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Ìàòåðèàëüíàÿ òî÷êà îïèñûâàåò îêðóæíîñòü ρ = 2R cosϕ (ρ, ϕ - ïîëÿðíûå êîîðäèíàòû) ðàäèóñà R ïîä äåéñòâèåì
öåíòðàëüíîé ñèëû k

ρ5 , îáðàòíî ïðîïîðöèîíàëüíîé ïÿòîé ñòåïåíè ðàññòîÿíèÿ îò öåíòðà, íàõîäÿùåãîñÿ â íà÷àëå
êîîðäèíàò. Ïîêàçàòü, ÷òî íà ëþáîé äóãå ýòîé îêðóæíîñòè

−π
2
< ϕ1 ≤ ϕ ≤ ϕ2 <

π

2

èíòåãðàë äåéñòâèÿ äîñòèãàåò ñèëüíîãî ìèíèìóìà.

Ðåøåíèå:

Ïîñòðîèì ôóíêöèîíàë äåéñòâèÿ

J [ρ] =

∫ t1

t0

(T − V )dt (1)

è ïîêàæåì, ÷òî îêðóæíîñòü äåéñòâèòåëüíî ÿâëÿåòñÿ ýêñòðåìàëüþ ïîëó÷åííîãî ôóíêöèîíàëà ïðè íåêîòîðîì
íàáîðå ïàðàìåòðîâ çàäà÷è. Äàëåå ìû ïîêàæåì, ÷òî íà óêàçàííîé äóãå ýòîé îêðóæíîñòè èíòåãðàë äåéñòâèÿ
äîñòèãàåò ñèëüíîãî ìèíèìóìà.

1.1 Ïîñòðîåíèå ôóíêöèîíàëà

Ýíåðãèÿ ñèñòåìû ñîõðàíÿåòñÿ (ïåðâûé èíòåãðàë óðàâíåíèÿ Ýéëåðà) ïîñêîëüêó ïîòåíöèàë V íå çàâèñèò îò ïå-
ðåìåííîé èíòåãðèðîâàíèÿ t.

Òàêèì îáðàçîì, ïåðåïèøåì ôóíêöèîíàë (1) êàê

J [ρ] =

∫ t1

t0

(T − (E − T ))dt =

∫ t1

t0

(2T − E)dt. (2)

Ïðèíåáðåãàÿ êîíñòàíòîé âî âòîðîì ñëàãàåìîì ôóíêöèè Ëàãðàíæà, áóäåì èññëåäîâàòü íà íàëè÷èå ýêñòðåìóìà
àññîöèèðîâàííûé ôóíêöèîíàë

J1[ρ] =

∫ t1

t0

2Tdt =

∫ t1

t0

√
2T
√

2Tdt =

∫ √
2Tds. (3)

Ìû âîñïîëüçîâàëèñü çäåñü òåì, ÷òî
√

2Tdt = vdt = ds, ãäå ds =
√

(dx)2 + (dy)2 � äèôôåðåíöèàë ïåðåìåùåíèÿ.
Ââîäÿ íà ïëîñêîñòè ïîëÿðíûå êîîðäèíàòû

x = ρ cosϕ, y = ρ sinϕ,

íåòðóäíî âèäåòü, ÷òî
dx = cosϕdρ− ρ sinϕdϕ, dy = sinϕdρ+ ρ cosϕdϕ.

Òàêèì îáðàçîì,

ds =
√
dρ2 + ρ2dϕ2 =

√
ρ2 + ρ′2dϕ.

Ïðèìåì òàêæå âî âíèìàíèå, ÷òî öåíòðàëüíàÿ ïðèòÿãèâàþùàÿ ñèëà, äåéñòâóþùàÿ íà òî÷êó, ñâÿçàíà ñ ïîòåíöè-
àëîì ñëåäóþùèì ñîîòíîøåíèåì

Fρ = − k

ρ5
= −dV

dρ
, V (ρ) = − k

4ρ4
. (4)

Âîçâðàùàÿñü ê äèôôåðåíöèàëó (3), ïîëó÷àåì

J1[ρ] =

∫ ϕ1

ϕ0

√
2(E − V )

√
ρ2 + ρ′2dϕ =

∫ ϕ1

ϕ0

√
2E +

k

2ρ4

√
ρ2 + ρ′2dϕ. (5)
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Íàéäåì ïîëíóþ ýíåðãèþ E, êîòîðàÿ îòâå÷àåò òðàåêòîðèè äâèæåíèÿ - îêðóæíîñòè, ïðîõîäÿùåé ÷åðåç íà÷àëî
êîîðäèíàò.

Â ìàêñèìàëüíî óäàëåííîé îò íà÷àëà êîîðäèíàò òî÷êå òðàåêòîðèè (òî÷êà À) öåíòðîñòðåìèòåëüíîå óñêîðåíèå
ñîîáùàåòñÿ ìàòåðèàëüíîé òî÷êå öåíòðàëüíîé ñèëîé.

