
Óðàâíåíèå Ýéëåðà â êàíîíè÷åñêîé ôîðìóëèðîâêå. Óðàâíåíèÿ

Ãàìèëüòîíà-ßêîáè. Ëåêöèÿ 22 àïðåëÿ.

24 àïðåëÿ 2020 ã.

1 Óðàâíåíèå Ýéëåðà â êàíîíè÷åñêîé ôîðìóëèðîâêå.

Ðàññìîòðèì ôóíêöèîíàë

J [y] =

∫ x1

x0

F (x, y, y′)dx. (1)

Óðàâíåíèå Ýéëåðà, ðåøåíèå êîòîðîãî îïðåäåëèò ñåìåéñòâî ýêñòðåìàëåé ôóíêöèîíàëà (1), ÿâëÿåòñÿ äèôôåðåí-
öèàëüíûì óðàâíåíèåì âòîðîãî ïîðÿäêà:

F
′

y −
d

dx
F

′

y′ = 0. (2)

Ïîñòàðàåìñÿ ïåðåcòðîèòü óðàâíåíèå (2) â âèäå ñèñòåìû äâóõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà.
Ýòîò øàã ÿâëÿåòñÿ âåñüìà ñóùåñòâåííûì, ïîñêîëüêó ïîçâîëèò ïîíèçèòü ïîðÿäîê èñõîäíîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ, è, òåì ñàìûì, îáëåã÷èòü ïîäõîäû ê åãî ðåøåíèþ. Îñîáåííî ñóùåñòâåííûì ýòîò øàã îêàçûâàåòñÿ â
ñëó÷àå ñèñòåìû ìíîãèõ ïåðåìåííûõ.

Â ïðîñòåéøåì ñëó÷àå ôóíêöèÿ Ëàãëàíæà F (x, y, y′) åñòü ôóíêöèÿ òðåõ ïåðåìåííûõ x, y è y′. Ïåðåéäåì
îò ïàðû ïåðåìåííûõ (y, y′) ê íîâîé ïàðå ïåðåìåííûõ (y, p), ãäå íîâàÿ ïåðåìåííàÿ p îïðåäåëÿåòñÿ ñëåäóþùèì
îáðàçîì

p = F
′

y′(x, y, y
′). (3)

Ïóñòü F
′′

y′y′ 6= 0. Òîãäà ïî òåîðåìå î íåÿâíîé ôóíêöèè ìîæíî âûðàçèòü èç óðàâíåíèÿ (3) y′ êàê ôóíêöèþ x, y
è p:

y′ = y′(x, y, p).

Ââåäåì ôóíêöèþ Ãàìèëüòîíà ñëåäóþùèì îáðàçîì:

H(x, y, p) = (−F + y′F
′

y′)|y′=y′(x,y,p) (4)

Ïðè ýòîì

−∂H
∂p

=
∂

∂p

(
F (x, y, y′(x, y, p))− y′F

′

y′(x, y, y
′(x, y, p))

)
= (5)

=
∂F

∂y′
∂y′

∂p
− ∂y′

∂p

∂F

∂y′
− y′ ∂p

∂p
= −dy

dx
.

−∂H
∂y

=
∂

∂y

(
F (x, y, y′(x, y, p))− y′(x, y, p)F

′

y′(x, y, y
′(x, y, p))

)
= (6)

=
∂F

∂y
+
∂F

∂y′
∂y′

∂y
− ∂y′

∂y

∂F

∂y′
− y′ ∂p

∂y
=
∂F

∂y
=

d

dx

∂F

∂y′
=
dp

dx
.

Ìû âîñïîëüçîâàëèñü çäåñü òåì, ÷òî ðàññìàòðèâàåì ïåðåìåííûå p è y êàê íåçàâèñèìûå. Ñëåäîâàòåëüíî,

∂p

∂y
= 0.

