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1 Çàäà÷à 177, çàäà÷íèê Êðàñíîâà

Ïîêàçàòü, ÷òî åñëè óñëîâèå òðàíñâåðñàëüíîñòè ñîâïàäàåò ïðè âñåõ íà÷àëüíûõ äàííûõ ñ óñëîâèåì îðòîãîíàëü-
íîñòè, òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ F èìååò ñëåäóþùóþ ñòðóêòóðó

F = f(x, y, z)

√
1 + y′2 + z′2,

ãäå f åñòü ïðîèçâîëüíàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ ñâîèõ àðãóìåíòîâ.

Ðåøåíèå:

Óñëîâèå òðàíñâåðñàëüíîñòè â äàííîì ñëó÷àå èìååò ñëåäóþùèé âèä:

F − y′F ′

y′ − z′F
′

z′

∂ψ
∂x

|(x1,y1) =
F

′

y′

∂ψ
∂y

|(x1,y1) =
F

′

z′

∂ψ
∂z

|(x1,y1). (1)

Ìû ïîëàãàåì çäåñü, ÷òî ïîâåðõíîñòü S, êîòîðîé ïðèíàäëåæèò òî÷êà (x1, y1), îïðåäåëÿåòñÿ óðàâíåíèåì z =
ϕ(x, y), à ôóíêöèÿ ψ îïðåäåëÿåòñÿ êàê ϕ(x, y)− z.

Îòìåòèì, ÷òî åäèíè÷íûé êàñàòåëüíûé âåêòîð ê ýêñòðåìàëè îïðåäåëÿåòñÿ óðàâíåíèåì

τ̂ =


1√

1+y′2+z′2

y′√
1+y′2+z′2

z′√
1+y′2+z′2

 .

Îïðåäåëèì âûðàæåíèå äëÿ âåêòîðà íîðìàëè ê ïîâåðõíîñòè S. Ïóñòü îòîáðàæåíèå Θ äâóìåðíîé îáëàñòè â
ïëîñêîñòè (X,Y ) íà ïîâåðõíîñòü â òðåõìåðíîì ïðîñòðàíñòâå çàäàåòñÿ ñëåäóþùèì îáðàçîì:

Θ : (x, y) →

 x
y

ϕ(x, y)

 .

Òîãäà ïàðà êàñàòåëüíûõ âåêòîðîâ íà ïîâåðõíîñòè îïðåäåëÿåòñÿ êàê

Θx =

 1
0
ϕ′
x

 , Θy =

 0
1
ϕ′
y

 .

Âåêòîðíîå ïðîèçâåäåíèå ýòèõ âêòîðîâ îïðåäåëèò âåêòîð íîðìàëè:

~n =

∣∣∣∣∣∣
î ĵ k̂
1 0 ϕ′

x

0 1 ϕ′
y

∣∣∣∣∣∣ = −ϕ′
x
~i− ϕ′

y
~j + 1~k.

Çàäàäèì êàíîíè÷åñêèé âèä ïîâåðõíîñòè ψ(x, y, z) = 0, ãäå ψ(x, y, z) = ϕ(x, y)− z.
Îòìåòèì, ÷òî óñëîâèå îðòîãîíàëüíîñòè ýêñòðåìàëè è ïîâåðõíîñòè S îòâå÷àåò ïàðàëëåëüíîñòè âåêòîðîâ τ̂ è

~n, òî åñòü
1√

1+y′2+z′2

ϕ′
x

|(x1,y1) =

y′√
1+y′2+z′2

ϕ′
y

|(x1,y1) =

z′√
1+y′2+z′2

−1
|(x1,y1). (2)
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Ïî óñëîâèþ çàäà÷è óñëîâèå îðòîãîíàëüíîñòè äîëæíî ñîâïàäàòü ñ óñëîâèåì òðàíñâåðñàëüíîñòè âñþäó íà ïîâåðõ-
íîñòè S. Ñðàâíèâàÿ óñëîâèÿ (1) è (2), ïîëó÷àåì íàáîð óðàâíåíèé:

F − y′F
′

y′ − z′F
′

z′ =
1√

1 + y′2 + z′2
ρ(x, y, z), (3)

