
Ïðèëîæåíèÿ Ôóðüå-ïðåîáðàçîâàíèÿ. Ñåìèíàð 25 ìàðòà.

27 ìàðòà 2020 ã.

Ìû ðàññìîòðèì òåïåðü íåñêîëüêî çàäà÷, ðåøåíèå êîòîðûõ îñíîâàíî íà ìåòîäàõ Ôóðüå-ïðåîáðàçîâàíèÿ.

1 Èíòåãðàëüíûå óðàâíåíèÿ íà îñè.

Íàéòè ðåøåíèå óðàâíåíèÿ ∫ ∞
−∞

e−iλxg(x)dx =
sinλ

λ
(1)

â êëàññå êâàäðàòè÷íî èíòåãðèðóåìûõ ôóíêöèé.

Ðåøåíèå.

Îòìåòèì, ÷òî ëåâàÿ ÷àñòü óðàâíåíèÿ (1) ïðåäñòàâëÿåò ñîáîé Ôóðüå-ïðåîáðàçîâàíèå ôóíêöèè g. Òàêèì îáðà-
çîì, óðàâíåíèå (1) ìîæåò áûòü ïåðåïèñàíî â âèäå

√
2πF [g](λ) =

sinλ

λ
.

Òàêèì îáðàçîì,

g(x) =
1√
2π
F−1

[
sinλ

λ

]
(x) =

1√
2π

√
π

2
χ

(−1,1)
(x) =

1

2
χ

(−1,1)
(x) =

=

{
1
2 |x| < 1,
0 |x| > 1.

Ìû ññûëàåìñÿ çäåñü íà ïðèìåð, ðàçîáðàííûé â ïðåäûäóùåé ëåêöèè.

2 Ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé.

Íàéòè óáûâàþùåå íà áåñêîíå÷íîñòè ðåøåíèå óðàâíåíèÿ

y′′ − y = e−α|x| (2)

Ðåøåíèå.

Ïðèìåíèì Ôóðüå-ïðåîáðàçîâàíèå ê ëåâîé è ïðàâîé ÷àñòè óðàâíåíèÿ (2)

((iλ)2 − 1)ŷ(λ) = F
[
e−α|x|

]
.

Òàêèì îáðàçîì, âûðàæåíèå äëÿ ŷ(λ) ïðèíèìàåò âèä

ŷ(λ) = −
F
[
e−α|x|

]
(λ)

λ2 + 1
.

Íàêîíåö,

y(x) = −F−1
[

1

λ2 + 1
F
[
e−α|x|

]
(λ)

]
(x). (3)

Îòìåòèì, ÷òî âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ ìîæåò áûòü çàïèñàíî â ñëåäóþùåì âèäå:

1

λ2 + 1
F
[
e−α|x|

]
(λ) =

√
π

2
F [e−|x|](λ)F

[
e−α|x|

]
(λ) =

√
π

2
F [f ∗ g](λ).

Ìû ââåëè îáîçíà÷åíèÿ
f(x) ≡ e−|x|, g(x) ≡ e−α|x|. (4)
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Ìû âîñïîëüçîâàëèñü òàêæå äîêàçàííûì ðàíåå ñâîéñòâîì ñâåðòêè êâàäðàòè÷íî èíòåãðèðóåìûõ ôóíêöèé:

F [f ∗ g] = F [f ]F [g].

Âîçâðàùàÿñü ê óðàâíåíèþ (3), ïîëó÷àåì

y(x) = −
√
π

2
(f ∗ g)(x), (5)

ãäå ôóíêöèè f è g îïðåäåëåíû â óðàâíåíèè (4). Îêîí÷àòåëüíî, ìû ïðèõîäèì ê ñëåäóþùåìó ðåçóëüòàòó:

y(x) = −1

2

∞∫
−∞

dte−|t|e−α|x−t|. (6)

Ñàìîñòîÿòåëüíî ïîêàçàòü, ÷òî
1) ïðè α 6= 1

y(x) =
1

α2 − 1

(
e−α|x| − αe−|x|

)
.

2) ïðè α = 1

y(x) = −1

2
(|x|+ 1)e−|x|.

3 Ðåøåíèå óðàâíåíèé â ñâåðòêàõ.

Íàéòè óáûâàþùåå íà áåñêîíå÷íîñòè ðåøåíèå óðàâíåíèÿ

∞∫
−∞

y(t)e−α|x−t|dt =
x

x2 + β2
. (7)

Ðåøåíèå.

Ââåäåì îáîçíà÷åíèÿ

f(x) ≡ e−α|x|, g(x) ≡ x

x2 + β2
.

