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18 àïðåëÿ 2020 ã.

1 Ãåîäåçè÷åñêèå ëèíèè íà ñôåðå.

Çàäà÷à çàêëþ÷àåòñÿ â ïîñòðîåíèè ãåîäåçè÷åñêîé ëèíèé íà ñôåðå ðàäèóñà R ïðè óñëîâèè, ÷òî êðèâàÿ ïðîõîäèò
÷åðåç äâå ôèêñèðîâàííûå òî÷êè A(R, θ0, ϕ0) è B(R, θ1, ϕ1).

Ðåøåíèå.

Âîñïîëüçóåìñÿ âûðàæåíèåì äëÿ äèôôåðåíöèàëà äóãè â ñôåðè÷åñêèõ êîîðäèíàòàõ, ïîëó÷åííûì íàìè â çà-
äà÷å 115 (ìåòîäè÷êà):

ds =
√
ρ′2ϕ + ρ2θ′2ϕ + ρ2 sin2 θdϕ.

Ó÷èòûâàÿ, ÷òî ρ = const = R, ïîëó÷àåì, ÷òî

ds = R
√
θ′2ϕ + sin2 θdϕ.

Òàêèì îáðàçîì, çàäà÷à ñâîäèòñÿ ê ïîñòðîåíèþ ýêñòðåìàëåé ôóíêöèîíàëà

J [θ] = R

∫ ϕ1

ϕ0

dϕ
√
θ′2ϕ + sin2 θdϕ (1)

ïðè óñëîâèè âûïîëíåíèÿ ãðàíè÷íûõ óñëîâèé

θ(ϕ0) = θ0, θ(ϕ1) = θ1. (2)

Ïîñêîëüêó ôóíêöèÿ Ëàãðàíæà F =
√
θ′2ϕ + sin2 θ íå çàâèñèò îò ïåðåìåííîé èíòåãðèðîâàíèÿ ϕ, âîñïîëüçóåìñÿ

ïåðâûì èíòåãðàëîì óðàâíåíèÿ Ýéëåðà F − θ′ϕFθ′ϕ = C√
θ′2ϕ + sin2 θ − θ′ϕ

θ′ϕ√
θ′2ϕ + sin2 θ

= C ⇒ sin2 θ√
θ′2ϕ + sin2 θ

= C.

Âûðàæàÿ èç ýòîãî óðàâíåíèÿ θ′ϕ, ïîëó÷àåì

θ′ϕ =
1

C

√
sin4 θ − C2 sin2 θ =

sin2 θ

C

√
1− C2

sin2 θ
.

Îòñþäà ïîëó÷àåì, ÷òî

dϕ =
Cdθ

sin2 θ
√

1− C2

sin2 θ

. (3)

Îñòàëîñü ïðîèíòåãðèðîâàòü óðàâíåíèå (3), ñäåëàâ çàìåíó ïåðåìåííîé ζ = C cot θ, dζ = − C
sin2 θ

dθ:

ϕ+ C2 = −
∫

dζ√
1− C2(1 + cot2 θ)

= −
∫

dζ√
C2

3 − ζ2
. (4)

Ìû ââåëè çäåñü îáîçíà÷åíèå C2
3 = 1− C2.

Ñëåäóþùàÿ çàìåíà ïåðåìåííîé ζ = C3 cos t ïðèâîäèò óðàâíåíèå (3) ê îêîí÷àòåëüíîìó âèäó

ϕ+ C2 = t = arccos

(
ζ

C3

)
= arccos

(
C

C3
cot θ

)
.

Òàêèì îáðàçîì, ãåîäåçè÷åñêèå íà ñôåðå èìåþò âèä

ϕ+ C2 = arccos(C4 cot θ).

Ïîñòîÿííûå C2, C4 ôèêñèðóþòñÿ ñ ïîìîùüþ ãðàíè÷íûõ óñëîâèé

ϕ0 + C2 = arccos(C4 cot θ0),

ϕ1 + C2 = arccos(C4 cot θ1).
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2 Óñëîâèÿ òðàíñâåðñàëüíîñòè.

2.1 Îáùèå ñâåäåíèÿ.

