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1 Îñíîâíûå ñâåäåíèÿ.

Ïðîñòåéøàÿ âàðèàöèîííàÿ çàäà÷à çàêëþ÷àåòñÿ â íàõîæäåíèè ýêñòðåìóìà ôóíêöèîíàëà

J [y(x)] =

∫ x1

x0

F (x, y(x), y′(x))dx (1)

ñðåäè ìíîæåñòâà ãëàäêèõ êðèâûõ, óäîâëåòâîðÿþùèõ ãðàíè÷íûì óñëîâèÿì

y(x0) = y0, y(x1) = y1.

Ôóíêöèÿ y(x) íàçûâàåòñÿ àðãóìåíòîì ôóíêöèîíàëà. Ôóíêöèÿ F (x, y,′ ) � ôóíêöèÿ Ëàãðàíæà � ñ÷èòàåòñÿ äâà-
æäû íåïðåðûâíî äèôôåðåíöèðóåìîé ïî âñåì ñâîèì àðãóìåíòàì. Âñå ìíîæåñòâî ôóíêöèé, íà êîòîðîì ðàññìàò-
ðèâàåòñÿ ôóíêöèîíàë, íàçûâàåòñÿ êëàññîì äîïóñòèìûõ ôóíêöèé (êðèâûõ).

Åñëè ôóíêöèÿ y(x) äàåò ýêñòðåìóì ôóíêöèîíàëó (1), òî íåîáõîäèìî îíà ÿâëÿåòñÿ ýêñòðåìàëüþ ýòîãî ôóíê-
öèîíàëà, òî åñòü ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Ýéëåðà

∂F

∂y
− d

dx

∂F

∂y′
= 0. (2)

êîòîðîå ÿâëÿåòñÿ îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèåì âòîðîãî ïîðÿäêà îòíîñèòåëüíî ôóíêöèè y(x).

1.1 ×àñòíûå ñëó÷àè ôóíêöèè Ëàãðàíæà F (x, y, y′).

1) Åñëè F = F (x, y′), òî óðàâíåíèå (2) èìåò ïåðâûé èíòåãðàë

∂F

∂y′
= C. (3)

2) Åñëè F = F (y, y′), òî óðàâíåíèå (2) èìåò ïåðâûé èíòåãðàë

F − y′
∂F

∂y′
= C. (4)

Ïåðâûå èíòåãðàëû (3) è (4) ÿâëÿþòñÿ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ïåðâîãî ïîðÿäêà.

2 Ïðèìåðû.

2.1 Çàäà÷à 71 (èç çàäà÷íèêà "Âàðèàöèîííîå èñ÷èñëåíèåÌ.Ë.Êðàñíîâ, Ã.È.Ìàêàðåíêî,
À.È.Êèñåëåâ).

Íàéòè ýêñòðåìóì ôóíêöèîíàëà

J [y] =

∫ 0

−1
(12xy − y′

2
)dx, y(−1) = 1, y(0) = 0.

Ðåøåíèå.
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Óðàâíåíèå Ýéëåðà (2) äëÿ ôóíêöèè Ëàãðàíæà F (x, y, y′) = 12xy − y′
2
ïðèíèìàåò âèä

12x− d

dx
(−2y′) = 0, òî åñòü 12x+ 2y′′ = 0.

Èíòåãðèðóÿ ïîëó÷åííîå óðàâíåíèå, ïîëó÷àåì

y′′(x) = −6x,

y′(x) = −3x2 + C1,

y(x) = −x3 + C1x+ C2.

Èç ãðàíè÷íûõ óñëîâèé ïîëó÷àåì äâà óðàâíåíèÿ äëÿ C1 è C2:

y(−1) = 1 ⇒ 1− C1 + C2 = 1,

y(0) = 0 ⇒ C2 = 0.

Òàêèì îáðàçîì, ìû ïðèõîäèì ê çàêëþ÷åíèþ, ÷òî C1 = 0, y(x) = −x3.

2.2 Çàäà÷à 72 (èç Êðàñíîâà).

Íàéòè ýêñòðåìóì ôóíêöèîíàëà

J [y] =

∫ 2

1

(y′
2
+ 2yy′ + y2)dx, y(1) = 1, y(2) = 0.

Ðåøåíèå.

