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1 Îáùàÿ ôîðìóëà ïîëíîé âàðèàöèè.

Ðàññìîòðèì êðèâóþ y = f(x), è ïóñòü èçâåñòíî, ÷òî îäèí êîíåö A(x0, y0) çàêðåïëåí, à âòîðîé êîíåö B(x1, y1)
ïðèíàäëåæèò íåêîòîðîé êðèâîé: (x1, y1) ∈ l. Áóäåì ñ÷èòàòü, ÷òî äâèæåíèå òî÷êè B âäîëü êðèâîé l ïîðîæäàåò
ñåìåéñòâî êðèâûõ y(x, α), ïàðàìåòðèçîâàííîå ïàðàìåòðîì α.

Ââåäåì îáîçíà÷åíèå
y(α) = y(x, α), α ∈ (−δ, δ), y(x, 0) = f(x).

Çäåñü α - ïàðàìåòð, îò êîòîðîãî çàâèñèò ñåìåéñòâî êðèâûõ y(x, α). Ïðè çíà÷åíèè ïàðàìåòðà α = 0 ìû ïðèõîäèì
ê êðèâîé f(x).

Íàøà çàäà÷à � âû÷èñëèòü âàðèàöèþ ôóíêöèîíàëà

J [y] =

∫ x1

x0

F (x, y, y′)dx.

Îñíîâíîå îòëè÷èå äàííîé çàäà÷è îò ðàññìîòðåííûõ íàìè ðàíåå çàêëþ÷àåòñÿ â òîì, ÷òî, êàê áûëî îãîâîðåíî, îäèí
èç êîíöîâ êðèâîé íå çàêðåïëåí. Çíà÷èò, âîçíèêàåò íîâàÿ ñòåïåíü ñâîáîäû, êîòîðàÿ è ðåãóëèðóåòñÿ ââåäåííûì
ïàðàìåòðîì α. Ìû èíòåðåñóåìñÿ âàðèàöèåé

δJ =
d

dα
J [y]|α=0. (1)

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

δy =
∂y(α)

∂α
|α=0,

δy′ =
∂

∂α

∂y(α)

∂x
|α=0 =

∂

∂x

∂y(α)

∂α
|α=0 =

d

dx
δy.

Ïîñêîëüêó â òî÷êå A(x0, y0) êðèâàÿ çàêðåïëåíà, òî

y(x0, α) = const, δy|x=x0
= 0. (2)

Ðàññìîòðèì òåïåðü âàðèàöèþ

δJ [y] =
d

dα

∫ x1(α)

x0

F (x, y(α), y′(α))dx |
α=0

= F |x=x1(α)x
′
1(α) |

α=0
+

∫ x1(α)

x0

(
∂F

∂y

∂y

∂α
+
∂F

∂y′
∂y′

∂α

)
dx |

α=0
.

Çäåñü âíåèíòåãðàëüíûé ÷ëåí âîçíèêàåò âñëåäñòâèå íåçàêðåïëåííîñòè îäíîãî èç êîíöîâ êðèâîé. Ôîðìàëüíî ïðè-
÷èíîé åãî âîçíèêíîâåíèÿ ÿâëÿåòñÿ çàâèñèìîñòü çíà÷åíèÿ âåðõíåãî ïðåäåëà èíòåãðèðîâàíèÿ îò ïàðàìåòðà α.

Âîñïîëüçóåìñÿ òåì, ÷òî â èíòåãðàëüíîì ñëàãàåìîì

∂y′

∂α
|α=0 = δy′ =

d

dx

∂y

∂α
|α=0, (3)

à òàêæå îáîçíà÷åíèåì
x′1(α) |

α=0
= δx1. (4)

Â ýòèõ òåðìèíàõ

δJ [y] = F |x=x1(α)δx1|α=0 +
∂F

∂y′
δy

x1(α)

|
x0

|α=0 +

∫ x1(α)

x0

(
∂F

∂y
− d

dx

∂F

∂y′

)
δydx |

α=0
. (5)