Òàêèì îáðàçîì, óðàâíåíèå âòîðîãî çàêîíà Íüþòîíà â ïðîåêöèè íà îñü X ïðèíèìàåò âèä

mv2

R
=

k

(2R)5
.

Ñëåäîâàòåëüíî, êèíåòè÷åñêàÿ ýíåðãèÿ â ýòîé òî÷êå ðàâíà

T =
mv2

2
=

k

64R4
.

Îòñþäà ñëåäóåò, ÷òî ñîãëàñíî (4)

E = T + V =
k

64R4
− k

4(2R)4
= 0.

Òàêèì îáðàçîì, äâèæåíèå ïî îêðóæíîñòè ñîîòâåòñòâóåò íóëåâîé ïîëíîé ýíåðãèè, è ôóíêöèîíàë (5) áåç ó÷åòà
êîíñòàíòû

√
k/2 ïðèíèìàåò âèä

J2[ρ] =

∫ ϕ1

ϕ0

√
ρ2 + ρ′2

ρ2
dϕ. (6)

1.2 Èññëåäîâàíèå ôóíêöèîíàëà íà ýêñòðåìóì

Áóäåì èññëåäîâàòü ôóíêöèîíàë ìåòîäîì Ãàìèëüòîíà-ßêîáè. Ââåäåì ïåðåìåííóþ p = F ′ρ′ = ρ′

ρ2
√
ρ2+ρ′2

. Îòñþäà

ïîëó÷àåì, ÷òî

ρ′ = ± pρ√
A2 − p2

, A =
1

ρ2
.

Ââåäåì ôóíêöèþ Ãàìèëüòîíà

−H = A

√
ρ2 + ρ′2 −A ρ′

2√
ρ2 + ρ′2

=
1√

ρ2 + ρ′2
.

Óðàâíåíèå Ãàìèëüòîíà-ßêîáè ïðèíèìàåò âèä

∂Θ

∂ϕ
= ±ρ

√
A2 − p2 = ±

√
1

ρ2
−
(
∂Θ

∂ρ

)2

.

Ïîäåëèì ïåðåìåííûå â óðàâíåíèè Ãàìèëüòîíà-ßêîáè:

∂Θ

∂ϕ
== ±

√
1

ρ2
−
(
∂Θ

∂ρ

)2

= C. (7)

Îòñþäà ïîëó÷àåì, ÷òî
∂Θ

∂ϕ
= C,

∂Θ

∂ρ
= ± 1

ρ2

√
1− C2ρ2.
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Çàïèøåì ïîëíûé èíòåãðàë äëÿ ôóíêöèè Θ:

Θ =

∫
∂Θ

∂ϕ
dϕ+

∫
∂Θ

∂ρ
dρ = C

∫
dϕ±

∫
1

ρ2

√
1− C2ρ2dρ.

Ïðèìåíèì òåîðåìó ßêîáè
∂Θ

∂C
= γ = ϕ∓ C

∫
dρ√

1− C2ρ2
. (8)

Äåëàÿ â èíòåãðàëå çàìåíó ρ = 1
C cos t,ïîëó÷àåì îêîí÷àòåëüíî

ρ =
1

C
cos(ϕ− γ).

Ïðè çíà÷åíèÿõ ïàðàìåòðîâ

C =
1

2R
, γ = 0

ïîëó÷åííàÿ òðàåêòîðèÿ ñîãëàñóåòñÿ ñ èñõîäíûì ïðåäïîëîæåíèåì.

1.3 Èññëåäîâàíèå âèäà ýêñòðåìóìà

Ìû ðàññìàòðèâàåì ôóíêöèîíàë ñ ôóíêöèåé Ëàãðàíæà

F =

√
ρ2 + ρ′2

ρ2
.

Áóäåì èññëåäîâàòü ôóíêöèîíàë (ïðè E = 0) ñ ïîìîùüþ ïðèçíàêà Ëåæàíäðà. Ïîëó÷àåì, ÷òî

F ′′ρ′ρ′ = (ρ2 + ρ′
2
)−3/2 > 0.

Âñþäó íà äóãàõ

−π
2
< ϕ1 ≤ ϕ ≤ ϕ2 <

π

2

âûðàæåíèå ρ′(ϕ) ÿâëÿåòñÿ îãðàíè÷åííûì ñíèçó (sinϕ 6= 0). Òàêèì îáðàçîì, ñîãëàñíî ïðèçíàêó Ëåæàíäðà, íà
ëþáîé äóãå äàííîãî âèäà ôóíêöèîíàë èìååò ñèëüíûé ìèíèìóì.
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Èçó÷èòü äâèæåíèå ìàòåðèàëüíîé òî÷êè ïîä äåéñòâèåì ïðèòÿãèâàþùåé öåíòðàëüíîé ñèëû, ïðîïîðöèîíàëüíîé
ðàññòîÿíèþ îò öåíòðà O, èñõîäÿ èç ïðèíöèïà íàèìåíüøåãî äåéñòâèÿ è ïðèìåíÿÿ ìåòîä Ãàìèëüòîíà-ßêîáè.

