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1 Ïîñòàíîâêà çàäà÷è.

Ðàññìîòðèì ãëàäêóþ êðèâóþ íà ïëîñêîñòè. Ïóñòü ýòà êðèâàÿ îïèñûâàåòñÿ óðàâíåíèåì

y = y(x) ∈ C2[x0, x1].

Ïóñòü y ≥ 0, x ∈ [x0, x1]. Ïëîùàäü ïîä êðèâîé îïðåäåëÿåòñÿ êàê

J [y] =

∫ x1

x0

ydx. (1)

Ïóñòü äëèíà êðèâîé ôèêñèðîâàíà è ðàâíà l, ò.å.

J1[y] =

∫ x1

x0

√
1 + y′2dx = l. (2)

Ðàññìîòðèì ñëåäóþùóþ Çàäà÷ó:
Íàéòè óðàâíåíèå ãðàíèöû îáëàñòè ñ ìàêñèìàëüíîé ïëîùàäüþ ïðè ôèêñèðîâàííîé äëèíå ãðàíèöû.

Ñôîðìóëèðóåì ýòó çàäà÷ó â îáùåì âèäå ñëåäóþùèì îáðàçîì:
Íàéòè ýêñòðåìóì ôóíêöèîíàëà

J [y] =

∫ x1

x0

F (x, y, y′)dx (3)

ïðè óñëîâèÿõ:

J1[y] =

∫ x1

x0

G(x, y, y′)dx = C1 (4)

y(x0) = y0, y(x1) = y1. (5)

Ðåøåíèå:

Ïóñòü y = y(x) � ýêñòðåìàëü. Ðàññìîòðèì ïðîáíûå ôóíêöèè η1, η2 ∈ C1[x0, x1], óäîâëåòâîðÿþùèå óñëîâèÿì

η1(x0) = η1(x1) = η2(x0) = η2(x1) = 0.

Ââåäåì òàêæå äâå ôóíêöèè äâóõ ïåðåìåííûõ:

f(α1, α2) = J [y + α1η1 + α2η2], g(α1, α2) = J1[y + α1η1 + α2η2]. (6)

Ñôîðìóëèðóåì ñëåäóþùåå Óòâåðæäåíèå:

Ñóùåñòâóþò íåíóëåâûå ïîñòîÿííûå λ0 è λ1, òàêèå ÷òî:

∂

∂α1
(λ0f + λ1g) |

α1=α2=0
=

∂

∂α2
(λ0f + λ1g) |

α1=α2=0
= 0. (7)
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Èíà÷å ãîâîðÿ, ñóùåñòâóåò òàêàÿ íåâûðîæäåííàÿ ëèíåéíàÿ êîìáèíàöèÿ äâóõ ôóíêöèé äâóõ ïåðåìåííûõ, êîòîðàÿ
èìååò ëîêàëüíûé ýêñòðåìóì â íà÷àëå êîîðäèíàò. Óòâåðæäåíèå ñòàíîâèòñÿ íàãëÿäíûì, åñëè ïðåäñòàâèòü, ÷òî
ôóíêöèè f è g îïèñûâàþò íåêîòîðûå ïîâåðõíîñòè â R3, çàäàííûå íàä îáëàñòüþ â ïëîñêîñòè (α1, α2).

Ðàññìîòðèì îòäåëüíî ïåðâîå ñëàãàåìîå:

∂

∂α1
f(α1, α2) |

α1=α2=0
=

∂

∂α1

∫ x1

x1

F (x, y + α1η1 + α2η2, y
′ + α1η

′
1 + α2η

′
2) |
α1=α2=0

dx =

=

∫ x1

x1

(
∂F

∂y
η1 +

∂F

∂y′
η′1

)
dx =

∫ x1

x1

(
∂F

∂y
− d

dx

∂F

∂y′

)
η1dx.