Â îòëè÷èå îò ðàññìîòðåííûõ ðàíåå çàäà÷ ñ çàêðåïëåííûìè êîíöàìè, âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè óðàâíå-
íèÿ óæå íå îáíóëÿåòñÿ ãðàíè÷íûìè óñëîâèÿìè, à ïðèâîäèò çà ñ÷åò çàâèñèìîñòè îò ñâîáîäíîãî ïàðàìåòðà α ê
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íåòðèâèàëüíîìó âêëàäó â óðàâíåíèå (ñîâìåñòíî ñ óæå îòìå÷åííûì âûøå ïåðâûì ñëàãàåìûì â ïðàâîé ÷àñòè
óðàâíåíèÿ).

Äëÿ òîãî, ÷òîáû ðàññìîòðåòü âòîðîå ñëàãàåìîå óðàâíåíèÿ (5) íà âåðõíåì ïðåäåëå, íàì ïîíàäîáèòñÿ ñëåäóþ-
ùåå âû÷èñëåíèå

δy1 =
d

dα
y(x1(α), α)|α=0 =

(
∂y

∂x

dx1
dα
|α=0 +

∂y

∂α
|α=0

)
|x=x1

= (y′δx1 + δy) |x=x1
. (6)

Îòìåòèì, ÷òî âêëàä âòîðîãî ñëàãàåìîãî óðàâíåíèÿ (5) íà íèæíåì ïðåäåëå ðàâåí íóëþ âñëåäñòâèå óñëîâèÿ (2).
Èç óðàâíåíèÿ (6) âûðàçèì

δy|x=x1
= (δy1 − y′δx1) |x=x1

. (7)

Ïîäñòàâèì âûðàæåíèå (7) â óðàâíåíèå (5) è ïîëó÷èì (ñ ó÷åòîì (2))

δJ [y] = F |x=x1δx1 +
∂F

∂y′
(δy1 − y′δx1) |x=x1 +

∫ x1

x0

(
∂F

∂y
− d

dx

∂F

∂y′

)
δydx.

Ãðóïïèðóÿ âíåèíòåãðàëüíûå ÷ëåíû, ïðèõîäèì íàêîíåö ê âûðàæåíèþ

δJ [y] =

(
F − y′ ∂F

∂y′

)
|x=x1

δx1 +
∂F

∂y′
|x=x1

δy1 +

∫ x1

x0

(
∂F

∂y
− d

dx

∂F

∂y′

)
δydx. (8)

Óðàâíåíèå (8) íàçûâàåòñÿ îáùåé ôîðìóëîé ïåðâîé âàðèàöèè.
Èíòåãðàëüíûé ÷ëåí ïîðîæäàåò óðàâíåíèå Ýéëåðà, à äâà ïåðâûõ ñëàãàåìûõ ïîðîæäàþò ãðàíè÷íûå óñëîâèÿ

âîçíèêøèå, êàê ìû óïîìèíàëè âûøå, âñëåäñòâèå ó÷åòà âîçìîæíîãî äâèæåíèÿ êîíöà êðèâîé y. Îòìåòèì åùå
ðàç, ÷òî ýòî äâèæåíèå ïðîèñõîäèò âäîëü ôèêñèðîâàííîé êðèâîé l.

2 Åñòåñòâåííûå ãðàíè÷íûå óñëîâèÿ.

2.1 Ñëó÷àé çàêðåïëåííûõ êîíöîâ.

Ïóñòü δy = 0 â òî÷êå B(x1, y1). Òîãäà òî÷êà B(x1, y1) ∈ l çàôèêñèðîâàíà. Òîãäà âíåèíòåãðàëüíûå ÷ëåíû ðàâíû
íóëþ. Â ýòîì ñëó÷àå ñîãëàñíî óðàâíåíèþ (8)

δJ [y] =

∫ x1

x0

(
∂F

∂y
− d

dx

∂F

∂y′

)
δydx. (9)

Òàêîé âèä âûðàæåíèÿ äëÿ ïåðâîé âàðèàöèè ôóíêöèîíàëà, êàê è ñëåäîâàëî îæèäàòü, ñîâïàäàåò ñ àíàëîãè÷íûì
ðåçóëüòàòîì, ïîëó÷åííûì â çàäà÷å ñ çàêðåïëåííûìè êîíöàìè.