Ðåøåíèå:

Ïðîåêöèÿ ñèëû, äåéñòâóþùåé íà ìàòåðèàëüíóþ òî÷êó, íà ðàäèàëüíóþ îñü èìååò âèä

Fr = −kr = −dV
dr
, V =

kr2

2
.

Ïîòåíöèàëüíàÿ ýíåðãèÿ íå çàâèñèò îò âðåìåíè, ïîýòîìó ýíåðãèÿ ñèñòåìû ñîõðàíÿåòñÿ.
Èñõîäÿ èç ïðèíöèïà íàèìåíüøåãî äåéñòâèÿ, êàê è ïðåäûäóùåé çàäà÷å, ïðèõîäèì ê ôóíêöèîíàëó

J [r] =

∫ t1

t0

dt
√

2T
√

2T =

∫
ds
√

2(E − kr2/2) =

∫ x1

x0

√
2E − kx2 − ky2

√
1 + y′2dx. (9)

Ìû ïåðåøëè çäåñü ê äåêàðòîâûì êîîðäèíàòàì è âîñïîëüçîâàëèñü ñîîòíîøíèåì

r2 = x2 + y2.

Èññëåäîâàíèå ôóíêöèîíàëà (9) íà ýêñòðåìàëè ïðîâåäåì ìåòîäîì Ãàìèëüòîíà-ßêîáè. Ââåäåì ïåðåìåííóþ

p = Fy′ =
Ay′√
1 + y′2

. (10)

Ìû ââåëè çäåñü îáîçíà÷åíèå
A ≡

√
2E − kx2 − ky2.
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Ðàçðåøàÿ óðàâíåíèå (10) îòíîñèòåëüíî y′, ïîëó÷èì:

y′
2

=
p2

A2 − p2
.

Îïðåäåëèì ôóíêöèþ Ãàìèëüòîíà

−H = F − y′Fy′ = A

√
1 + y′2 − Ay′

2√
1 + y′2

=
A√

1 + y′2
.

Óðàâíåíèå Ãàìèëüòîíà-ßêîáè â äàííîì ñëó÷àå ïðèíèìàåò âèä

∂Θ

∂x
= −H = ±

√
A2 − p2 = ±

√
2E − kx2 − ky2 −

(
∂Θ

∂y

)2

.

Ðàçäåëåíèå ïåðåìåííûõ â óðàâíåíèè ïðèâîäèò ê ñëåäóþùåìó ðåçóëüòàòó(
∂Θ

∂x

)2

+ kx2 = 2E − ky2 −
(
∂Θ

∂y

)2

= C.

Îòñþäà ñëåäóåò, ÷òî
∂Θ

∂x
= ±

√
C − kx2 (11)

∂Θ

∂y
= ±

√
2E − C − ky2. (12)

Ïîñòðîèì ïîëíûé èíòåãðàë âûðàæåíèÿ Θ:

Θ = ±
∫ √

C − kx2dx±
∫ √

2E − C − ky2dy

è ïðèìåíèì òåîðåìó ßêîáè

∂Θ

∂C
= γ = ±1

2

∫
dx√

C − kx2
+

1

2

∫
dy√

2E − C − ky2
. (13)

Èíòåãðèðîâàíèå ïðèâîäèò ê óðàâíåíèþ ñåìåéñòâà òðàåêòîðèé ìàòåðèàëüíîé òî÷êè

2
√
kγ = ± arccos

(
x

√
k

C

)
− arccos

(
y

√
k

2E − C

)
. (14)

Ïîêàæåì, ÷òî ïîëó÷åííîå ñåìåéñòâî ÿâëÿåòñÿ ñåìåéñòâîì ýëëèïñîâ, êîòîðîå ïàðàìåòðèçîâàíî ïîñòîÿííûìè C
è γ.

Ââåäåì îáîçíà÷åíèÿ

α ≡
√

k

2E − C
, β ≡

√
k

C
, σ ≡ 2γ

√
k.

Â ýòèõ îáîçíà÷åíèÿõ óðàâíåíèå (14) ïåðåïèøåì â âèäå

αy = cos (arccos(βx)∓ σ) = βx cosσ ∓ sin(arccos(βx)) sinσ.

Ïîñëå âîçâåäåíèÿ â êâàäðàò ïîëó÷àåì:

(αy − βx cosσ)2 = sin2(arccos(βx)) sin2 σ.

Îêîí÷àòåëüíî ïðèõîäèì ê óðàâíåíèþ

α2y2 + β2x2 − 2αβ cosσxy = sin2 σ. (15)

Ïîâîðîò ñèñòåìû êîîðäèíàò â ïëîñêîñòè XY ïðèâîäèò óðàâíåíèå (15) ê êàíîíè÷åñêîìè âèäó.
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