1) Åñëè êðèâàÿ y = y(x) äàåò ýêñòðåìóì ôóíêöèîíàëó

J [y] =

∫ x1

x0

F (x, y, y′)dx

ñðåäè êëàññà äîïóñòèìûõ êðèâûõ, êîíåö êîòîðûõ íàõîäèòñÿ íà êðèâîé

ϕ(x, y) = 0,

òî â òî÷êå B ïåðåñå÷åíèÿ êðèâîé y = y(x) ñ êðèâîé ϕ(x, y) = 0 äîëæíî áûòü âûïîëíåíî óñëîâèå òðàíñôåðñàëü-
íîñòè

F − y′Fy′
ϕ′
x

|B =
Fy′

ϕ′
y

|B .

2) Åñëè êîíåö èñêîìîé êðèâîé íàõîäèòñÿ íà ïðÿìîé x = x1, òî â òî÷êå x1 äîëæíî áûòü âûïîëíåíî óñëîâèå

Fy′ |x=x1 = 0 (5)

3) Åñëè êîíåö èñêîìîé êðèâîé íàõîäèòñÿ íà ïðÿìîé y = y1, òî â òî÷êå x1 äîëæíî áûòü âûïîëíåíî óñëîâèå

F − y′Fy′ |y=y′ = 0. (6)

Óñëîâèÿ (5)-(6) íàçûâàþòñÿ åñòåñòâåííûìè ãðàíè÷íûìè óñëîâèÿìè.

4) Çàäà÷à ñ ïîäâèæíûìè êîíöàìè äëÿ ôóíêöèîíàëîâ âèäà

J [y, z] =

∫ x1

x0

F (x, y, z, y′, z′)dx.

Ïðè èññëåäîâàíèè íà ýêñòðåìóì òàêèõ ôóíêöèîíàëîâ ñ÷èòàåì, ÷òî õîòÿ áû îäíà èç ãðàíè÷íûõ òî÷åê A(x0, y0, z0)
èëè B(x1, y1, z1) ïåðåìåùàåòñÿ ïî çàäàííîé êðèâîé. Ýêñòðåìóì ìîæåò äîñòèãàòüñÿ ëèøü íà èíòåãðàëüíûõ êðè-
âûõ ñèñòåìû óðàâíåíèé Ýéëåðà

Fy −
d

dx
Fy′ = 0,

Fz −
d

dx
Fz′ = 0.

Ïóñòü òî÷êà A(x0, y0, z0) çàêðåïëåíà, à äðóãàÿ ãðàíè÷íàÿ òî÷êà B(x1, y1, z1) ìîæåò ïåðåìåùàòüñÿ ïî íåêîòîðîé
êðèâîé, çàäàííîé óðàâíåíèÿìè

y = ϕ(x),

z = ψ(x).

Óñëîâèå òðàíñâåðñàëüíîñòè â ýòîì ñëó÷àå ïðèíèìàåò âèä

[F + (ϕ′ − y′)Fy′ + (ψ′ − z′)Fz′ ] |B = 0.

Àíàëîãè÷íî âûïèñûâàåòñÿ óñëîâèå è äëÿ ëåâîãî êîíöà, åñëè îí òîæå ïåðåìåùàåòñÿ âäîëü íåêîòîðîé êðèâîé.

5) Åñëè ãðàíè÷íàÿ òî÷êà A(x0, y0, z0) íåïîäâèæíà, à äðóãàÿ ãðàíè÷íàÿ òî÷êà B(x1, y1, z1) ìîæåò ïåðåìåùàòü-
ñÿ ïî íåêîòîðîé ïîâåðõíîñòè

z = ϕ(x, y),
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òî óñëîâèÿ òðàíñâåðñàëüíîñòè áóäóò

[F − y′Fy′ + (ϕ′
x − z′)Fz′ ]|x=x1

= 0 (7)

[Fy′ + Fz′ϕ
′
y]|x=x1

= 0. (8)

Åñëè ïîäâèæíîé òî÷êîé ÿâëÿåòñÿ ãðàíè÷íàÿ òî÷êà A(x0, y0, z0), òî ïðè x = x0 ïîëó÷àåì óñëîâèÿ, ñîâåðøåííî
àíàëîãè÷íûå óñëîâèÿì (7)-(8).

2.2 Çàäà÷à 172, Êðàñíîâ

Íàéòè êðàò÷àéøåå ðàññòîÿíèå îò òî÷êè A(1, 0) äî ýëëèïñà 4x2 + 9y2 = 36.

