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1 Ïîñòàíîâêà çàäà÷è. Íåêîòîðûå ïðèìåðû

1.1 Ïðèìåðû 1. Çàäà÷à î äâèæåíèè ïëîñêîãî ìàÿòíèêà.

Â êà÷åñòâå îäíîãî èç ïðèìåðîâ çàäà÷è Ëàãðàíæà ìîæíî óïîìÿíóòü çàäà÷ó î äâèæåíèè ïëîñêîãî ìàÿòíèêà.
Ïóñòü íåâåñîìûé íåðàñòÿæèìûé ïîäâåñ äëèíû l çàêðåïëåí îäíèì êîíöîì â íà÷àëå êîîðäèíàò (íà ïëîñêîñòè

(X,Y)). Ïóñòü x(t), y(t) � êîîðäèíàòû ìàòåðèàëüíîé òî÷êè ìàññû m, çàêðåïëåííîé íà ñâîáîäíîì êîíöå ïîäâåñà
è íãàõîäÿùåéñÿ â ïîëå ñèëû òÿæåñòè.

Ñîñòàâèì ôóíêöèîíàë äåéñòâèÿ

S =

∫ t1

t0

(m
2
(x′

2
+ y′

2
)−mgy

)
dt. (1)

Ýêñòðåìóì ìèíèìóì ýòîãî ôóíêöèîíàëà ïðè óñëîâèè ñâÿçè

x2 + y2 = l,

ôèêñèðóþùåé äëèíó ïîäâåñà, à òàêæå ïðè íàáîðå êðàåâûõ óñëîâèé âèäà

x(t0) = x0, y(t0) = y0, x(t1) = x1, y(t1) = y1,

îïðåäåëèò òðàåêòîðèþ äâèæåíèÿ ìàòåðèàëüíîé òî÷êè íà ïëîñêîñòè

x = x(t), y = y(t), t ∈ [t0, t1].

Ðàññìîòðèì åùå îäèí ïðèìåð.

1.2 Ïðèìåð 2. Çàäà÷à î ãåîäåçè÷åñêèõ.

Ãåîäåçè÷åñêîé ëèíèåé íà ïîâåðõíîñòè íàçûâàåòñÿ êðèâàÿ, ëåæàùàÿ íà ïîâåðõíîñòè, ñîåäèíÿþùàÿ äâå ôèêñè-
ðîâàííûå òî÷êè ýòîé ïîâåðõíîñòè è èìåþùàÿ íàèìåíüøóþ äëèíó.

Ïóñòü óðàâíåíèå ïîâåðõíîñòè â R3 îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

G(x, y, z) = 0 (2)

è, òåì ñàìûì, îïðåäåëÿåò óñëîâèå ñâÿçè. Êîîðäèíàòû êîíöîâ êðèâîé íà ïîâåðõíîñòè îïðåäåëÿþòñÿ êàê
A(x0, y0, z0), B(x1, y1, z1). Êðèâàÿ îïèñûâàåòñÿ ñ ïîìîùüþ ïàðàìåòðèçàöèè: x = x(t)

y = y(t)
z = z(t)

, t ∈ [t0, t1]. (3)

Òàêèì îáðàçîì, êðàåâûå óñëîâèÿ ïðèíèìàþò âèä:

x(t0) = x0, y(t0) = y0, z(t0) = z0, (4)

x(t1) = x1, y(t1) = y1, z(t1) = z1.

Â ýòîì ñëó÷àå äëèíà êðèâîé îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

l[x, y, z] =

∫ t1

t0

dt

√
x′2 + y′2 + z′2. (5)

Ýêñòðåìóì ìèíèìóì ôóíêöèîíàëà (5) ïðè âûïîëíåíèè óðàâíåíèÿ ñâÿçè (2) è êðàåâûõ óñëîâèé (4) îïðåäåëÿåò
óðàâíåíèå ýêñòðåìàëè - ãåîäåçè÷åñêîé ëèíèè.
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2 Çàäà÷à Ëàãðàíæà.

Ðàññìîòðèì ôóíêöèîíàë âèäà

J [y, z] =

∫ x1

x0

F (x, y, z, y′, z′)dx (6)

ïðè íàëè÷èè äîïîëíèòåëüíîãî óñëîâèÿ (ñâÿçè):

G(x, y, z) = 0, (7)

à òàêæå íàáîðà êðàåâûõ óñëîâèé

y(x0) = y0, y(x1) = y1, z(x0) = z0, z(x1) = z1. (8)

Çàäà÷à çàêëþ÷àåòñÿ â íàõîæäåíèè äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûõ è äîñòàâëÿþùèõ ýêñòðåìóì ôóíê-
öèîíàëó (6) ôóíêöèé y(x) è z(x), óäîâëåòâîðÿþùèõ óñëîâèÿì (7)-(8).

