
Âàðèàöèîííîå èñ÷èñëåíèå. Ñåìèíàð 6 ìàÿ.

7 ìàÿ 2020 ã.

1 Çàäà÷à 196 (Êðàñíîâ).

Ñîñòàâèòü êàíîíè÷åñêèå óðàâíåíèÿ Ýéëåðà äëÿ ôóíêöèîíàëà

J [y1, y2] =

∫ 2

1

(y′
2

+ y22 + y′
2
2)dx. (1)

Ðåøåíèå:

Ïðîâåðèì, ÷òî äëÿ äàííîãî ôóíêöèîíàëà âîçìîæíî ââåñòè ñèñòåìó ïåðåìåííûõ p1, p2, à èìåííî, ÷òî îòëè÷åí

îò íóëÿ îïðåäåëèòåëü
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∣∣∣∣ = 4.

Ñëåäóþùèì øàãîì ââåäåì ïåðåìåííûå

p1 =
∂F

∂y′1
= 2y′1, p2 =

∂F

∂y′2
= 2y′2.

Ýòî äàåò íàì âîçìîæíîñòü âûðàçèòü ïåðåìåííûå y′i, i = 1, 2 êàê ôóíêöèè x, ~y, ~p:

y′1 =
p1
2
, y′2 =

p2
2
.

Òåïåðü ìîæíî ïîñòðîèòü ôóíêöèþ Ãàìèëüòîíà

−H = F −
2∑

i=1

y′iF
′
y′
i

=
p21
4

+ y22 +
p22
4
− p21

2
− p22

2
= −p

2
1

4
− p22

4
+ y22 .

Òåïåðü ïîñòðîèì ñèñòåìó êàíîíè÷åñêèõ óðàâíåíèé Ýéëåðà

∂H

∂p1
= y′1,

∂H

∂y1
= −p′1,

∂H

∂p2
= y′2,

∂H

∂y2
= −p′2.

Ýòà ñèñòåìà â ñëó÷àå çàäà÷è (1) âûãëÿäèò ñëåäóþùèì îáðàçîì:

p1
2

= y′1,

p′1 = 0,

p2
2

= y′2,

2y2 = p′2.

Çàäà÷à ðåøåíà.
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2 Çàäà÷à 200, (Êðàñíîâ).

Íàéòè ýêñòðåìàëè ôóíêöèîíàëà:

J [y] =

∫ e

1

xyy′
2
dx,

y(1) = 0, y(e) = 1. (2)

Ðåøåíèå:

Ïðîâåðèì, ÷òî âîçìîæíî ââåñòè ïåðåìåííóþ p è âîñïîëüçîâàòüñÿ ìåòîäîì Ãàìèëüòîíà-ßêîáè:

F
′′

y′y′ = 2xy 6= 0.

Òîãäà

p =
∂F

∂y′
= 2xyy′ → y′ =

p

2xy
.

Ôóíêöèÿ Ãàìèëüòîíà ïðèíèìàåò âèä

H = −F + y′F ′
y′ = −xyy′2 + 2y′

2
xy = xyy′

2
=

p2

4xy
.

Óðàâíåíèå Ãàìèëüòîíà-ßêîáè ïðèíèìàåò âèä

∂Θ

∂x
= −H = − 1

4xy

(
∂Θ

∂y

)2

. (3)

Ñëåäóþùèì øàãîì ìû äåëèì ïåðåìåííûå â óðàâíåíèè Ãàìèëüòîíà-ßêîáè:

4x
∂Θ

∂x
= −1

y

(
∂Θ

∂y

)2

= −C. (4)

Îòñþäà ñëåäóåò, ÷òî
∂Θ

∂x
= − C

4x
,

∂Θ

∂y
=
√
Cy.

Çíàÿ âñå ÷àñòíûå ïðîèçâîäíûå, ìû ìîæåì ñîñòàâèòü ïîëíûé èíòåãðàë âûðàæåíèÿ

Θ = −
∫

C

4x
dx+

∫ √
Cydy. (5)

Âîñïîëüçóåìñÿ, íàêîíåö, òåîðåìîé ßêîáè

∂Θ

∂C
= −1

4

∫
dx

x
+

1

2
√
C

∫
√
ydy = γ, (6)

ãäå γ - íåêîòîðàÿ êîíñòàíòà.

Ïîñëå âçÿòèÿ èíòåãðàëîâ ïåðåïèøåì âûðàæåíèå (6) â âèäå

−1

4
ln |x|+ 1

3
√
C
y3/2 = γ. (7)

Ôàêòè÷åñêè, ìû ïîëó÷èëè óðàâíåíèå ýêñòðåìàëè â òåðìèíàõ äâóõ ïîñòîÿííûõ C è γ.