Ðåøåíèå.

Ïóñòü êðàò÷àéøåå ðàññòîÿíèå îïðåäåëÿåòñÿ óðàâíåíèåì y = y(x). Ñîñòàâèì ôóíêöèîíàë

J [y] =

∫ x1

x0

√
1 + y′2dx.

Ãðàíè÷íîå óñëîâèå íà çàêðåïëåííîì êîíöå èìååò âèä

y(x0) = y0 ⇒ y(1) = 0. (9)

Íåçàêðåïëåííûé êîíåö ýêñòðåìàëè ëåæèò íà êðèâîé

ϕ(x, y) = 0 ⇒ 4x2 + 9y2 − 36 = 0. (10)

Ïîñêîëüêó ôóíêöèÿ Ëàãðàíæà íå çàâèñèò îò ôóíêöèè y, âîñïîëüçóåìñÿ ïåðâûì èíòåðàëîì óðàâíåíèÿ Ýéëåðà

Fy′ = C ⇒ y′

1 + y′2
= C.

Îòñþäà ñëåäóåò, ÷òî
y′ = C1 ⇒ y(x) = C1x+ C2.

Â äàííîé çàäà÷å âîçíèêàåò ÷åòûðå íåèçâåñòíûõ: C1, C2, x1, y1. ×òîáû çàôèêñèðîâàòü ýòè 4 ïîñòîÿííûõ,
çàïèøåì ÷åòûðå óñëîâèÿ.

1) Òî÷êà A(1, 0) ïðèíàäëåæèò ýêñòðåìàëè:

C1 + C2 = 0 ⇒ C2 = −C1. (11)

2) Òî÷êà B(x1, y1) ïðèíàäëåæèò ýêñòâåìàëè:

C1x1 − C1 = y1. (12)

3) Òî÷êà B(x1, y1) ïðèíàäëåæèò ýëëèïñó:

4x21 + 9y21 = 36. (13)

4) Óñëîâèå òðàíñâåðñàëüíîñòè:
F − y′Fy′

ϕx
|x=x1

=
Fy′

ϕy
|x=x1

.

Â äàííîì ñëó÷àå ýòî óñëîâèå ïðèíèìàåò âèä[√
1 + y′2 − y′ y′√

1 + y′2

]
|x=x1 =

y′√
1 + y′2

8x

18y
|x=x1 ⇒ 1 = C1

4

9

x1
y1
. (14)

Ðåøåíèå ñèñòåìû óðàâíåíèé (11)-(14) âåäåò ê ðåçóëüòàòó

x1 =
9

5
, y1 = ±8

5
, C1 = −C2 = ±2.

Óðàâíåíèå ýêñòðåìàëåé èìååò âèä y(x) = ±2(x − 1). Ýòè äàííûå ðåøåþò çàäà÷ó. Íàëè÷èå ïàðû ýêñòðåìàëåé
ñâÿçàíî ñ ñèììåòðèåé çàäà÷è. Íåïîäâèæíàÿ òî÷êà A(1, 0) íàõîäèòñÿ íà îñè OX, ÿâëÿþùåéñÿ îñüþ ñèììåòðèè
ýëëèïñà.
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2.3 Çàäà÷à.

Íàéòè êðàò÷àéøåå ðàññòîÿíèå îò òî÷êè A(1, 1, 1) äî ñôåðû x2 + y2 + z2 = 1.

Ðåøåíèå.

Ñâîáîäíàÿ òî÷êà B(x0, y0, z0) ýêñòðåìàëè ëåæèò íà ñôåðå. Ðåøåíèå ñâîäèòñÿ ê èññëåäîâàíèþ íà ýêñòðåìóì
ôóíêöèîíàëà

J [y, z] =

∫ 1

x0

√
1 + y′2 + z′2dx.

Ñèñòåìà óðàâíåíèé Ýéëåðà â äàííîì ñëó÷àå ïðèíèìàåò âèä

y′√
1 + y′2 + z′2

= C̃1,

z′√
1 + y′2 + z′2

= C̃2.