F
′

y′ =
y′√

1 + y′2 + z′2
ρ(x, y, z), (4)

F
′

z′ =
z′√

1 + y′2 + z′2
ρ(x, y, z), (5)

ãäå ρ(x, y, z) � âîîáùå ãîâîðÿ, ïðîèçâîëüíàÿ ôóíêöèÿ òî÷êè íà ïîâåðõíîñòè. Ïîäñòàâëÿÿ óðàâíåíèÿ (4)-(5) â
óðàâíåíèå (3), ïîëó÷èì

F − y′ y′√
1 + y′2 + z′2

ρ(x, y, z)− z′ z′√
1 + y′2 + z′2

ρ(x, y, z) =
1√

1 + y′2 + z′2
ρ(x, y, z).

Ñëåäîâàòåëüíî,

F =

√
1 + y′2 + z′2ρ(x, y, z).

Óòâåðæäåíèå äîêàçàíî. �

2 Çàäà÷à 181, çàäà÷íèê Êðàñíîâà

Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë

J [y, z] =

∫ x1

0

dx(y′
2

+ z′
2

+ 2yz)

ïðè óñëîâèÿõ
y(0) = 0, z(0) = 0. (6)

Èçâåñòíî òàêæå, ÷òî òî÷êà B(x1, y1, z1) ïåðåìåùàåòñÿ ïî ïëîñêîñòè x = x1.

Ðåøåíèå:

Ôóíêöèÿ Ëàãðàíæà â äàííîé çàäà÷å èìååò âèä F = y′
2

+ z′
2

+ 2yz. Ñèñòåìà óðàâíåíèé Ýéëåðà äëÿ äàííîé
çàäà÷è ïðèíèìàåò âèä

2z − d

dx
2y′ = 0 ⇒ z − y′′ = 0, (7)

2y − d

dx
2z′ = 0 ⇒ y − z′′ = 0. (8)

Èñêëþ÷àåì ïåðâîå èç óðàâíåíèé ñèñòåìû:
z − zIV = 0. (9)

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå 1− λ4 = 0, îòâå÷àþùåå óðàâíåíèþ (9), èìååò ÷åòûðå êîðíÿ:

λ1,2 = ±i, λ3,4 = ±1.

Òàêèì îáðàçîì, ðåøåíèå óðàâíåíèÿ (9) ïðèíèìàåò âèä

z(x) = A sinhx+B coshx+ C sinx+D cosx. (10)

Èç óðàâíåíèÿ (8) ñëåäóåò, ÷òî

y(x) = A sinhx+B coshx− C sinx−D cosx. (11)

Óñëîâèå òðàíñâåðñàëüíîñòè â òî÷êå B èìååò âèä

F − y′F ′

y′ − z′F
′

z′

∂ϕ
∂x

|B =
F

′

y′

∂ϕ
∂y

|B =
F

′

z′

∂ϕ
∂z

|B , (12)
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ãäå
ϕ(x, y, z) = x− x1 = 0.

Ýòè óñëîâèÿ ìîæíî çàïèñàòü òàêæå â òåðìèíàõ äèôôåðåíöèàëîâ êîîðäèíàò ïðè äâèæåíèè òî÷êè B ïî
ïîâåðõíîñòè: [

(F − y′F
′

y′ − z′F
′

z′)δx+ F
′

y′δy + F
′

z′δz
]
|B∈S = 0.

Ïîñêîëüêó ïðè äâèæåíèè ïî ïëîñêîñòè x = x1 â íîëü îáðàùàåòñÿ äèôôåðåíöèàë δx, â òî÷êå B äîëæíû âûïîë-
íÿòüñÿ ñëåäóþùèå óñëîâèÿ:

F
′

y′ |B = 0, F
′

z′ |B = 0. (13)

Ýòîò íàáîð óñëîâèé ñâîäèòñÿ ê ñëåäóþùåìó âèäó

y′|x=x1 = 0, z′|x=x1 = 0. (14)

Òàêèì îáðàçîì, ñèñòåìà ÷åòûðåõ óðàâíåíèé (6),(14) ïîçâîëÿåò çàôèêñèðîâàòü ÷åòûðå íåèçâåñòíûõ ïîñòîÿí-
íûõ â óðàâíåíèÿ (10)-(11).

