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1 Îáîáùåíèÿ îñíîâíîé ëåììû âàðèàöèîííîãî èñ÷èñëåíèÿ

Îáîáùåíèå 1. Ïðîèçâîäíûå âûñøèõ ïîðÿäêîâ. Ïðåäïîëîæèì, ÷òî â óñëîâèè îñíîâíîé Ëåììû ðàâåíñòâî
íóëþ èíòåãðàëà âûïîëíÿåòñÿ òîëüêî äëÿ n-ðàç íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé η. Òîãäà óòâåðæäåíèå
Ëåììû îñòàåòñÿ â ñèëå.

Äëÿ äîêàçàòåëüñòâà áåðåì ôóíêöèþ

η(x) =

{ (
(x− C)2 − δ2

)2n
, |x− C| ≤ δ

0, |x− C| > δ

Îáîáùåíèå 2. Îñíîâíàÿ Ëåììà âàðèàöèîííîãî èñ÷èñëåíèÿ äëÿ ôóíêöèè íåñêîëüêèõ ïåðåìåí-

íûõ.

Ïóñòü ôóíêöèÿ g íåïðåðûâíà â îáëàñòè g ∈ Rn (n = 2, 3). Ïóñòü äëÿ âñåõ íåïðåðûâíî äèôôåðåíöèðóåìûõ
ôóíêöèé η, ðàâíûõ íóëþ íà ãðàíèöå îáëàñòè D, âåðíî ðàâåíñòâî∫

D

g(x)η(x)dx = 0, òîãäà g(x) ≡ 0. (1)

Äîêàçàòåëüñòâî (àíàëîãè÷íî îñíîâíîé Ëåììå):

Ïóñòü g 6= 0 â òî÷êå M0; òàê êàê g íåïðåðûâíà, òî g > 0 â íåêîòîðîì øàðå Bδ(M0).
Ðàññìîòðèì ôóíêöèþ

η(x) =

{
(|x−M0|2 − δ2)2, x ∈ Bδ(M0)
0, x ∈ D\Bδ(M0).

Òîãäà ∫
D

g(x)η(x)dx > 0,

òî åñòü ìû ïðèøëè ê ïðîòèâîðå÷èþ. �

2 Óðàâíåíèå Ýéëåðà.

Ðàññìîòðèì ôóíêöèîíàë

J [y] =

∫ x1

x0

F (x, y, y′)dx, (2)

è íàáîð êðàåâûõ óñëîâèé {
y(x0) = y0
y(x1) = y1.

(3)

Çàäà÷à çàêëþ÷àåòñÿ â îòûñêàíèè ôóíêöèè y(x), äîñòàâëÿþùåé ýêñòðåìóì ôóíêöèîíàëó (2) è óäîâëåòâîðÿþùåé
êðàåâûì óñëîâèÿì (3).

Ðàññìîòðèì ïðîáíóþ íåïðåðûâíî äèôôåðåíöèðóåìóþ ôóíêöèþ η(x), òàêóþ, ÷òî

η(x0) = η(x1) = 0.

Ââåäåì ôóíêöèþ f(t) = J [y + tη]. Òîãäà óñëîâèå

df(t)

dt
|t=0 = 0−−
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íåîáõîäèìîå óñëîâèå ýêñòðåìóìà. Ýòî îçíà÷àåò ñëåäóþùåå:

df(t)

dt
|t=0 =

∂

∂t

∫ x1

x0

F (x, y + tη, y′ + tη′)dx =

∫ x1

x0

(
∂F

∂y
η(x) +

∂F

∂y′
η′(x)

)
dx = (4)

=
∂F

∂y′
η(x)

x1

|
x0

+

∫ x1

x0

(
∂F

∂y
− d

dx

∂F

∂y′

)
η(x)dx =

∫ x1

x0

(
∂F

∂y
− d

dx

∂F

∂y′

)
η(x)dx = 0.

Ìû âîñïîëüçîâàëèñü çäåñü óñëîâèÿìè η(x0) = η(x1) = 0, âñëåäñòâèå ÷åãî âíåèíòåãðàëüíûé ÷ëåí îêàçàëñÿ ðàâåí
íóëþ. Òîãäà íåîáõîäèìîå óñëîâèå ýêñòðåìóìà â âèäå (4) cîãëàñíî îñíîâíîé Ëåììå ïðèíèìàåò âèä.

∂F

∂y
− d

dx

∂F

∂y′
= 0. (5)

Óðàâíåíèå (5) íàçûâàåòñÿ óðàâíåíèåì Ýéëåðà. Åãî ðåøåíèÿ y(x) íàçûâàþòñÿ ýêñòðåìàëÿìè ôóíêöèîíàëà (2).

3 ×àñòíûå ñëó÷àè óðàâíåíèÿ Ýéëåðà.

3.1 Âûðàæåíèå F íå çàâèñèò îò y.