Â ïîñëåäíåì ðàâåíñòâå ìû âîñïîëüçîâàëèñü òàêæå óðàâíåíèåì Ýéëåðà (2) ÿâíî, ÷òî è îçíà÷àåò ôàêòè÷åñêè,
÷òî ïîëó÷åííàÿ ñèñòåìà óðàâíåíèé (5)-(6) ïîðîæäåíà èìåííî óðàâíåíèåì (2). Ìû, òàêèì îáðàçîì, ïðèõîäèì ê
ñëåäóþùåìó âèäó óðàâíåíèé (5)-(6):

dp

dx
= −∂H

∂y
, (7)

dy

dx
=
∂H

∂p
. (8)

Ñèñòåìó óðàâíåíèé (7)-(8) íàçûâàþò óðàâíåíèåì Ýéëåðà â êàíîíè÷åñêîé ôîðìå.
Êàê ìû óæå îòìå÷àëè âûøå, ìû ñìîãëè ïåðåéòè îò óðàâíåíèÿ Ýéëåðà âèäà (2), äèôôåðåíöèàëüíîãî óðàâ-

íåíèÿ âòîðîãî ïîðÿäêà, ê ñèñòåìå äâóõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà. Ýòî, âñëåäñòâèå ïîíè-
æåíèÿ ïîðÿäêà èñõîäíîãî óðàâíåíèÿ, ÿâëÿåòñÿ âåñüìà ñóùåñòâåííûì.
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2 Óðàâíåíèå Ãàìèëüòîíà-ßêîáè.

Âñïîìíèì ñåé÷àñ ðåçóëüòàòû ïðåäûäóùåé ëåêöèè, ãäå áûëî ðàññìîòðåíî óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

dΘ(x, y) = 0. (9)

Ïðè ýòîì áûëî ïîêàçàíî, ÷òî

∂Θ

∂y
= F

′

y′ = p,
∂Θ

∂x
= F − y′F

′

y′ = −H(x, y, p).

Ïîëó÷åííûå ðåçóëüòàòû äàþò íàì âîçìîæíîñòü ñôîðìóëèðîâàòü â òåðìèíàõ, îïðåäåëåííûõ â âûðàæåíèÿõ (3),
(4), ñëåäóþùåå óðàâíåíèå:

∂Θ

∂x
= −H

(
x, y,

∂Θ

∂y

)
. (10)

Óðàâíåíèå (10) íîñèò íàçâàíèå óðàâíåíèÿ Ãàìèëüòîíà-ßêîáè.
Ðàññìîòðèì ñëåäóþùèé ïðèìåð, äåìîíñòðèðóþùèé íåêîòîðûå âîçìîæíîñòè îïèñàííîãî âûøå ôîðìàëèçìà.

Ïðèìåð 1:

Ðàññìîòðèì ôóíêöèîíàë Ôåðìà:

J [y] =

∫ x1

x0

√
1 + y′2

n(x, y)
dx. (11)

Çäåñü n(x, y) � íåêîòîðàÿ íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ ñâîèõ àðãóìåíòîâ. Ôóíêöèÿ Ëàãðàíæà â
äàííîé çàäà÷å èìååò âèä

F =

√
1 + y′2

1

n(x, y)
.

Ââåäåì ñîãëàñíî óðàâíåíèþ (4) ôóíêöèþ Ãàìèëüòîíà:

−H = F − y′F
′

y′ =

√
1 + y′2

n(x, y)
− y′

2√
1 + y′2

1

n(x, y)
=

1

n(x, y)

1√
1 + y′2

. (12)

Ñîãëàñíî îïðåäåëåíèþ (3) ââåäåì ïåðåìåííóþ p:

p =
∂F

∂y′
=

y′

n(x, y)
√

1 + y′2
. (13)

Âûðàçèì y′ èç óðàâíåíèÿ (13)

y′
2

=
p2n2(x, y)

1− p2n2(x, y)
. (14)

Â òåðìèíàõ (14) çàïèøåì òåïåðü ôóíêöèþ Ãàìèëüòîíà (12)

H(x, y, p) = − 1

n(x, y)

1√
1 + p2n2(x,y)

1−p2n2(x,y)

= −
√

1− p2n2(x, y)

n(x, y)
. (15)

Óðàâíåíèå Ãàìèëüòîíà-ßêîáè (10) òåïåðü ïðèíèìàåò âèä

∂Θ

∂x
=

1

n(x, y)

√
1− n2(x, y)

(
∂Θ

∂y

)2

. (16)

