðîåíà ñëåäóþùèì îáðàçîì:

∂F

∂x
− d

dy

∂F

∂x′
= 0,

∂F

∂z
− d

dy

∂F

∂z′
= 0.

Ýòà ñèñòåìà óðàâíåíèé ïðèâîäèò ê ðåøåíèþ

x = C1y + C2, z = C3y + C4. (3)

Îïðåäåëèì òåïåðü êîëè÷åñòâî íåèçâåñòíûõ â çàäà÷å. Øåñòü íåèçâåñòíûõ - ýòî êîîðäèíàòû íà÷àëüíîé è êîíå÷-
íîé òî÷åê ýêñòðåìàëè: A(x0, y0, z0), B(x1, y1, z1). Åùå ÷åòûðå íåèçâåñòíûõ - êîýôôèöèåíòû, ïàðàìåòðèçóþùèå
ýêñòðåìàëü (3): C1, C2, C3, C4.

Òàêèì îáðàçîì, íåèçâåñòíûõ 10, âñåãî íóæíî íàïèñàòü 10 óðàâíåíèé.
Ïåðâûå äâà óðàâíåíèÿ: òî÷êà A ïðèíàäëåæèò ýêñòðåìàëè:

x0 = C1y0 + C2, (4)

z0 = C3y0 + C4. (5)

Òî÷êà A ïðèíàäëåæèò ïðîñòðàíñòâåííîé êðèâîé:

x0 = 5, (6)

z0 = y20 + 5. (7)

Òî÷êà B ïðèíàäëåæèò ýêñòðåìàëè
x1 = C1y1 + C2, (8)

z1 = C3y1 + C4. (9)

Òî÷êà B ïðèíàäëåæèò ïîâåðõíîñòè:
x21 + y21 + z21 = 1. (10)

Óñëîâèå òðàíñâåðñàëüíîñòè â òî÷êå A (ýêñòðåìàëü è ïðîñòðàíñòâåííàÿ êðèâàÿ):[
F + (ϕ

′

y − x′)F
′

x′ + (ψ
′

y − z′)F
′

z′

]
|y=y0 = 0. (11)
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Â ÿâíîì âèäå ýòî óñëîâèå âûãëÿäèò òàê:[√
1 + x′2 + z′2 + (−x′) x′√

1 + x′2 + z′2
+ (2y − z′) z′√

1 + x′2 + z′2

]
|y=y0 = 0,

÷òî ïåðåïèñûâàåòñÿ â ïðîñòîì âèäå:
2y0C3 = −1. (12)

Óñëîâèå òðàíñâåðñàëüíîñòè â òî÷êå B (ýêñòðåìàëü è ïîâåðõíîñòü). Ìû ïîëàãàåì çäåñü óðàâíåíèå ïîâåðõíîñòè

ϕ̃(x, y, z) = x2 + y2 + z2 − 1 = 0.

Òîãäà
F − x′F ′

x′

∂ϕ̃
∂y

|B =
F

′

x′

∂ϕ̃
∂x

|B =
F

′

z′

∂ϕ̃
∂z

|B . (13)

Ïàðà ýòèõ óðàâíåíèé èìååò âèä√
1 + x′2 + z′2 − x′2√

1+x′2+z′2

2y
|y=y1 =

x′√
1+x′2+z′2

2x
|y=y1 =

z′√
1+x′2+z′2

2z
|y=y1 . (14)

Ïîñëå ÿâíûõ ïîäñòàíîâîê óðàâíåíèå (14) ïðèíèìàåò ïðîñòîé âèä

1 + C2
3

2y1
=

C1

2x1
, (15)

C1

2x1
=
C3

2z1
. (16)

Òàêèì îáðàçîì, ìû ïîëó÷èëè ñèñòåìó äñÿòè óðàâíåíèé (4)-(10), (12), (15)-(16).

1.2 Ðåøåíèå (2 ñïîñîá):

Ïîñêîëüêó â äàííîé çàäà÷å ìû èìååì äåëî ñ ôóíêöèîíàëîì Ôåðìà, òî óñëîâèå òðàíñâåðñàëüíîñòè â òî÷êå A
ñîâïàäàåò ñ óñëîâèåì îðòîãîíàëüíîñòè êàñàòåëüíîãî âåêòîðà ê ýêñòðåìàëè è êàñàòåëüíîãî âåêòîðà ê ïðîñòðàí-
ñòâåííîé êðèâîé â òî÷êå êàñàíèÿ.

Ðàññìîòðèì ôóíêöèîíàë

J [y, z] =

∫ x1

x0

F (x, y, z, y′, z′)dx, F (x, y, z, y′, z′) = n(x, y, z)

√
1 + y′2 + z′2.

