
Ïðåîáðàçîâàíèå Ôóðüå. Çàíÿòèå 21 ìàðòà.

23 ìàðòà 2020 ã.

1 Ââåäåíèå

Ìû áóäåì ðàññìàòðèâàòü ôóíêöèè, àáñîëþòíî èíòåãðèðóåìûå íà îñè. Îïðåäåëèì ïðåîáðàçîâàíèå Ôóðüå ôóíê-
öèè f ñëåäóþùèì îáðàçîì:

F [f ](x) ≡ 1√
2π

∫
R
f(t)e−ixtdt. (1)

Îïðåäåëèì òàêæå îáðàòíîå Ôóðüå-ïðåîáðàçîâàíèå:

F−1[f ](x) ≡ 1√
2π

∫
R
f(t)eixtdt. (2)

Ñïðàâåäëèâû ñëåäóþùèå ñâîéñòâà Ôóðüå-ïðåîáðàçîâàíèÿ:

FF−1 = FF−1 = I, (3)

F−1[f ](x) = F [f̄ ](x), (4)

F−1[f ](x) = F [f ](−x). (5)

Äîêàæåì ñâîéñòâî (4). Ðàññìîòðèì ïðàâóþ ÷àñòü ýòîãî ðàâåíñòâà. Ñîãëàñíî îïðåäåëåíèþ (1) ìû èìååì:

F [f̄ ](x) =
1√
2π

∫
R
f̄(t)e−ixtdt

Êîìïëåêñíîå ñîïðÿæåíèå ëåâîé è ïðàâîé ÷àñòè ýòîãî âûðàæåíèå âåäåò ê ñëåäóþùåìó:

F [f̄ ](x) =
1√
2π

∫
R
f(t)eixtdt. (6)

Â ñâîþ î÷åðåäü, âûðàæåíèå â ïðàâîé ÷àñòè (6) ñîâïàäàåò ñ îïðåäåëåíèåì (2), ÷òî è äîêàçûâàåò âûïîëíåíèå
ñâîéñòâà (4) �.

Ñâîéñòâî (5) âûïîëíÿåòñÿ ñîãëàñíî îïðåäåëåíèþ (2) �.

1.1 Åùå íåñêîëüêî ñâîéñòâ.

Ðàññìîòðèì ôóíêöèþ f , íà êîòîðóþ íàëîæåíû áîëåå æåñòêèå óñëîâèÿ. Ïóñòü f ∈ C1(R), ïóñòü òàêæå f, f ′

àáñîëþòíî èíòåãðèðóåìû íà R.
Ðàññìîòðèì ïðåîáðàçîâàíèå Ôóðüå ïðîèçâîäíîé ôóíêöèè f . Ñîãëàñíî îïðåäåëåíèþ (1):

F [f ′](λ) =
1√
2π

∫
R
f ′(t)e−iλtdt. (7)

Ïðîèíòåãðèðóåì ïðàâóþ ÷àñòü ðàâåíñòâà (7) ïî ÷àñòÿì.

1√
2π

∫
R
f ′(t)e−iλtdt =

1√
2π
f(t)e−iλt|∞−∞ + iλ

1√
2π

∫
R
f(t)e−iλtdt =

= iλ
1√
2π

∫
R
f(t)e−iλtdt = iλF [f ](λ).

Ìû âîñïîëüçîâàëèñü çäåñü òåì, ÷òî ôóíêöèÿ f àáñîëþòíî èíòåãðèðóåìà íà R, òî åñòü f(−∞) = f(∞) = 0.
Òàêèì îáðàçîì, ìû ïðèõîäèì ê âàæíîìó ñâîéñòâó:

F [f ′](λ) = iλF [f ](λ). (8)
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Ïîâòîðÿÿ îïèñàííóþ âûøå ïðîöåäóðó íåñêîëüêî ðàç, ïîëó÷èì ñâîéñòâî:

F [f (k)](λ) = (iλ)kF [f ](λ). (9)

Ðàññìîòðèì åùå îäíî ñâîéñòâî Ôóðüå-ïðåîáðàçîâíèÿ. Ïóñòü ôóíêöèÿ f òàêîâà, ÷òî ôóíêöèÿ g(x) = xf(x)
àáñîëþòíî èíòåãðèðóåìà íà îñè, êàê è ñàìà ôóíêöèÿ f . Ïóñòü íàì èçâåñòíî Ôóðüå-ïðåîáðàçîâàíèå ôóíêöèè f ,
òî åñòü ôóíêöèÿ F [f ]. Íàéäåì Ôóðüå-ïðåîáðàçîâàíèå ôóíêöèè xf(x). À èìåííî, ñîãëàñíî îïðåäåëåíèþ (1)