Ñôîðìóëèðóåì òåïåðü óðàâíåíèå ýéêîíàëà, óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ, êîòîðîå ìîæíî ðàñ-
ñìàòðèâàòü êàê êâàçèêëàññè÷åñêîå ïðèáëèæåíèå âîëíîâîãî óðàâíåíèÿ:(

∂Θ

∂x

)2

+

(
∂Θ

∂y

)2

=
1

n2(x, y)
. (17)

Ñâÿæåì ïîëó÷åííîå óðàâíåíèå ñ ðàññìîòðåííûì âûøå ïðèìåðîì ðàñïðîñòðàíåíèÿ ñâåòà â îïòè÷åñêè íåîäíî-
ðîäíîé ñðåäå. Åãî ðåøåíèå, êàê áóäåò ïîêàçàíî â ñëåäóþùåì ïðèìåðå, îïðåäåëèò êâàçèêëàññè÷åñêèå òðàåêòîðèè
ðàñïðîñòðàíåíèÿ ëó÷à ñâåòà.
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3 Òåîðåìà Ãàìèëüòîíà-ßêîáè.

Ïóñòü ôóíêöèÿ Ëàãðàíæà F (x, y, y′) óäîâëåòâîðÿåò óñëîâèþ F
′′

y′y′ 6= 0. Ïóñòü ìû íàøëè ïîëíûé èíòåãðàë óðàâ-
íåíèÿ Ãàìèëüòîíà-ßêîáè

Θ = Θ(x, y, α), (18)

ãäå α � íåêîòîðàÿ êîíñòàíòà, êîòîðàÿ âîçíèêàåò ïðè ðåøåíèè óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ (10). Òîãäà
ìîæíî âîññòàíîâèòü îáùèé èíòåãðàë óðàâíåíèÿ Ýéëåðà. Ñôîðìóëèðóåì ñëåäóþùóþ òåîðåìó.

Òåîðåìà Ãàìèëüòîíà-ßêîáè:

Îáùèì èíòåãðàëîì óðàâíåíèÿ Ýéëåðà ÿâëÿåòñÿ âåëè÷èíà

Υ =
∂Θ

∂α
. (19)

Äîêàçàòåëüñòâî Òåîðåìû ïðîâåäåì ñëåäóþùèì îáðàçîì.
Ïóñòü u(x, y, α) � íàêëîí ïîëÿ. Íàêëîí ïîëÿ, êàê áûëî îïðåäåëåíî âûøå, óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó

óðàâíåíèþ
y′ = u(x, y, α). (20)

Ìû ðàññìàòðèâàåì çàâèñèìîñòü íàêëîíà ïîëÿ îò ïàðàìåòðà α â ñëåäóþùåì ñìûñëå. Ïîñêîëüêó óðàâíåíèå Ýé-
ëåðà ÿâëÿåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì âòîðîãî ïîðÿäêà, åãî ðåøåíèå y, âîîáùå ãîâîðÿ, çàâèñèò îò äâóõ
ïîñòîÿííûõ. Óðàâíåíèå (20), ÿâëÿþùååñÿ îïðåäåëåíèåì íàêëîíà ïîëÿ � äèôôåðåíöèàëüíîå óðàâíåíèåì ïåðâîãî
ïîðÿäêà. Åãî ðåøåíèå èùåòñÿ ñ òî÷íîñòüþ äî îäíîé ïîñòîÿííîé. Òàêèì îáðàçîì, íàêëîí ïîëÿ u, âîîáùå ãîâîðÿ,
çàâèñèò îò îäíîãî ñâîáîäíîãî ïàðàìåòðà.