∂

∂α2
f(α1, α2) |

α1=α2=0
=

∫ x1

x1

(
∂F

∂y
η2 +

∂F

∂y′
η′2

)
dx =

∫ x1

x1

(
∂F

∂y
− d

dx

∂F

∂y′

)
η2dx.

Àíàëîãè÷íûå âû÷èñëåíèÿ ïðîâåäåì äëÿ ôóíêöèè g. Ïîäñòàâèì â óðàâíåíèå (7) ïîëó÷åííûå ñîîòíîøåíèÿ:∫ x1

x1

dx

[
λ0

(
∂F

∂y
− d

dx

∂F

∂y′

)
+ λ1

(
∂G

∂y
− d

dx

∂G

∂y′

)]
η1 = 0, (8)∫ x1

x1

dx

[
λ0

(
∂F

∂y
− d

dx

∂F

∂y′

)
+ λ1

(
∂G

∂y
− d

dx

∂G

∂y′

)]
η2 = 0, (9)

1.1 Ïóñòü y(x) íå ÿâëÿåòñÿ ýêñòðåìàëüþ ôóíêöèîíàëà J1

Ïóñòü y(x) íå ÿâëÿåòñÿ ýêñòðåìàëüþ ôóíêöèîíàëà J1 (4). Òîãäà λ0 6= 0. Ïîäåëèì óðàâíåíèå (9) íà λ0. Èç
óðàâíåíèÿ (9) ïîëó÷àåì, ÷òî

λ1
λ0

= −

∫ x1

x1
dx
(
∂F
∂y −

d
dx

∂F
∂y′

)
η2dx∫ x1

x1
dx
(
∂G
∂y −

d
dx

∂G
∂y′

)
η2dx

(10)

Òàêèì îáðàçîì, îòíîøåíèå λ ≡ λ1

λ0
íå çàâèñèò îò η1. Òîãäà èç óðàâíåíèÿ (8) â ñèëó Îñíîâíîé Ëåììû âàðèàöè-

îííîãî èñ÷èñëåíèÿ ïîëó÷àåì
∂F

∂y
− d

dx

∂F

∂y′
+ λ

(
∂G

∂y
− d

dx

∂G

∂y′

)
= 0. (11)

Íàêîíåö, ââåäåì ðàñøèðåííóþ ôóíêöèþ Ëàãðàíæà H

H = F + λG,

ãäå λ � íåêîòîðàÿ ïîñòîÿííàÿ. Ýòà ïîñòîÿííàÿ λ (êàê è ôóíêöèÿ λ(x) â çàäà÷å Ëàãðàíæà) íàçûâàåòñÿ ìíîæè-

òåëåì Ëàãðàíæà.
Â ýòèõ òåðìèíàõ óðàâíåíèå (11) ìîæåò áûòü ïåðåïèñàíî ñëåäóþùèì îáðàçîì:

∂H

∂y
− d

dx

∂H

∂y′
= 0. (12)

Ìû ïîëó÷èëè íåîáõîäèìîå óñëîâèå ýêñòðåìóìà â ñëó÷àå èçîïåðèìåòðè÷åñêîé çàäà÷è. �

1.2 Ïóñòü y(x) ÿâëÿåòñÿ ýêñòðåìàëüþ ôóíêöèîíàëà J1

Ïóñòü y(x) ÿâëÿåòñÿ ýêñòðåìàëüþ ôóíêöèîíàëà J1 (4).
Òîãäà âûïîëíÿåòñÿ óðàâíåíèå

∂G

∂y
− d

dx

∂G

∂y′
= 0. (13)

Â ýòîì ñëó÷àå óðàâíåíèå (8) ïðèíèìàåò âèä

λ0

∫ x1

x1

dx

(
∂F

∂y
− d

dx

∂F

∂y′

)
η1dx = 0. (14)

Ñ÷èòàåì, ÷òî λ0 6= 0 (â ïðîòèâíîì ñëó÷àå çàäà÷à òåðÿåò ñìûñë). Òîãäà ïî Îñíîâíîé Ëåììå âàðèàöèîííîãî
èñ÷èñëåíèÿ

∂F

∂y
− d

dx

∂F

∂y′
= 0. (15)

Ýòî óðàâíåíèå ðàâíîñèëüíî óðàâíåíèþ (12) ïðè óñëîâèè (13). �
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2 Ïðèìåð 1. Çàäà÷à î ìàêñèìàëüíîé ïëîùàäè.