F [g](λ) =
1√
2π

∫
R
xf(x)e−iλxdx =

1√
2π
i
d

dλ

∫
R
f(x)e−iλxdx = iF ′[f ](λ). (10)

Äèôôåðåíöèðîâàíèå ïî ïàðàìåòðó λ ïîä çíàêîì èíòåãðàëà ñòàíîâèòñÿ âîçìîæíûì âñëåäñòâèå àáñîëþòíîé èí-
òåãðèðóåìîñòè ôóíêöèè f íà R. Ýòî ñâîéñòâî ïðèâîäèò ê ðàâíîìåðíîé ñõîäèìîñòè èíòåãðàëà

∫
R f(x)e−iλxdx ïî

ïàðàìåòðó λ è, òåì ñàìûì, ê âîçìîæíîñòè ìåíÿòü ìåñòàìè èíòåãðèðîâàíèå è äèôôåðåíöèðîâàíèå.

Îáîáùàÿ ñâîéñòâî (10) äëÿ ôóíêöèé gk(x) ≡ xkf(x) ïðè óñëîâèè, ÷òî âñå ôóíêöèè gj(x) = xjf(x), j =
1, 2, ..., k àáñîëþòíî èíòåãðèðóåìû íà R, ïëó÷èì:

F [gk](λ) = ik
dk

dλk
F [f ](λ). (11)

Ïðèâåäåì òåïåðü åùå äâà ñâîéñòâà, êîòîðûå ïîíàäîáÿòñÿ íàì â äàëüíåéøåì.

1.2 Òåîðåìà ñìåùåíèÿ è òåîðåìà çàïàçäûâàíèÿ.

Òåîðåìà ñìåùåíèÿ:

Ïóñòü f(x) àáñîëþòíî èíòåãðèðóåìà íà R. Òîãäà Ôóðüå-ïðåîáðàçîâàíèå ôóíêöèè fa(x) ≡ f(x − a) èìååò

âèä

F [fa](λ) = e−iaF [f ](λ). (12)

Äîêàçàòåëüñòâî òåîðåìû ñìåùåíèÿ:

Ðàññìîòðèì Ôóðüå-ïðåîáðàçîâàíèå ôóíêöèè fa(x) ≡ f(x− a):

F [fa](λ) =
1√
2π

∫
R
f(x− a)e−iλxdx.

Ïîñëå çàìåíû ïåðåìåííîé y = x− a ïîëó÷àåì

F [fa](λ) =
1√
2π

∫
R
f(y)e−iλ(y+a)dy = e−iaF [f ](λ). � (13)

Òåîðåìà çàïàçäûâàíèÿ:

Ïóñòü f(x) àáñîëþòíî èíòåãðèðóåìà íà R. Òîãäà Ôóðüå-ïðåîáðàçîâàíèå ôóíêöèè fa(x) ≡ eiaxf(x) èìååò

âèä

F [fa](λ) = F [f ](λ− a). (14)

Äîêàçàòåëüñòâî òåîðåìû çàïàçäûâàíèÿ:

Ðàññìîòðèì Ôóðüå-ïðåîáðàçîâàíèå ôóíêöèè fa(x) ≡ eiaxf(x):

F [fa](λ) =
1√
2π

∫
R
eiaxf(x)e−iλxdx = F [f ](λ− a).� (15)

Ðàññìîòðèì ïðèìåðû èíòåãðàëîâ Ôóðüå, ÷òî ïðèâåäåò íàñ ê ïîñòðîåíèþ òàáëèöû ïðîñòåéøèõ ïðåîáðàçîâà-
íèé.
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2 Ïðèìåðû èíòåãðàëîâ Ôóðüå.

Ïðèìåð 1. Ðàññìîòðèì Ôóðüå-ïðåîáðàçîâàíèå ôóíêöèè g(x) = e−α|x|.
Ñîãëàñíî îïðåäåëåíèþ (1) ïîëó÷èì

F [g](λ) =
1√
2π

∫
R
e−α|x|e−iλxdx =

1√
2π

∫ 0

−∞
eαxe−iλxdx+

1√
2π

∫ ∞
0

e−αxe−iλxdx = (16)

=
1√
2π

(
1

α− iλ
+

1

α+ iλ

)
=

√
2

π

α

α2 + λ2
.