Ïóñòü ïðîñòðàíñòâåííàÿ êðèâàÿ çàäàåòñÿ óñëîâèÿìè

y = ϕ(x), z = ψ(x). (17)

Óñëîâèå òðàíñâåðñàëüíîñòè â òî÷êå ñîïðÿæåíèÿ ýêñòðåìàëè è ïðîñòðàíñòâåííîé êðèâîé èìååò âèä[
F + (ϕ′ − y′)F

′

y′ + (ψ′ − z′)F
′

z′

]
|A, (18)

èëè, íåñêîëüêî â äðóãîì âèäå: [
(F − y′F

′

y′ − z′F
′

z′) + ϕ′F
′

y′ + ψ′F
′

z′

]
|A = 0. (19)

Ïîñëåäíåå óðàâíåíèå â ñëó÷àå ôóíêöèîíàëà Ôåðìà ïåðåïèñûâàåòñÿ â âèäå

(1 + ϕ′y′ + ψ′z′)|x=x0
= 0. (20)

Ïîñëåäíåå óñëîâèå ïðåäñòàâëÿåò ñîáîé óñëîâèå îðòîãîíàëüíîñòè êàñàòåëüíîãî âåêòîðà ê ýêñòðåìàëè ~τe è êàñà-
òåëüíîãî âåêòîðà ê ïðîñòðàíñòâåííîé êðèâîé ~τc â òî÷êå èõ ñîïðÿæåíèÿ

< ~τc, ~τe > |A = 0, (21)

ãäå

~τc =

 1
ϕ′

ψ′

 , ~τe =

 1
y′

z′

 .
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Âåðíåìñÿ ê íàøåé ñèòóàöèè è ðàññìîòðèì ïî îïðåäåëåíèþ êîìïîíåíòû êàñàòåëüíîãî âåêòîðà ê ïðîñòðàí-
ñòâåííîé êðèâîé â âèäå

ϕ′(x)|x=x0
= lim
δx→0

δϕ

δx
|x=x0

, ψ′(x)|x=x0
= lim
δx→0

δψ

δx
|x=x0

.

Ïåðåïèøåì óðàâíåíèå (20) â äîïðåäåëüíîì ñìûñëå

(δx+ δϕy′ + δψz′)|x=x0
= 0, =⇒ < ~τe,~t > |x=x0

= 0, (22)

ãäå, ñîãëàñíî (17):

~t =

 δx
δy
δz

 .

Îäíàêî, ïðîñòðàíñòâåííàÿ êðèâàÿ ëåæèò â ïëîñêîñòè x = const. Ïîýòîìó

δx = 0.

Òàêèì îáðàçîì, óñëîâèå (22) ëåãêî ïåðåïèñàòü â âèäå

(y′ + z′
δz

δy
)|x=x0

= 0 =⇒ (y′ + z′ψ′
y)|x=x0

= 0. (23)

Ïîëó÷åííîå óðàâíåíèå è îêàçûâàåòñÿ óñëîâèåì òðàíñâåðñàëüíîñòè â äàííîé çàäà÷å.

2 Çàäà÷à 2, (çàäà÷íèê Êðàñíîâà, 193 )

Ïîñòðîèòü êàíîíè÷åñêèå óðàâíåíèÿ Ãàìèëüòîíà, åñëè ôóíêöèîíàë èìååò âèä

J [y] =

∫
xy

√
y′dx.

Ðåøåíèå:

Ôóíêöèÿ Ëàãðàíæà èìååò âèä: F = xy
√
y′. Âûïîëíÿåòñÿ óñëîâèå

F
′′

y′y′ 6= 0. (24)

Ââåäåì ïåðåìåííóþ p ñëåäóþùèì îáðàçîì:

p =
∂F

∂y′
=
xy

2y′
. (25)

Îáðàùàÿ âûðàæåíèå (25), íàõîäèì, ÷òî
√
y′ = xy

2p . Ñëåäîâàòåëüíî,

F =
x2y2

2p
. (26)

Ââîäèì ôóíêöèþ Ãàìèëüòîíà ïî îïðåäåëåíèþ

H = y′F
′

y′ − F =
x2y2

4p
p− x2y2

2p
= −x

2y2

4p
. (27)

Îñòàëîñü çàïèñàòü óðàâíåíèå Ýéëåðà â êàíîíè÷åñêîé ôîðìå:

∂H

∂p
=
x2y2

4p2
= y′,

∂H

∂y
= −x

2y

2p
= −p′. (28)

Çàäà÷à ðåøåíà.
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