Ïîäñòàâëÿÿ óñëîâèÿ (6) â óðàâíåíèÿ (10)-(11), ïîëó÷àåì, ÷òî

B = D = 0.

Èç óñëîâèé (14) ñëåäóåò, ÷òî
A coshx1 + C cosx1 = 0,

A coshx1 − C cosx1 = 0.

Ýòî, â ñâîþ î÷åðåäü, âåäåò ê ñèñòåìå óñëîâèé

A = 0, C cosx1 = 0.

Ïîñëåäíåå èç íèõ ìîæåò âûïîëíÿòüñÿ â äâóõ ñëó÷àÿõ:
1) x1 = π

2 + πk, k ∈ Z.
Òîãäà y(x) = −C sinx, z(x) = C sinx, ∀C.

2) cosx1 6= 0, C = 0, y(x) = 0, z(x) = 0.
Çàäà÷à ðåøåíà.

3 Çàäà÷à 138, ìåòîäè÷êà

Íàéòè êðàò÷àéøåå ðàññòîÿíèå ìåæäó äâóìÿ êðèâûìè y = x2 è x2 − y2 = 5.

Ðåøåíèå:

Ñîñòàâèì ôóíêöèîíàë äëèíû êðèâîé y(x) ìåæäó òî÷êàìè (x0, y0) è (x1, y1):

J [y] =

∫ x1

x0

dx

√
1 + y′2.

Ñîñòàâëÿåì ïåðâûé èíòåãðàë óðàâíåíèÿ Ýéëåðà è èùåì åãî ðåøåíèå√
1 + y′2 − y′ y′√

1 + y′2
= C.

Ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä

y′(x) = C1, y(x) = C1x+ C2. (15)

Óñëîâèå òðàíñâåðñàëüíîñòè â òî÷êå (x0, y0) (ϕ(x, y) = y − x2 = 0) èìååò âèä√
1 + y′2 − y′2√

1+y′2

−2x
|x=x0 =

y′2√
1+y′2

1
|x=x0 . (16)

Ïîëàãàÿ y′(x0) = C1, ïîëó÷àåì ïåðâîå óðàâíåíèå

1 = −2x0C1. (17)
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Åùå äâà óðàâíåíèÿ âîçíèêàþò èç óñëîâèÿ, ÷òî òî÷êà A ïðèíàäëåæèò ýêñòðåìàëè è îäíîâðåìåííî - êðèâîé
y = x2:

y0 = C1x0 + C2, (18)

y0 = x20. (19)

Óñëîâèå òðàíñâåðñàëüíîñòè â òî÷êå (x1, y1) (ϕ(x, y) = x2 − y2 − 5 = 0) èìååò âèä:

1√
1+y′2

2x
|x=x1

=

y′√
1+y′2

−2y
|x=x1

. (20)

Ýòî óñëîâèå ïåðåïèñûâàåòñÿ êàê
−2C1 = 2x1C1, (21)

Åùå äâà óðàâíåíèÿ âîçíèêàþò àíàëîãè÷íî ðàññìîòðåííîìó âûøå â òî÷êå (x0, y0):

y1 = C1x1 + C2, (22)

y21 = x21 − 5. (23)

Øåñòü óðàâíåíèé (17)-(19) è (21)-(23) ôèêñèðóþò øåñòü íåèçâåñòíûõ C1, C2, x0, y0, x1, y1.
Îêîí÷àòåëüíûé îòâåò ñëåäóþùèé

x0 = ∓
√

3

2
, x1 = ∓

√
6,

y0 =
3

2
, y1 = 1,

C2 = 2, C1 = ± 1√
6
.

Çàäà÷à èìååò ñèììåòðèþ, ñâÿçàííóþ ñî âçàèìíûì ðàñïîëîæåíèåì ïàðàáîëû è ãèïåðáîëû. Ðàññòîÿíèå ìåæäó

íèìè
√
7
2 .
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