Òîãäà â ýòèõ îáîçíà÷åíèÿõ óðàâíåíèå (7) ïðèíèìàåò âèä
√
2π(y ∗ f)(x) = g(x). (8)

Ïðèìåíÿÿ ê ëåâîé è ïðàâîé ÷àñòÿì óðàâíåíèÿ (8) Ôóðüå-ïðåîáðàçîâàíèå, ïîëó÷àåì
√
2πŷ(λ)f̂(λ) = ĝ(λ). (9)

Ïîëó÷èëîñü àëãåáðàè÷åñêîå óðàâíåíèå îòíîñèòåëüíî ôóíêöèè ŷ

ŷ(λ) =
1√
2π

ĝ(λ)

f̂(λ)
. (10)

3.1 Âû÷èñëåíèå ôóíêöèè ĝ(λ)

ĝ(λ) = F

[
x

β2 + x2

]
(λ) = iF ′

[
1

β2 + x2

]
(λ) =

i

β

√
π

2

d

dλ

{
F−1

[√
2

π

β

β2 + x2

]
(−λ)

}
=

=
i

β

√
π

2

d

dλ
e−β|λ| =

√
π

2

{
−ie−βλ, λ > 0
ieβλ, λ < 0.

3.2 Âû÷èñëåíèå ôóíêöèè f̂(λ)

f̂(λ) = F [f ](λ) = F
[
e−α|x|

]
(λ) =

√
2

π

α

α2 + λ2
.

Âîçâðàùàÿñü ê óðàâíåíèþ (10), ïîëó÷àåì îêîí÷àòåëüíî

y(x) =
1√
2π
F−1

[
π

2α
(α2 + λ2)

i

β

d

dλ
e−β|λ|

]
(x). (11)

Ïîëó÷åííîå âûðàæåíèå ìîæåò áûòü ïîñ÷èòàíî ÿâíî.
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4 Ðåøåíèå ðàçíîñòíûõ óðàâíåíèé.

Íàéòè îáðàùàþùååñÿ â íîëü íà áåñêîíå÷íîñòè ðåøåíèå óðàâíåíèÿ

f(x+ h)− 2f(x) =
1

1 + x2
. (12)

Ðåøåíèå:

Ïðèìåíèì Ôóðüå-ïðåîáðàçîâàíèå ê ëåâîé è ïðàâîé ÷àñòÿì óðàâíåíèÿ (12). Ïîëüçóÿñü â ÷àñòíîñòè òåîðåìîé
ñìåùåíèÿ, ïîëó÷èì (

eiλh − 2
)
f̂(λ) =

√
π

2
e−|λ|.

Òàêèì îáðàçîì,

f̂(λ) =

√
π

2

e−|λ|

(eiλh − 2)
= −1

2

√
π

2
e−|λ|

1

1− 1
2e
iλh

= −1

2

√
π

2
e−|λ|

∞∑
n=0

1

2n
eiλnh. (13)

Íàêîíåö, ïðèìåíÿÿ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ê óðàâíåíèþ (13), ïîëó÷àåì

f(x) =
1√
2π

∫
R
dλeiλx

(
−1

2

√
π

2
e−|λ|

∞∑
n=0

1

2n
eiλnh

)
=

= −1

2

√
π

2

∞∑
n=0

1

2n
1√
2π

∫
R
dλeiλxe−|λ|eiλnh = −1

2

√
π

2

∞∑
n=0

1

2n
F−1[e−|λ|](x+ nh) =

= −1

2

√
π

2

∞∑
n=0

1

2n
F [e−|λ|](−x− nh) = −

∞∑
n=0

1

2n+1

1

(1 + (x+ nh)2)
.

Îòâåò ïîëó÷åí â âèäå ôóíêöèîíàëüíîãî ðÿäà.

5 Ðàâåíñòâî Ïàðñåâàëÿ.

Ïîñ÷èòàòü èíòåãðàë

J =

∫ ∞
0

sin(αx)sin(βx)

x2
dx, α > β > 0.

Ðåøåíèå:

J =

∫ ∞
0

sin(αx)sin(βx)

x2
dx =

1

2

∫ ∞
−∞

sin(αx)sin(βx)

x2
dx =

=
π

4
〈F [f ], F [g]〉,

ãäå ôóíêöèè f è g îïðåäåëåíû ñëåäóþùèì îáðàçîì

f(x) = χ(−α,α)(x), g(x) = χ(−β,β)(x).

Âîñïîëüçóåìñÿ ðàâåíñòâîì Ïàðñåâàëÿ

J =
π

4
〈F [f ], F [g]〉 = π

4
〈f, g〉 = π

4

∫
R
χ(−α,α)(x)χ(−β,β)(x)dx =

π

4
2β =

πβ

2
.
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