Âåðíåìñÿ ê çàäà÷å î ìàêñèìàëüíîé ïëîùàäè, ðàññìîòðåííîé â íà÷àëå ëåêöèè.
Ðàññìîòðèì ôóíêöèîíàë

J [y] =

∫ x1

x0

ydx, y(x0) = y(x1) = 0, (16)

J1[y] =

∫ x1

x0

√
1 + y′2dx = l.

Ðåøåíèå.

Ñîñòàâèì îáîáùåííóþ ôóíêöèþ Ëàãðàíæà

H = y + λ

√
1 + y′2.

Ñîñòàâëåííàÿ ðàñøèðåííàÿ ôóíêöèÿ Ëàãðàíæà íå çàâèñèò îò x. Âîñïîëüçóåìñÿ ïåðâûì èíòåãðàëîì óðàâíåíèÿ
Ýéëåðà:

H − y′Hy′ = y + λ

√
1 + y′2 − y′λ y′√

1 + y′2
= y +

λ√
1 + y′2

= C.

Îòñþäà ñëåäóåò, ÷òî
dy√
λ2

(y−C)2 − 1
= ±dx.

Èíà÷å ãîâîðÿ,
dy(y − C)√
λ2 − (y − C)2

= ±dx.

Èíòåãðèðóÿ ïîëó÷åííîå óðàâíåíèå, ïîëó÷àåì

−
√
λ2 − (y − C)2 = ±x+ C1.

Îêîí÷àòåëüíî ïîëó÷àåì óðàâíåíèå îêðóæíîñòè

(x− C2)
2 + (y − C)2 = λ2. (17)

Íåèçâåñòíûå ïîñòîÿííûå C,C2, λ äîëæíû áûòü ôèêñèðîâàíû ñ ïîìîùüþ ãðàíè÷íûõ óñëîâèé è óñëîâèÿ ñâÿçè

y(x0) = 0, y(x1) = 0,∫ x1

x0

√
1 + y′2dx = l.

Êîëè÷ñòâî óñëîâèé ðàâíî êîëè÷åñòâó íåèçâåñòíûõ.

3 Çàìå÷àíèÿ.

Ðàññìîòðèì èçîïåðèìåòðè÷åñêóþ çàäà÷ó ñ íåñêîëüêèìè ñâÿçÿìè.
Ìû èññëåäóåì ýêñòðåìàëè ôóíêöèîíàëà

J [y] =

∫ x1

x0

F (x, y, y′)dx (18)

ïðè íàëè÷èè äîïîëíèòåëüíûõ ñâÿçåé âèäà

Jj [y] =

∫ x1

x0

Gj(x, y, y
′)dx = Cj , j = 1, 2, . . . ,M (19)

è ãðàíè÷íûõ óñëîâèé
y(x0) = y0, y(x1) = y1.

Ðåøåíèå çàäà÷è ñâÿçàíî ñ ïîñòðîåíèåì ðàñøèðåííîé ôóíêöèè Ëàãðàíæà

H = F +

M∑
j=1

λjGj , (20)
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ãäå íàáîð ïîñòîÿííûõ {λj}Mj=1 � íàáîð ìíîæèòåëåé Ëàãðàíæà.
Óðàâíåíèå Ýéëåðà âèäà

∂H

∂y
− d

dx

∂H

∂y′
= 0 (21)

ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì ñóùåñòâîâàíèÿ ýêñòðåìàëè.
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