Åñëè y � ýêñòðåìàëü, òî δJ [y] = 0, è ïî Îñíîâíîé Ëåììå âàðèàöèîííîãî èñ÷èñëåíèÿ

∂F

∂y
− d

dx

∂F

∂y′
= 0. (10)

2.2 Ñèòóàöèÿ îáùåãî ïîëîæåíèÿ. Óñëîâèå òðàíñâåðñàëüíîñòè.

Ïóñòü òî÷êà B(x1, y1) ∈ l íå çàêðåïëåíà. Åñëè y � ýêñòðåìàëü, òî

δJ [y] = 0. (11)

Îòìåòèì, ÷òî êîìïåíñàöèÿ èíòåãðàëüíîãî âêëàäà è âíåèíòåãðàëüíûõ ÷ëåíîâ â óðàâíåíèè (8) íåâîçìîæíà,
ïîñêîëüêó âêëàä âíåèíòåãðàëüíûõ ÷ëåíîâ îïðåäåëåòñÿ ôàêòè÷åñêè ôîðìîé êðèâîé l, âàðèàöèåé δy â òî÷êå
B(x1, y1) ∈ l. Â òî æå âðåìÿ âêëàä èíòåãðàëüíîãî ÷ëåíà îïðåäåëÿåòñÿ âàðèàöèåé δy íà âñåé îáëàñòè [x0, x1]. Ïðè
ýòîì óðàâíåíèå (11) äîëæíî âûïîëíÿòüñÿ äëÿ ëþáûõ âàðèàöèé δy.

Òàêèì îáðàçîì, óñëîâèå (11) òðåáóåò âûïîëíåíèå ñîâîêóïíîñòè óñëîâèé(
F − y′ ∂F

∂y′

)
|x=x1

δx1 +
∂F

∂y′
|x=x1

δy1 = 0, (12)

∫ x1

x0

(
∂F

∂y
− d

dx

∂F

∂y′

)
δydx = 0. (13)

Ñîãëàñíî Îñíîâíîé Ëåììå âàðèàöèîííîãî èñ÷èñëåíèÿ èç óðàâíåíèÿ (13) ñëåäóåò óðàâíåíèå Ýéëåðà

∂F

∂y
− d

dx

∂F

∂y′
= 0. (14)
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Âåðíåìñÿ ê óñëîâèþ (12). Ïóñòü óðàâíåíèå êðèâîé l èìååò âèä:

ϕ(x, y) = 0. (15)

Òî÷êà (x1(α), y1(α)) ∈ l, òî åñòü
ϕ(x1(α), y1(α)) = 0. (16)

Âàðüèðóÿ ëåâóþ è ïðàâóþ ÷àñòè óðàâíåíèÿ (16), ïðèõîäèì ê âûâîäó

δϕ ≡ dϕ

dα
|α=0 =

∂ϕ

∂x
δx1 +

∂ϕ

∂y
δy1 = 0. (17)

Ìû âîñïîëüçîâàëèñü çäåñü óñòàíîâëåííûìè âûøå îáîçíà÷åíèÿìè

δx1 =
dx1(α)

dα
|α=0, δy1 =

dy1(α)

dα
|α=0.

Â ýòèõ îáîçíà÷åíèÿõ óðàâíåíèå (12) ñ ó÷åòîì óðàâíåíèÿ (17) ïðèíèìàåò âèä

F − y′ ∂F∂y′
∂ϕ
∂x

|(x1,y1) =

∂F
∂y′

∂ϕ
∂y

|(x1,y1). (18)

Ïîëó÷åííîå óñëîâèå (18) íàçûâàåòñÿ óñëîâèåì òðàíñâåðñàëüíîñòè.
Îòìåòèì, ÷òî óñëîâèå òðàíñâåðñàëüíîñòè ÿâëÿåòñÿ àëãåáðàè÷åñêèì óðàâíåíèåì. Îíî âûïîëíÿåòñÿ òîëüêî

íà êîíöå ýêñòðåìàëè è, òàêèì îáðàçîì, èãðàåò ðîëü ãðàíè÷íîãî óñëîâèÿ, çàìåíÿþùåãî ãðàíè÷íîå óñëîâèå â
çàêðåïëåííîé òî÷êå.

