
Ïðåîáðàçîâàíèå Ôóðüå (ïðîäîëæåíèå). Ëåêöèÿ 24 ìàðòà.

24 ìàðòà 2020 ã.

1 Ðàâåíñòâî Ïàðñåâàëÿ.

Áóäåì ðàññìàòðèâàòü àáñîëþòíî èíòåãðèðóåìóþ íà R ôóíêöèþ f(x), ïðåäïîëàãàÿ òàêæå, ÷òî f ∈ C1(R) (íåïðå-
ðûâíî äèôôåðåíöèðóåìà íà îñè). Óñëîâèå ãëàäêîñòè ôóíêöèè âåäåò, êàê ìû âèäåëè èç ïðåäûäóùåé ëåêöèè, ê
áûñòðîìó óáûâàíèþ åå ïðåîáðàçîâàíèÿ Ôóðüå.

Âûäåëèì íà îñè ïðîìåæóòîê (−l, l) è ðàçëîæèì ôóíêöèþ f(x) íà ýòîì ïðîìåæóòêå â ðÿä Ôóðüå ïî 2l-
ïåðèîäè÷åñêèì ôóíêöèÿì:

f(x) =

∞∑
n=−∞

Cn(f)ei
πnx
l , x ∈ (−l, l). (1)

Çàïèøåì äëÿ ôóíêöèè f(x), çàäàííîé íà ïðîìåæóòêå (−l, l), ðàâåíñòâî Ïàðñåâàëÿ
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Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

λn =
πn

l
, ∆λn = λn − λn−1 =

π

l
.

Â òåðìèíàõ ýòèõ îáîçíà÷åíèé ðàâåíñòâî (2) ïðèíèìàåò âèä
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∆λn + σN (λ). (3)

Â âûðàæåíèè (3) ìû ââåëè îáîçíà÷åíèå

σN (λ) ≡
−N−1∑
n=−∞
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Ïàðàìåòð N ìû âûáèðàåì òàêèì îáðàçîì, ÷òî λN = πN
l = l. Èëè, èíà÷å ãîâîðÿ, N =

[
l2

π

]
. Çäåñü [∗] îáîçíà÷àåò

öåëóþ ÷àñòü âûðàæåíèÿ.
Óñòðåìèì â âûðàæåíèè (3) ïàðàìåòð l ê áåñêîíå÷íîñòè. Ïîëüçóÿñü îáîçíà÷åíèåì, ââåäåííûì ðàíåå äëÿ

Ôóðüå-ïðåîáðàçîâàíèÿ

f̂(λ) ≡ F [f ](λ) =
1√
2π

∫ ∞
−∞

f(x)e−iλx

è ïîìíÿ, ÷òî äèñêðåòíûé ïàðàìåòð λn ïåðåõîäèò ïðè l→∞ â íåïðåðûâíûé ïàðàìåòð λ, à ñóììà ïî äèñêðåòíîìó
ïàðàìåòðó n ïåðåõîäèò â èíòåãðàë ïî dλ, èìååì∫ ∞

−∞
|f(x)|2dx =

∫ ∞
−∞
|f̂(λ)|2dλ. (5)

Ìû ó÷ëè òàêæå, ÷òî σN (λ) → 0 ïðè l → ∞ ïîñêîëüêó Ôóðüå-ïðåîáðàçîâàíèå ãëàäêîé ôóíêöèè (ïî ïðåäïî-
ëîæåíèþ f ∈ C1(R)) áûñòðî óáûâàåò íà áåñêîíå÷íîñòè. Ïîëó÷åííîå âûðàæåíèå (5) íàçûâàåòñÿ ðàâåíñòâîì

Ïàðñåâàëÿ. Â òåðìèíàõ ñêàëÿðíûõ ïðîèçâåëåíèé â ïðîñòðàíñòâå L2(R) êâàäðàòè÷íî èíòåãðèðóåìûõ íà îñè
ôóíêöèé ðàâåíñòâî (5) ìîæåò áûòü çàïèñàíî â âèäå

〈f, f〉 = 〈F [f ], F [f ]〉. (6)

2 Ïðèëîæåíèÿ Ôóðüå-ïðåîáðàçîâàíèÿ

Ìû ðàññìîòðèì òåïåðü íåñêîëüêî çàäà÷, ðåøåíèå êîòîðûõ îñíîâàíî íà ìåòîäàõ Ôóðüå-ïðåîáðàçîâàíèÿ.
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2.1 Èíòåãðàëüíûå óðàâíåíèÿ íà îñè.

Íàéòè ðåøåíèå óðàâíåíèÿ ∫ ∞
−∞

e−iλxg(x)dx =
sinλ

λ
(7)

â êëàññå êâàäðàòè÷íî èíòåãðèðóåìûõ ôóíêöèé.

Ðåøåíèå.

Îòìåòèì, ÷òî ëåâàÿ ÷àñòü óðàâíåíèÿ (7) ïðåäñòàâëÿåò ñîáîé Ôóðüå-ïðåîáðàçîâàíèå ôóíêöèè g. Òàêèì îáðà-
çîì, óðàâíåíèå (7) ìîæåò áûòü ïåðåïèñàíî â âèäå

√
2πF [g](λ) =

sinλ

λ
.