Òåïåðü âîñïîëüçóåìñÿ ãðàíè÷íûìè óñëîâèÿìè (2) äëÿ òîãî, ÷òîáû çàôèêñèðîâàòü C è γ.

y(1) = 0 → γ = 0,

y(e) = 1 → 1√
C

=
3

4
.

Óðàâíåíèå ýêñòðåìàëè (7) ïðèíèìàåò âèä

y3/2 = ln |x|.
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3 Çàäà÷à 203, (Êðàñíîâ)

Íàéòè ôóíêöèþ ïîëÿ p(x, y) è ñàìî ïîëå ýêñòðåìàëåé, ïðîõîäÿùèõ ÷åðåç íà÷àëî êîîðäèíàò, ôóíêöèîíàëà

J [y] =

∫ (x,y)

(0,0)

√
1 + y′2

y
dx, y > 0.

Ðåøåíèå:

Ôóíêöèÿ Ëàãðàíæà â äàííîì ñëó÷àå íå çàâèñèò ÿâíî îò ïåðåìåííîé x, ïîýòîìó ïåðâûé èíòåãðàë óðàâíåíèÿ
Ýéëåðà èìååò âèä:

F − y′F ′
y′ = C → 1

y
√

1 + y′2
= C.

Âûðàçèì îòñþäà y′:

y′ = ±
√
C1 − y2
y

.

Èíòåãðèðóÿ ïîëó÷åííîå âûðàæåíèå, ïðèõîäèì ê âûâîäó, ÷òî

y2 + (x− C3)2 = C1. (8)

Ìû ïîëó÷èëè ñåìåéñòâî îêðóæíîñòåé, öåíòðû êîòîðûõ ïðèíàäëåæàò îñè OX. Èç óñëîâèÿ

y(0) = 0

ñëåäóåò ñâÿçü C1 = C2
3 . Òàêèì îáðàçîì,

y2 + (x− C3)2 = C2
3 .

Ïîìíÿ ïðî óñëîâèå y > 0, ïîëó÷àåì

y =
√

2xC3 − x2. (9)

Ââåäåì ïîëå p ïî îïðåäåëåíèþ

p = F ′
y′ =

1

y

y′√
1 + y′2

. (10)

Èç óðàâíåíèÿ (9) ñëåäóåò, ÷òî

y′ =
C3 − x
y

.

Îòñþäà âûðàæåíèå äëÿ ïîëÿ p(x, y) ïðèíèìàåò âèä

p(x, y) =
C3 − x
yC3

. (11)

Íàêîíåö, âûðàæàÿ ïîñòîÿííóþ C3 èç óðàâíåíèÿ (9)

C3 =
x2 + y2

2x
,

ïîëó÷àåì îêîí÷àòåëüíî

p(x, y) =
y2 − x2

y(x2 + y2)
. (12)

4 Çàäà÷à 212, (Êðàñíîâ)

Íàéòè òðàåêòîðèþ äâèæåíèÿ òî÷êè â ïëîñêîñòè ïîä äåéñòâèåì ñèëû îòòàëêèâàíèÿ îò îñè OX, ïðîïîðöèîíàëü-
íîé ðàññòîÿíèþ òî÷êè äî ýòîé ïðÿìîé è íàïðàâëåííîé ïàðàëëåëüíî îñè OY ïðè óñëîâèè, ÷òî

v2 − y2 = 0,

èñõîäÿ èç èíòåãðàëà äâèæåíèÿ

J [y] =

∫ x2

x1

y

√
1 + y′2dx.
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Ðåøåíèå:

Ïðèíöèï íàèìåíüøåãî äåéñòâèÿ, îïðåäåëÿþùèé òðàåêòîðèþ äâèæåíèÿ ìàòåðèàëüíîé òî÷êè â êëàññè÷åñêîé
ìåõàíèêå, ñâîäèòñÿ ê ïîñêó ýêñòðåìóìà ìèíèìóìà ôóíêöèîíàëà

J [y] =

∫ t2

t1

(T − V )dt, (13)

ãäå T è V ñîîòâåòñòâåííî êèíåòè÷åñêàÿ è ïîòåíöèàëüíàÿ ýíåðãèè ìàòåðèàëüíîé òî÷êè. Èç óñëîâèÿ çàäà÷è
èçâåñòíî, ÷òî

−∂V
∂y

= ky.

Îòñþäà

V = −k
2
y2.

Íî êèíåòè÷åñêàÿ ýíåðãèÿ T = mv2

2 . Ñëåäîâàòåëüíî, èç óñëîâèÿ ñâÿçè ïîëó÷àåì

v2 = y2 → V = αT.