Ïðèìåð 2. Ðàññìîòðèì Ôóðüå-ïðåîáðàçîâàíèå ôóíêöèè g(x) = xke−α|x|. Ñîãëàñíî ñâîéñòâó (11) è ðåçóëüòàòó
(16), ïîëó÷åííîìó âûøå â Ïðèìåðå 1, èìååì

F [g](λ) = ik
√

2

π

dk

dλk

(
α

α2 + λ2

)
. (17)

Ïðèìåð 3. Ðàññìîòðèì Ôóðüå-ïðåîáðàçîâàíèå ôóíêöèè

g(x) =

{
1, |x| < a
0, |x| > a

Ñîãëàñíî îïðåäåëåíèþ (1)

F [g](λ) =
1√
2π

∫
R
g(x)e−iλxdx =

1√
2π

∫ a

−a
e−iλxdx =

√
2

π

sin(λa)

λ
. (18)

Ðàññìîòðèì åùå îäèí âàæíûé ïðèìåð.

2.1 Ïðåîáðàçîâàíèå Ôóðüå ãàóññîâîé ôóíêöèè

Ðàññìîòðèì ôóíêöèþ f(x) = e−αx
2

. Ââåäåì îáîçíà÷åíèå f̂(λ) äëÿ Ôóðüå-ïðåîáðàçîâàíèÿ ôóíêöèè f . Ïðè ýòîì

f̂(λ) =
1√
2π

∫
R
e−αx

2

e−iλxdx. (19)

Ïîñêîëüêó èíòåãðàë â ïðàâîé ÷àñòè óðàâíåíèÿ (19) ðàâíîìåðíî ñõîäèòñÿ ïî λ,

f̂ ′(λ) =
−i√
2π

∫
R
xe−αx

2

e−iλxdx. (20)

Èíòåãðèðóÿ ðàâåíñòâî (20) ïî ÷àñòÿì, ïîëó÷àåì

f̂ ′(λ) =
1

−2α

−i√
2π

∫
R

(
e−αx

2
)′
e−iλxdx = − λ

2α

1√
2π

∫
R
e−αx

2

e−iλxdx = − λ

2α
f̂(λ). (21)

Óðàâíåíèå (21) ïðåäñòàâëÿåò èç ñåáÿ îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà

f̂ ′(λ) +
λ

2α
f̂(λ) = 0.

Ðåøåíèå ýòîãî óðàâíåíèÿ ïîëó÷àåòñÿ ïîñëå èíòåãðèðîâàíèÿ óðàâíåíèÿ

df̂

f̂
= − 1

2α
λdλ

è èìååò âèä

f̂(λ) = C0e
−λ2

4α . (22)

Îñòàåòñÿ íàéòè ïîñòîÿííóþ C0. Èç óðàâíåíèÿ (22) ñëåäóåò, ÷òî

C0 = f̂(0) =
1√
2π

∫
R
e−αx

2

dx
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ñîãëàñíî óðàâíåíèþ (19). Â ïîñëåäíåì èíòåãðàëå ñäåëàåì çàìåíó ïåðåìåííîé y =
√
αx:

C0 =
1√
α

1√
2π

∫
R
e−y

2

dy =
1√
2α
.

Ìû âîñïîëüçîâàëèñü çäåñü èçâåñòíûì ðàâåíñòâîì äëÿ èíòåãðàëà Ãàóññà:∫
R
e−y

2

dy =
√
π.

Òàêèì îáðàçîì, ìû ïðèøëè ê îêîí÷àåòëüíîìó ðåçóëüòàòó

f̂(λ) =
1√
2α
e−

λ2

4α . (23)

Äîìàøíåå çàäàíèå.

1) Âû÷èñëèòü Ôóðüå-ïðåîáðàçîâàíèå ôóíêöèè f(x) = cos(βx)e−αx
2

.

2) Âû÷èñëèòü Ôóðüå-ïðåîáðàçîâàíèå ôóíêöèè f(x) = x
(x2+α2)2

3) Âû÷èñëèòü Ôóðüå-ïðåîáðàçîâàíèå ôóíêöèè f(x) = x2

(x2+α2)2

4) Âû÷èñëèòü Ôóðüå-ïðåîáðàçîâàíèå ôóíêöèè f(x) = sin(αx)
x(x2+4)

5) Âû÷èñëèòü Ôóðüå-ïðåîáðàçîâàíèå ôóíêöèè f(x) = sin(x− 2)e−α|x|

6) Âû÷èñëèòü Ôóðüå-ïðåîáðàçîâàíèå ôóíêöèè f(x) = sin(x− 2)e−α|x−1|
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