
Ìèíèìàêñíàÿ òåîðèÿ ñîáñòâåííûõ çíà÷åíèé çàäà÷è

Øòóðìà-Ëèóâèëëÿ. Ëåêöèÿ 12 ìàÿ.

11 ìàÿ 2020 ã.

Ïóñòü zj(x), j = 1, 2, . . . , n − 1 ôóíêöèè êëàññà C, îïðåäåëåííûå íà îòðåçêå [x0, x1]. Îáîçíà÷èì ÷åðåç
λ(z1, z2, . . . , zn−1) ìèíèìóì ôóíêöèîíàëà

K[y] =

∫ x1

x0

(Py′
2
+Qy2)dx

ïðè óñëîâèÿõ: ∫ x1

x0

y2dx = 1, (1)∫ x1

x0

dxzi(x)y(x) = 0, i = 1, 2, . . . , n− 1. (2)

y(x0) = y(x1) = 0. (3)

Âåðíà ñëåäóþùàÿ
Òåîðåìà 1: âåðõíÿÿ ãðàíèöà λ(z1, z2, . . . , zn−1) ïðè ïðîèçâîëüíûõ ôóíêöèÿõ zi ðàâíà λn, ãäå λn � n-å ñîá-

ñòâåííîå ÷èñëî ñîîòâåòñòâóþùåé çàäà÷è Øòóðìà-Ëèóâèëëÿ

(Py′)′ + (λ−Q)y = 0, y(x0) = y(x1) = 0.

Äëÿ äîêàçàòåëüñòâà ýòîãî óòâåðæäåíèÿ ôèêñèðóåì ñíà÷àëà ôóíêöèè z1, z2, . . . , zn−1. Ïóñòü y1(x), y2(x), . . . , yn(x)
- íîðìèðîâàííûå ñîáñòâåííûå ôóíêöèè çàäà÷è Øòóðìà-Ëèóâèëëÿ, ñîîòâåòñòâóþùèå n ïåðâûì ñîáñòâåííûì
çíà÷åíèÿì λ1, λ2, . . . , λn.

Ðàññìîòðèì n-ïàðàìåòðè÷åñêîå ñåìåéñòâî ôóíêöèé:

Y =

n∑
i=1

ciyi(x)

è ïîäáåðåì êîýôôèöèåíòû ci òàê, ÷òîáû óäîëåòâîðèòü n− 1 óñëîâèÿì:∫ x1

x0

zi

 n∑
j=1

cjyj

 dx =

n∑
j=1

cj

∫ x1

x0

ziyjdx = 0, i = 1, 2, . . . , n− 1. (4)

Óðàâíåíèÿ (1) îáðàçóþò îòíîñèòåëüíî n íåèçâåñòíûõ cj ñèñòåìó (n− 1) ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé. Ïî-

ýòîìó âñåãäà ñóùåñòâóåò çíà÷åíèé c1, c2, . . . , cn, ãäå
n∑

i=1

c2i 6= 0, óäîâëåòâîðÿþùèõ ýòèì óðàâíåíèÿì. Ïóòåì óìíî-

æåíèÿ íà îñòîÿííóþ ìîæíî äîáèòüñÿ, ÷òîáû ýòà ñèñòåìà çíà÷åíèé ci óäîâëåòâîðÿëà òàêæå óðàâíåíèþ∫ x1

x0

dx

(
n∑

i=1

ciyi

)2

=

n∑
i=1

c2i = 1. (5)

Ôóíêöèÿ Y (x) =
n∑

i=1

ciyi, îòâå÷àþùàÿ ýòè çíà÷åíèÿì ci, åñòü ôóíêöèÿ èç êëàññà äîïóñòèìûõ ôóíêöèé îñòàâëåí-

íîé âûøå âàðèàöèîííîé çàäà÷è, äëÿ êîòîðûõ íèæíÿÿ ãðàíèöà çíà÷åíèé ôóíêöèîíàëàK ðàâíà λ(z1, z2, . . . , zn−1).
Ïîýòîìó

λ(z1, z2, . . . , zn−1) ≤ K

 n∑
j=1

cjyj

 . (6)
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Äàëåå

K

 n∑
j=1

cjyj

 =

n∑
j=1

c2jK[yj ] + 2

n∑
i=1

n∑
j=1, i<j

cicjK[yi, yj ]. (7)

Ìû èñïîëüçîâàëè çäåñü îáîçíà÷åíèå

K[yi, yj ] =

∫ x1

x0

(
Py′iy

′
j +Qyiyj

)
dx =

∫ x1

x0

[−(Py′i)′yj +Qyiyj ] dx =

= −
∫ x1

x0

[(Py′i)
′ −Qyi] yjdx = λi

∫ x1

x0

yiyjdx = 0.

Íî ìû çíàåì, ÷òî
K[yj ] = λj .

Ïîýòîìó

λ(z1, z2, . . . , zn−1) ≤ K

 n∑
j=1

cjyj

 =

n∑
j=1

c2jλj . (8)

Ìû óâåëè÷èì ïðàâóþ ÷àñòü óðàâíåíèÿ (5), åñëè çàìåíèì êîýôôèöèåíòû ïðè c2j íàèáîëüøèì èç ýòèõ êîýôôè-
öèåíòîâ λn:

λ(z1, z2, . . . , zn−1) ≤ λn
n∑

j=1

c2j = λn. (9)

Ïóñòü òåïåðü zi = yi, i = 1, 2, . . . , n− 1. Ïðè ýòîì λ(y1, y2, . . . , yn−1) = λn.
Òàêèì îáðàçîì, âåðõíÿÿ ãðàíèöà λ(y1, y2, . . . , yn−1) ðàâíà λn è äîñòèãàåòñÿ, êîãäà zi(x) = yi(x), i =

1, 2, . . . , n− 1.
Èòàê,

λn = sup
z1,z2,...,zn−1

inf
y⊂C(z1,...,zn−1)

K[y]. (10)

Òåîðåìà 1 äîêàçàíà. �
Èç ìèíèìàêñíîãî îïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé ñëåäóåò
Òåîðåìà 2: Åñëè êîýôôèöèåíòû P (x) è Q(x) ïîëó÷àþò ïîëîæèòåëüíûå ïðèðàùåíèÿ δP (x) è δQ(x), òî

n-å ñîáñòâåííîå çíà÷åíèå λn, n = 1, 2, 3 . . . âîçðàñòàåò.

Â ñàìîì äåëå, åñëè P (x) è Q(x) â âûðàæåíèè

K[y] =

∫ x1

x0

(Py′
2
+Qy2)dx

âîçðàñòàþò, òî âîçðàñòàåò äëÿ âñÿêîé ôóíêöèè y(x) çíà÷åíèå K[y], à çíà÷èò, âîçðàñòàåò è íèæíÿÿ ãðàíèöà K[y]
äëÿ ôóíêöèé y(x), óäîâëåòâîðÿþùèõ óñëîâèÿì (1)-(2), ò.å. λ(z1, z2, . . . , zn−1). Âîçðàñòàåò è âåðõíÿÿ ãðàíèöà
λ(z1, z2, . . . , zn−1), ò.å. λn.
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