Ñ äðóãîé ñòîðîíû, óñëîâèå ñâÿçè è ïîòåíöèàë íå çàâèñÿò îò âðåìåíè t. Ïîýòîìó ïîëíàÿ ýíåðãèÿ E ñîõðàíÿåòñÿ
(ïåðâûé èíòåãðàë óðàâíåíèÿ Ýéëåðà). Ñëåäîâàòåëüíî,

(T − V )dt = (T − (E − T ))dt = (2T − E)dt.

Ïðèíåáðåãàÿ â ôóíêöèè Ëàãðàíæà ïîñòîÿííûì ñëàãàåìûì, ïîëó÷àåì

F̃ dt = 2Tdt =
√

2T
√

2Tdt = vds = y

√
1 + y′2dx.

Ìû âîñïîëüçîâàëèñü çäåñü ñîîòíîøåíèÿìè (ïðè m = 1)

√
2T = v,

√
2Tdt = vdt = ds =

√
1 + y′2dx.

Çàäà÷à ñâåëàñü ê ìèíèìèçàöèè ôóíêöèîíàëà äåéñòâèÿ

J [y] =

∫ x2

x1

y

√
1 + y′2dx

ñ ôóíêöèåé Ëàãðàíæà F = y
√

1 + y′2. Ðåøèì çàäà÷ó íàõîæäåíèÿ òðàåêòîðèè äâèæåíèÿ ìàòåðèàëüíîé òî÷êè
(ýêñòðåìàëè ôóíêöèîíàëà) ìåòîäîì Ãàìèëüòîíà-ßêîáè.

Ïðîâåðèâ, ÷òî F
′′

y′y′ 6= 0, ââåäåì ïåðåìåííóþ p ñîãëàñíî îïðåäåëåíèþ

p = F ′
y′ =

yy′√
1 + y′2

.

Îòñþäà ìû ïîëó÷àåì, ÷òî

y′ = ± p√
y2 − p2

. (14)

Ââåäåì òåïåðü ôóíêöèþ Ãàìèëüòîíà

−H = F − y′F ′
y′ =

y√
1 + y′2

= ±
√
y2 − p2.

Ìû ïðèíÿëè çäåñü âî âíèìàíèå óðàâíåíèå (14). Â ýòèõ òåðìèíàõ óðàâíåíèå Ãàìèëüòîíà-ßêîáè ïðèíèìàåò âèä

∂Θ

∂x
= −H = ±

√
y2 − p2 = ±

√
y2 −

(
∂Θ

∂y

)2

. (15)

Ðàçäåëåíèå ïåðåìåííûõ â óðàâíåíèè (15) ïðèâîäèò ê ñëåäóþùåìó ðåçóëüòàòó(
∂Θ

∂x

)2

= y2 −
(
∂Θ

∂y

)2

= C2. (16)

Îòñþäà ñëåäóåò, ÷òî
∂Θ

∂x
= C,

∂Θ

∂y
= ±

√
y2 − C2.
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Âîññòàíîâèì òåïåðü Θ êàê èíòåãðàë ïî êîíòóðó (ëîìàíàÿ, îòðåçêè êîòîðîé ïàðàëëåëüíû êîîðäèíàòíûì îñÿì)
îò ïîëíîãî äèôôåðåíöèàëà

Θ =

∫
Cdx±

∫ √
y2 − C2dy. (17)

Ôóíêöèÿ Θ âîññòàíàâëèâàåòñÿ çäåñü ñ òî÷íîñòüþ äî êîíñòàíòû. Èíòåãðàëû â âûðàæåíèè (17) ìû ìîæåì ïîíè-
ìàòü êàê íåîïðåäåëåííûå. Ïðèìåíÿÿ òåîðåìó ßêîáè, ïîëó÷àåì:

∂Θ

∂C
=

∫
dx∓

∫
Cdy√
y2 − C2

= γ, (18)

ãäå γ � íîâàÿ ïîñòîÿííàÿ. Óðàâíåíèå (18) ïðåäñòàâëÿåò ñîáîé óðàâíåíèå òðàåêòîðèè ìàòåðèàëüíîé òî÷êè:

x∓ C
∫

dy√
y2 − C2

= γ. (19)

Èíòåãðàë â âûðàæåíèè (19) íåòðóäíî ïîñ÷èòàòü ñ ïîìîùüþ çàìåíû ïåðåìåííîé y = C cosh t. Â ýòèõ òåðìèíàõ∫
dy√

y2 − C2
=

∫
C sinh tdt

C sinh t
= t = arccosh(y/C).

Ïîäñòàâëÿÿ ïëó÷åííîå âûðàæåíèå â óðàâíåíèå (19), ïîëó÷àåì

y = C cosh

(
x− γ
C

)
.

Óðàâíåíèå òðàåêòîðèè ìàòåðèàëüíîé òî÷êè ïîëó÷åíî. Îíî ïðåäñòàâëÿåò ñîáîé öåïíóþ ëèíèþ.
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