Â òåðìèíàõ íàêëîíà ïîëÿ
∂Θ

∂x
= F (x, y, u)− uF

′

y′(x, y, u), (21)

∂Θ

∂y
= F

′

y′(x, y, u). (22)

Äèôôåðåíöèðóåì óðàâíåíèÿ (21)-(22) ïî ïàðàìåòðó α:

∂2Θ

∂x∂α
=
∂F

∂y′
∂u

∂α
− ∂u

∂α

∂F

∂y′
− u∂

2F

∂y′2
∂u

∂α
. (23)

∂2Θ

∂y∂α
=
∂2F

∂y′2
∂u

∂α
. (24)

Òåïåðü ïðîâåðèì, ÷òî âåëè÷èíà ∂Θ
∂α ÿâëÿåòñÿ ïîñòîÿííîé:

d

dx

(
∂Θ

∂α

)
=

∂2Θ

∂x∂α
+

∂2Θ

∂y∂α

dy

dx
. (25)

Ïîäñòàâëÿÿ óðàâíåíèÿ (23)-(24) â (25), ïîëó÷àåì:

d

dx

(
∂Θ

∂α

)
= −u∂

2F

∂y′2
∂u

∂α
+
∂2F

∂y′2
∂u

∂α

dy

dx
=
∂2F

∂y′2

(
dy

dx
− u
)
∂u

∂α
= 0. (26)

Â ïîñëåäíåì ðàâåíñòâå ìû âîñïîëüçîâàëèñü îáðàùåíèåì êðóãëîé ñêîáêè â íîëü âñëåäñòâèå óðàâíåíèÿ (20).
Òåîðåìà Ãàìèëüòîíà-ßêîáè äîêàçàíà. �

Ïðèìåð 2.

Íàéäåì ñåìåéñòâî ýêñòðåìàëåé ôóíêöèîíàëà Ôåðìà ñëåäóþùåãî âèäà

J [y] =

∫ √
x2 + y2

√
1 + y′2dx. (27)

Îòìåòèì, ÷òî ïîïûòêà íàõîæäåíèÿ ýêñòðåìàëåé ôóíêöèîíàëà (27) ïóòåì íåïîñðåäñòâåííîãî ðåøåíèÿ óðàâíåíèÿ
Ýéëåðà íå ïðèâîäèò ê ïðîñòîìó ðåøåíèþ:

∂F

∂y
− d

dx

∂F

∂y′
=

y − xy′√
x2 + y2

√
1 + y′2

− y′′
√
x2 + y2

(1 + y′2)3/2
= 0
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Ìû ïðèõîäèì ê íåêîòîðîìó íåëèíåéíîìó óðàâíåíèþ ñëåäóþùåãî âèäà:

(y − xy′)(1 + y′
2
) = y′′(x2 + y2).

Ïîïðîáóåì èñêàòü ðåøåíèå çàäà÷è, âîñïîëüçîâàâøèñü òåîðåìîé Ãàìèëüòîíà-ßêîáè. Ñîãëàñíî óðàâíåíèþ (3)
îïðåäåëèì ïåðåìåííóþ p:

p = F
′

y′ =
y′
√
x2 + y2√

1 + y′2
.

Îòñþäà íàõîäèì y′

y′
2

=
p2

x2 + y2 − p2

è îïðåäåëèì ôóíêöèþ Ãàìèëüòîíà ñîãëàñíî óðàâíåíèþ (4)

H(x, y, p) = −
√
x2 + y2 − p2.

Â ýòèõ òåðìèíàõ óðàâíåíèå Ãàìèëüòîíà-ßêîáè ïðèíèìàåò âèä

∂Θ

∂x
−

√
x2 + y2 −

(
∂Θ

∂y

)2

= 0. (28)

Îòñþäà ñëåäóåò óðàâíåíèå ýéêîíàëà: (
∂Θ

∂x

)2

+

(
∂Θ

∂y

)2

= x2 + y2. (29)

Â óðàâíåíèè (29) ïîäåëèì ïåðåìåííûå (
∂Θ

∂x

)2

− x2 = y2 −
(
∂Θ

∂y

)2

= C (30)

è áóäåì èñêàòü òàêèå ðåøåíèÿ óðàâíåíèÿ (30) (åñëè îíè åñòü), äëÿ êîòîðûõ C ÿâëÿåòñÿ êîíñòàíòîé.
Â ýòîì ñëó÷àå èç óðàâíåíèÿ (30) ïîëó÷àåì

∂Θ

∂x
=
√
C + x2,

∂Θ

∂y
=
√
y2 − C.