Òàêèì îáðàçîì,

g(x) =
1√
2π
F−1

[
sinλ

λ

]
(x) =

1√
2π

√
π

2
χ

(−1,1)
(x) =

1

2
χ

(−1,1)
(x) =

=

{
1
2 |x| < 1,
0 |x| > 1.

Ìû ññûëàåìñÿ çäåñü íà ïðèìåð, ðàçîáðàííûé â ïðåäûäóùåé ëåêöèè.

2.2 Ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé.

Íàéòè óáûâàþùåå íà áåñêîíå÷íîñòè ðåøåíèå óðàâíåíèÿ

y′′ − y = e−α|x| (8)

Ðåøåíèå.

Ïðèìåíèì Ôóðüå-ïðåîáðàçîâàíèå ê ëåâîé è ïðàâîé ÷àñòè óðàâíåíèÿ (8)

((iλ)2 − 1)ŷ(λ) = F
[
e−α|x|

]
.

Òàêèì îáðàçîì, âûðàæåíèå äëÿ ŷ(λ) ïðèíèìàåò âèä

ŷ(λ) = −
F
[
e−α|x|

]
(λ)

λ2 + 1
.

Íàêîíåö,

y(x) = −F−1
[

1

λ2 + 1
F
[
e−α|x|

]
(λ)

]
(x). (9)

Îòìåòèì, ÷òî âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ ìîæåò áûòü çàïèñàíî â ñëåäóþùåì âèäå:

1

λ2 + 1
F
[
e−α|x|

]
(λ) =

√
π

2
F [e−|x|](λ)F

[
e−α|x|

]
(λ) =

√
π

2
F [f ∗ g](λ).

Ìû ââåëè îáîçíà÷åíèÿ
f(x) ≡ e−|x|, g(x) ≡ e−α|x|. (10)

Ìû âîñïîëüçîâàëèñü òàêæå äîêàçàííûì ðàíåå ñâîéñòâîì ñâåðòêè êâàäðàòè÷íî èíòåãðèðóåìûõ ôóíêöèé:

F [f ∗ g] = F [f ]F [g].

Âîçâðàùàÿñü ê óðàâíåíèþ (9), ïîëó÷àåì

y(x) = −
√
π

2
(f ∗ g)(x), (11)

ãäå ôóíêöèè f è g îïðåäåëåíû â óðàâíåíèè (10). Îêîí÷àòåëüíî, ìû ïðèõîäèì ê ñëåäóþùåìó ðåçóëüòàòó:

y(x) = −1

2

∞∫
−∞

dte−|t|e−α|x−t|. (12)
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Ñàìîñòîÿòåëüíî ïîêàçàòü, ÷òî
1) ïðè α 6= 1

y(x) =
1

α2 − 1

(
e−α|x| − αe−|x|

)
.

2) ïðè α = 1

y(x) = −1

2
(|x|+ 1)e−|x|.

2.3 Ðåøåíèå óðàâíåíèé â ñâåðòêàõ.

Íàéòè óáûâàþùåå íà áåñêîíå÷íîñòè ðåøåíèå óðàâíåíèÿ

∞∫
−∞

y(t)e−α|x−t|dt =
x

x2 + β2
. (13)

Ðåøåíèå.

Ââåäåì îáîçíà÷åíèÿ

f(x) ≡ e−α|x|, g(x) ≡ x

x2 + β2
.

Òîãäà â ýòèõ îáîçíà÷åíèÿõ óðàâíåíèå (13) ïðèíèìàåò âèä

√
2π(y ∗ f)(x) = g(x). (14)

Ïðèìåíÿÿ ê ëåâîé è ïðàâîé ÷àñòÿì óðàâíåíèÿ (14) Ôóðüå-ïðåîáðàçîâàíèå, ïîëó÷àåì

√
2πŷ(λ)f̂(λ) = ĝ(λ). (15)

Ïîëó÷èëîñü àëãåáðàè÷åñêîå óðàâíåíèå îòíîñèòåëüíî ôóíêöèè ŷ

ŷ(λ) =
1√
2π

ĝ(λ)

f̂(λ)
. (16)

2.3.1 Âû÷èñëåíèå ôóíêöèè ĝ(λ)

ĝ(λ) = F

[
x

β2 + x2

]
(λ) = iF ′

[
1

β2 + x2

]
(λ) =

i

β

√
π

2

d

dλ

{
F−1

[√
2

π

β

β2 + x2

]
(−λ)

}
=

=
i

β

√
π

2

d

dλ
e−β|λ| =

√
π

2

{
−ie−βλ, λ > 0
ieβλ, λ < 0.

2.3.2 Âû÷èñëåíèå ôóíêöèè f̂(λ)

f̂(λ) = F [f ](λ) = F
[
e−α|x|

]
(λ) =

√
2

π

α

α2 + λ2
.

Âîçâðàùàÿñü ê óðàâíåíèþ (16), ïîëó÷àåì îêîí÷àòåëüíî

y(x) =
1√
2π
F−1

[
π

2α
(α2 + λ2)

i

β

d

dλ
e−β|λ|

]
(x). (17)

Ïîëó÷åííîå âûðàæåíèå ìîæåò áûòü ïîñ÷èòàíî ÿâíî.
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