Ýòî àëãåáðàè÷åñêàÿ ñèñòåìà äâóõ óðàâíåíèé îòíîñèòåëüíî ïåðåìåííûõ y′ è z′. Åå ðåøåíèå èìååò âèä

y′ = C1 ⇒ y = C1x+ C2, (15)

z′ = C3 ⇒ z = C3x+ C4. (16)

Êîëè÷åñòâî íåèçâåñòíûõ â äàííîé çàäà÷å - ñåìü: ÷åòûðå êîíñòàíòû ïàðàìåòðèçóþò ýêñòðåìàëü, åùå òðè
íåèçâåñòíûõ - êîîðäèíàòû òî÷êè íà ñôåðå, áëèæàéøåé ê òî÷êå A(1, 1, 1).

Íóæíî ñîñòàâèòü ñèñòåìó ñåìè óðàâíåíèé è ðåøèòü èõ.
1) Óñëîâèå ïðèíàäëåæíîñòè òî÷êè A(1, 1, 1) ýêñòðåìàëè ïîðîæäàåò äâà óðàâíåíèÿ.

1 = C1 + C2, (17)

1 = C3 + C4. (18)

2) Òî÷êà B(x0, y0, z0) òàêæå ïðèíàäëåæèò ýêñòðåìàëè. Ýòî ïîðîæäàåò åùå äâà óðàâíåíèÿ:

y0 = C1x0 + C2, (19)

z0 = C3x0 + C4. (20)

3) Òî÷êà B(x0, y0, z0) ïðèíàäëåæèò ñôåðå. Ïîëó÷àåì åùå îäíî (ïÿòîå) óðàâíåíèå:

x20 + y20 + z20 = 1. (21)

4) Ïîñëåäíèå äâà óðàâíåíèÿ ïîðîæäàþòñÿ óñëîâèÿìè òðàíñâåðñàëüíîñòè òèïà (7)-(8) â òî÷êå B(x0, y0, z0):

[F − y′Fy′ + (ϕ′
x − z′)Fz′ ]|x=x0

= 0 (22)

[Fy′ + Fz′ϕ
′
y]|x=x0 = 0. (23)

Çäåñü óðàâíåíèå ïîâåðõíîñòè z = ϕ(x, y) ïðèíèìàåò âèä

z = ±
√
1− x2 − y2.

Èñõîäÿ èç ãåîìåòðèè çàäà÷è, ìû âûáèðàåì çíàê ïëþñ, ïîñêîëüêó òî÷êà A(1, 1, 1) ëåæèò â âåðõíåì ïîëóïðî-
ñòðàíñòâå. Òàêèì îáðàçîì,

z =
√
1− x2 − y2.

Ïðèìåíèòåëüíî ê íàøåé çàäà÷å óðàâíåíèÿ (22)-(23) ïðèíèìàþò âèä√
1 + y′2 + z′2 − y′

2√
1 + y′2 + z′2

+

(
−x√

1− x2 − y2
− z′

)
z′√

1 + y′2 + z′2
|x=x0

= 0, (24)

y′√
1 + y′2 + z′2

+
−y√

1− x2 − y2
z′√

1 + y′2 + z′2
|x=x0

= 0. (25)

Åùå ðàç îòìåòèì, ÷òî ïàðà óðàâíåíèé (24)-(25) ÿâëÿåòñÿ ñèñòåìîé ãðàíè÷íûõ óñëîâèé â òî÷êå, íî íèêàê íå
ÿâëÿåòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé!
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Ïîëàãàÿ y′|x=x0 = C1, z
′|x=x0 = C3, ïàðà óðàâíåíèé (24)-(25) ïåðåïèñûâàåòñÿ â âèäå:

1− x0C3

z0
= 0, (26)

C1 −
y0C3

z0
= 0. (27)

Ñèñòåìà óðàâíåíèé (17)-(21), (26)-(27) ïðèâîäèò ê ðåøåíèþ:

C1 = 1, C2 = 0, C3 = 1, C4 = 0, x0 = y0 = z0 =
1√
3
.

Ðàññòîÿíèå îò òî÷êè äî ñôåðû âû÷èñëÿåòñÿ, íàïðèìåð, êàê

Jmin =

∫ 1

1/
√
3

dx
√
1 + 1 + 1 =

√
3− 1.

�

Äîìàøíåå çàäàíèå: çàäà÷íèê Êðàñíîâà, 173, 177, 181
ìåòîäè÷êà, 121, 122, 123, 127
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