Óðàâíåíèå Ýéëåðà äëÿ ôóíêöèè Ëàãðàíæà F (x, y, y′) = y′
2
+ 2yy′ + y2 ïðèíèìàåò âèä

2y′ + 2y − d

dx
(2y′ + 2y) = 0, èëè y′′ − y = 0.

Ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä:
y(x) = C1e

x + C2e
−x. (5)

Òåïåðü íóæíî çàôèêñèðîâàòü ïîñòîÿííûå C1, C2, èñïîëüçóÿ ãðàíè÷íûå óñëîâèÿ. À èìåííî:

y(1) = 1 ⇒ C1e+ C2e
−1 = 1, (6)

y(0) = 2 ⇒ C1e
2 + C2e

−2 = 0. (7)

Óìíîæàÿ óðàâíåíèå (6) íà e è âû÷èòàÿ èç íåãî óðàâíåíèå (7), íàõîäèì C2, à çàòåì - ïîñòîÿííóþ C1:

C2 =
e2

2 sinh(1)
, C1 = − e−2

2 sinh(1)
.

Ïîäñòàâëÿÿ ðåçóëüòàò â óðàâíåíèå (5), ïîëó÷àåì óðàâíåíèå ýêñòðåìàëè

y(x) = − sinh(x− 2)

sinh(1)
.

2.3 Çàäà÷à 73 (èç Êðàñíîâà).

Íàéòè ýêñòðåìóì ôóíêöèîíàëà

J [y] =

∫ 1

0

√
y(1 + y′2)dx, y(0) =

1√
2
, y(1) =

1√
2
.

Ðåøåíèå.

Çàìåòèì, ÷òî ôóíêöèÿ Ëàãðàíæà F =
√

y(1 + y′2) íå çàâèñèò ÿâíî îò ïåðåìåííîé x. Ýòî çíà÷èò, ÷òî ìû

ìîæåì âîñïîëüçîâàòüñÿ ïåðâûì èíòåãðàëîì óðàâíåíèÿ Ýéëåðà (4). Ïðèäåì ê óðàâíåíèþ

√
y√

1 + y′2
= C1.
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Òàêèì îáðàçîì,

y′
2
= C2y − 1, y′ = ±

√
C2y − 1. (8)

Èíòåãðèðóÿ ïîëó÷åííîå óðàâíåíèå, ïîëó÷àåì

± dy√
C2y − 1

= dx, ± 2

C2

√
C2y − 1 = x+ C3. (9)

Îòñþäà ïîëó÷àåì óðàâíåíèå ýêñòðåìàëè

y(x) =
1

C2
+

C2

4
(x+ C3)

2, C2 6= 0. (10)

Òåïåðü íóæíî, ïîëüçóÿñü ãðàíè÷íûìè óñëîâèÿìè, çàôèêñèðîâàòü ïîñòîÿííûå C2, C3. Ýòî ïðèâîäèò íàñ ê
ñèñòåìå óðàâíåíèé: {

1
C2

+ C2

4 C2
3 = 1√

2
,

1
C2

+ C2

4 (1 + C3)
2 = 1√

2
.

(11)

Âû÷òåì ïåðâîå èç óðàâíåíèé (11) èç âòîðîãî, ó÷èòûâàÿ, ÷òî C2 6= 0:

C2

4
(1 + 2C3) = 0, èëè C3 = −1

2
.

Ïîäñòàâëÿÿ ðåçóëüòàò â îäíî èç óðàâíåíèé (11), ïîëó÷èì óðàâíåíèå äëÿ C2:

1

C2
+

C2

4

1

4
=

1√
2
. (12)

Ïîëó÷àåòñÿ êâàäðàòíîå óðàâíåíèå äëÿ C2. Åãî ðåøåíèå èìååò âèä

C2 = 4(
√
2± 1).

Îêîí÷àòåëüíî, óðàâíåíèå äëÿ y(x) ïðèíèìàåò âèä

y(x) =
1 + (3± 2

√
2)(2x− 1)2

4(
√
2± 1)

. (13)

Ýêñòðåìàëåé â äàííîé çàäà÷å äâå!

3 Äîìàøíåå çàäàíèå.

Ïî Êðàñíîâó íîìåðà: 74, 75, 78, 79, 105, 106
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