3 ×àñòíûå ñëó÷àè óñëîâèÿ òðàíñâåðñàëüíîñòè. Åñòåñòâåííûå ãðàíè÷-

íûå óñëîâèÿ.

3.1 Êðèâàÿ l îïèñûâàåòñÿ óðàâíåíèåì x = x1.

Ïóñòü êðèâàÿ l îïèñûâàåòñÿ óðàâíåíèåì x = x1. Òîãäà, î÷åâèäíî,

δx1 = 0.

Â ýòîì ñëó÷àå óðàâíåíèå (12) ïðèíèìàåò âèä

∂F

∂y′
|x=x1

δy1 = 0.

Òàêèì îáðàçîì, âîçíèêàåò óñëîâèå
∂F

∂y′
|x=x1 = 0, (19)

åñòåñòâåííîå ãðàíè÷íîå óñëîâèå â äàííîì ñëó÷àå.

3.2 Êðèâàÿ l îïèñûâàåòñÿ óðàâíåíèåì y = y1.

Ïóñòü êðèâàÿ l îïèñûâàåòñÿ óðàâíåíèåì y = y1. Òîãäà, î÷åâèäíî,

δy1 = 0.

Â ýòîì ñëó÷àå óðàâíåíèå (12) ïðèíèìàåò âèä(
F − y′ ∂F

∂y′

)
|y=y1δx1 = 0.

Òàêèì îáðàçîì, âîçíèêàåò åñòåñòâåííîå ãðàíè÷íîå óñëîâèå äðóãîãî òèïà

F − y′ ∂F
∂y′
|y=y1 = 0. (20)
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4 Ïðèìåð.

Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

∫ (x1,y1)

(0,0)

(y′
2
+ 12xy)dx,

åñëè èçâåñòíî, ÷òî òî÷êà B(x1, y1) ëåæèò íà ïðÿìîé x = 1.

Ðåøåíèå.

Â äàííîì ñëó÷àå ôóíêöèÿ Ëàãðàíæà F = y′
2
+ 12xy çàâèñèò îò âñåõ ïåðåìåííûõ è âîñïîëüçîâàòüñÿ ïåðâûì

èíòåãðàëîì óðàâíåíèÿ Ýéëåðà íå óäàåòñÿ. Íàïèøåì óðàâíåíèå Ýéëåðà

∂F

∂y
− d

dx

∂F

∂y′
= 12x− 2y′′ = 0.

Ñëåäîâàòåëüíî,
y′′ = 6x.

Èíòåãðèðîâàíèå ýòîãî óðàâíåíèå âåäåò ê ñëåäóþùåìó ïðåäñòàâëåíèþ äëÿ ýêñòðåìàëè

y(x) = x3 + C1x+ C2. (21)

Â äàííîì ñëó÷àå èìååòñÿ òðè íåèçâåñòíûõ: ïîñòîÿííûå C1, C2 è êîîðäèíàòà òî÷êè B(1, y1).
Óñëîâèé òàêæå òðè. Ïåðâîå: ãðàíè÷íîå óñëîâèå

y(0) = 0 ⇒ C2 = 0.

Âòîðîå: òî÷êà B(1, y1) ïðèíàäëåæèò ýêñòðåìàëè

y1 = x31 + C1x1 ⇒ y1 = 1 + C1.

Òðåòüå: åñòåñòâåííîå ãðàíè÷íîå óñëîâèå

∂F

∂y′
|x=x1

= 2y′|x=x1
= 0 ⇒ 6 + 2C1 = 0.

Îêîí÷àòåëüíî ïîëó÷àåì
C1 = −3, C2 = 0, y1 = −2.

Óðàâíåíèå ýêñòðåìàëè èìååò âèä
y(x) = x3 − 3x.
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