Òåïåðü ìîæíî âîññòàíîâèòü Θ êàê èíòåãðàë îò ïîëíîãî äèôôåðåíöèàëà ïî êîíòóðó â ïëîñêîñòè XY . Âûáåðåì
â êà÷åñòâå êîíòóðà ëîìàíóþ èç äâóõ çâåíüåâ, êàæäîå èç êîòîðûõ ïàðàëëåëüíî "ñâîåé"êîîðäèíàòíîé îñè:

Θ =

∫ √
C + x2dx+

∫ √
y2 − Cdy + γ. (31)

Âîñïîëüçóåìñÿ Òåîðåìîé Ãàìèëüòîíà-ßêîáè:

C1 =
∂Θ

∂C
=

1

2

∫
dx√
C + x2

− 1

2

∫
dy√
y2 − C

= (32)

=
1

2
ln(x+

√
x2 + C)− 1

2
ln(y +

√
y2 − C) =

1

2
ln

(
x+
√
x2 + C

y +
√
y2 − C

)
.

Îêîí÷àòåëüíî, óðàâíåíèå ïîëÿ ýêñòðåìàëåé (íå ÿâíîå) èìååò âèä:

x+
√
x2 + C

y +
√
y2 − C

= C2. (33)

Çàôèêñèðîâàòü ïîñòîÿííûå C, C2 ìîæíî, âîñïîëüçîâàâøèñü óñëîâèÿìè ïðîõîæäåíèÿ ñâåòîâîãî ëó÷à ÷åðåç íåêî-
òîðóþ ïàðó òî÷åê íà ïëîñêîñòè XY .

Îòìåòèì, ÷òî èíòåãðàëû â óðàâíåíèè (32) íåòðóäíî âçÿòü ñ ïîìîùüþ çàìåí ïåðåìåííûõ

x =
√
C sinh t, y =

√
C cosh t.
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3.1 Òåîðåìà Ãàìèëüòîíà-ßêîáè äëÿ ôóíêöèîíàëà, çàâèñÿùåãî îò íåñêîëüêèõ

ôóíêöèé.

Ñôîðìóëèðóåì òåîðåìó Ãàìèëüòîíà-ßêîáè äëÿ ôóíêöèîíàëà, çàâèñÿùåãî îò íåñêîëüêèõ ôóíêöèé.
Ðàññìîòðèì ôóíêöèîíàë

J [~Y ] =

∫
F (x, ~Y , ~Y ′)dx,

ãäå

~Y =


y1

y2

. . .
yn

 , ~Y ′ =


y′1
y′2
. . .
y′n

 .

Ïðåäïîëîæèì, ÷òî îïðåäåëèòåëü ßêîáè

D(F
′

y′1
, F

′

y′2
, . . . , F

′

y′n
)

D(y′1, y
′
2, . . . , y

′
n)

îòëè÷åí îò íóëÿ.
Îïðåäåëèì âåêòîð ~P ñëåäóþùèì îáðàçîì:

~P =


p1

p2

. . .
pn

 , pi =
∂F

∂y′i
, i = 1, 2, . . . , n. (34)

Îáðàòèì ñèñòåìó óðàâíåíèé (34):

y′i = y′i(x, ~Y , ~P ).

Íàêîíåö, ââåäåì ôóíêöèþ Ãàìèëüòîíà ñëåäóþùèì îáðàçîì

H(x, ~Y , ~P ) =

(
n∑
i=1

y′i
∂F

∂y′i
− F

)
|y′i=y′i(x,~Y , ~P ).

Â ýòîì ñëó÷àå óðàâíåíèå Ãàìèëüòîíà-ßêîáè èìååò âèä:

∂Θ

∂x
+H

(
x, y1, y2, . . . , yn,

∂Θ

∂y1
,
∂Θ

∂y2
, . . . ,

∂Θ

∂yn

)
= 0,

à åãî ïîëíûé èíòåãðàë çàâèñÿùèé îò n+ 1 ïåðåìåííîé:

Θ(x, y1, y2, . . . , yn, α1, α2, . . . , αn) + γ.

Òîãäà:
Óòâåðæäåíèå:

∂Θ

∂αi
= βi, i = 1, 2, . . . , n

- ïîëíûé íàáîð ïåðâûõ èíòåãðàëîâ óðàâíåíèÿ Ýéëåðà.
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