Ïóñòü âûðàæåíèå F íå çàâèñèò îò y, òî åñòü ∂F
∂y = 0. Èç óðàâíåèÿ (5) â ýòîì ñëó÷àå ñëåäóåò, ÷òî d

dx
∂F
∂y′ = 0. Ýòî,

â ñâîþ î÷åðåäü, îçíà÷àåò, ÷òî
∂F

∂y′
= C, (6)

ãäå C � ïðîèçâîëüíàÿ êîíñòàíòà. Âûðàæåíèå (6) îïðåäåëÿåò ïåðâûé èíòåãðàë óðàâíåèÿ (5), òî åñòü âåëè÷èíó,
ñîõðàíÿþùóþ ñâîå çíà÷åíèå âäîëü èíòåãðàëüíîé êðèâîé y(x).

3.2 Âûðàæåíèå F íå çàâèñèò îò x.

Ïóñòü âûðàæåíèå F íå çàâèñèò îò x, òî åñòü

F = F (y, y′). (7)

Ïåðåïèøåì óðàâíåíèå Ýéëåðà (5) ñ ó÷åòîì ñïåöèôèêè äàííîãî ñëó÷àÿ (7):

∂F

∂y
− ∂2F

∂y∂y′
y′ − ∂2F

∂y′2
y′′ = 0. (8)

Ïîêàæåì òåïåðü, ÷òî â ðàññìàòðèâàåìîì ñëó÷àå F = F (y, y′) ïåðâûì èíòåãðàëîì óðàâíåíèÿ (5) ÿâëÿåòñÿ âåëè-
÷èíà

L ≡ F − y′ ∂F
∂y′

.

Äëÿ äîêàçàòåëüñòâà ðàññìîòðèì

d

dx

(
F − y′ ∂F

∂y′

)
=
∂F

∂y
y′ +

∂F

∂y′
y′′ − y′′ ∂F

∂y′
− y′ ∂

2F

∂y′∂y
y′ − y′ ∂

2F

∂y′2
y′′.

Ïðèâîäÿ ïîäîáíûå ÷ëåíû, ïîëó÷àåì:

d

dx

(
F − y′ ∂F

∂y′

)
= y′

(
∂F

∂y
− ∂2F

∂y′∂y
y′ − ∂2F

∂y′2
y′′
)
. (9)

Ñðàâíèâàÿ âûðàæåíèå â êðóãëûõ ñêîáêàõ è óðàâíåíèå (8), ïðèõîäèì ê âûâîäó

d

dx

(
F − y′ ∂F

∂y′

)
= 0.

Ýòî îçíà÷àåò, ÷òî

F − y′ ∂F
∂y′

= C, (10)

ãäå C � íåêîòîðàÿ, âîîáùå ãîâîðÿ, ïðîèçâîëüíàÿ êîíñòàíòà.

2



3.3 Âûðàæåíèå F íå çàâèñèò îò y′

Åñëè âûðàæåíèå F íå çàâèñèò îò y′, òî ∂F
∂y′ = 0 è, êàê ñëåäóåò èç óðàâíåíèÿ Ýéëåðà (5),

∂F (x, y

∂y
= 0.

Òàêèì îáðàçîì,
F = F (x).

Ñëåäîâàòåëüíî, âàðèàöèîííàÿ çàäà÷à íå èìååò ðåøåíèé.

4 Ïðèìåðû.

4.1 ìàòåðèàëüíàÿ òî÷êà â ïîëå U

Ðàññìîòðèì ôóíêöèîíàë äåéñòâèÿ

S[y] =

∫ t1

t0

L(t, y, y′)dt,

ãäå

L(t, y, y′) = my′
2

2
− U(t, y) (11)

ôóíêöèÿ Ëàãðàíæà ìàòåðèàëüíîé òî÷êè â ïîëå U . Çäåñü ïåðåìåííàÿ t îáîçíà÷àåò âðåìÿ, y(t) � çàâèñèìîñòü
êîîðäèíàòû ìàòåðèàëüíîé òî÷êè îò âðåìåíè.

Óðàâíåíèå Ýéëåðà
∂L
∂y
− d

dt

∂L
∂y′

= 0,

çàïèñàííîå äëÿ ñëó÷àÿ (11), ïðèíèìàåò âèä

−∂U
∂y
− d

dt
my′ = 0. (12)

Èíà÷å ãîâîðÿ, èç óðàâíåíèÿ (12) ïîëó÷àåì âòîðîé çàêîí Íüþòîíà:

my′′ = −∂U
∂y

.

4.2 Ïîëå U íå çàèñèò îò âðåìåíè t.

Ïóñòü ïîëå U íå çàâèñèò îò âðåìåíè t. Òîãäà L íå çàâèñèò îò t. Â ýòîì ñëó÷àå ïåðâûé èíòåãðàë (10) ïðèíèìàåò
ñëåäóþùèé âèä

L − y′ ∂L
∂y′

=
my′

2

2
− U(y)− y′(my′) = −

(
my′

2

2
+ U(y)

)
= Const. (13)

Óðàâíåíèå (13) ïðèíèìàåò âèä çàêîíà ñîõðàíåíèÿ ýíåðãèè.

4.3 Ïîëå U íå çàèñèò îò êîîðäèíàòû y.

Ïóñòü ïîëå U íå çàâèñèò îò êîîðäèíàòû y. Òîãäà ïåðâûé èíòåãðàë (6) ïðèíèìàåò ñëåäóþùèé âèä

∂L
∂y′

= my′ = Const. (14)

Ìû ïðèøëè ê çàêîíó ñîõðàíåíèÿ èìïóëüà.
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