Ïðè ðåøåíèè ïîñòàâëåííîé çàäà÷è ïðåäïîëîæèì, ÷òî

∂G

∂z
6= 0. (9)

Òîãäà ïî òåîðåìå î íåÿâíîé ôóíêöèè ðàçðåøèì óðàâíåíèå (7) îòíîñèòåëüíî ïåðåìåííîé z:

z = ϕ(x, y). (10)

Ïîäñòàâèì (10) â èñõîäíûé ôóíêöèîíàë (6):

J [y, ϕ(x, y)] =

∫ x1

x0

dxF̃ (x, y, ϕ(x, y), y′, ϕ′x + ϕ′yy
′). (11)

Ìû ïîëüçóåìñÿ çäåñü îáîçíà÷åíèåì
F̃ = F (x, y, z, y′, z′) |

z=ϕ(x,y)

,

à òàêæå âûðàæåíèåì

z′ =
∂ϕ

∂x
+
∂ϕ

∂y
y′. (12)

Áóäåì òåïåðü ðàññìàòðèâàòü ôóíêöèîíàë (11), êàê çàâèñÿùèé ëèøü îò ôóíêöèè y(x) (ïîñêîëüêó ϕ(x, y)
îïðåäåëÿåòñÿ óñëîâèåì ñâÿçè (7) ) è çàïèøåì äëÿ ýòîãî ñëó÷àÿ óðàâíåíèå Ýéëåðà

∂F̃

∂y
− d

dx

∂F̃

∂y′
= 0. (13)

Ïåðâîå ñëàãàåìîå óðàâíåíèÿ (13) ïðèíèìàåò âèä

∂F̃

∂y
=
∂F

∂y
+
∂F

∂z

∂ϕ

∂y
+
∂F

∂z′

(
∂2ϕ

∂x∂y
+
∂2ϕ

∂y2
y′
)
. (14)

Äëÿ çàïèñè ïîñëåäíåãî ñëàãàåìîãî ìû âîñïîëüçîâàëèñü óðàâíåíèåì (12).
Ðàññìîòðèì òåïåðü â äâà ýòàïà âòîðîå ñëàãàåìîå â óðàâíåíèè (13). Íà ïåðâîì ýòàïå âû÷èñëèì

∂F̃

∂y′
=
∂F

∂y′
+
∂F

∂z′
∂ϕ

∂y
. (15)

Êàê è âûøå, ïðè âûâîäå ýòîãî ñîîòíîøåíèÿ ìû ïîëüçóåìñÿ óðàâíåíèåì (12).
Âòîðîé ýòàï âû÷èñëåíèé ïðèâîäèò íàñ ê ñëåäóþùåìó ðåçóëüòàòó:

d

dx

∂F̃

∂y′
=

d

dx

∂F

∂y′
+

(
d

dx

∂F

∂z′

)
∂ϕ

∂y
+
∂F

∂z′

(
∂2ϕ

∂x∂y
+
∂2ϕ

∂y2
y′
)
. (16)

Ñîãëàñíî óðàâíåíèþ Ýéëåðà (13) óðàâíåíèÿ (14) è (16) ñîâïàäàþò. Òî åñòü

∂F

∂y
+
∂F

∂z

∂ϕ

∂y
+
∂F

∂z′

(
∂2ϕ

∂x∂y
+
∂2ϕ

∂y2
y′
)

=

=
d

dx

∂F

∂y′
+

(
d

dx

∂F

∂z′

)
∂ϕ

∂y
+
∂F

∂z′

(
∂2ϕ

∂x∂y
+
∂2ϕ

∂y2
y′
)
.
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Óïðîùàÿ ïîëó÷åííîå âûðàæåíèå, ìû ïðèõîäèì ê ðåçóëüòàòó:

∂F

∂y
− d

dx

∂F

∂y′
= −

(
∂F

∂z
− d

dx

∂F

∂z′

)
∂ϕ

∂y
. (17)

Âåðíåìñÿ òåïåðü ê óðàâíåíèþ ñâÿçè
G(x, y, z) |

z=ϕ(x,y)

= 0 (18)

è ïðîäèôôåðåíöèðóåì åãî ïî ïåðåìåííîé y:

∂G

∂y
+
∂G

∂z

∂ϕ

∂y
= 0. (19)

Îòñþäà ñëåäóåò, ÷òî

∂ϕ

∂y
= −

∂G
∂y

∂G
∂z

. (20)

Ïîäñòàâèì òåïåðü ýòî âûðàæåíèå â óðàâíåíèå (17)

∂F
∂y −

d
dx

∂F
∂y′

∂G
∂y

=
∂F
∂z −

d
dx

∂F
∂z′

∂G
∂z

. (21)

Ïîñêîëüêó ëåâàÿ è ïðàâàÿ ÷àñòè ïîëó÷åííîãî ðàâåíñòâà äîëæíû âûïîëíÿòüñÿ äëÿ ëþáûõ y è z (êîòîðûå
âõîäÿò â ôóíêöèè F è G ðàâíîïðàâíî), òî ëåâàÿ è ïðàâàÿ ÷àñòè ðàâåíñòâà (21) îò y è z íå çàâèñÿò.

Òàêèì îáðàçîì,
∂F
∂y −

d
dx

∂F
∂y′

∂G
∂y

=
∂F
∂z −

d
dx

∂F
∂z′

∂G
∂z

= −λ(x). (22)

Íåòðóäíî âèäåòü, ÷òî óðàâíåíèå (22) ýêâèâàëåíòíî ñèñòåìå óðàâíåíèé ñëåäóþùåãî âèäà{ ∂
∂y (F + λ(x)G)− d

dx
∂

∂y′ (F + λ(x)G) = 0,
∂
∂z (F + λ(x)G)− d

dx
∂
∂z′ (F + λ(x)G) = 0.

(23)

Ñèñòåìà óðàâíåíèé (23) ÿâëÿåòñÿ ñèñòåìîé óðàâíåíèé Ýéëåðà äëÿ çàäà÷è Ëàãðàíæà.

2.1 Îáîáùåíèå çàäà÷è Ëàãðàíæà íà ñëó÷àé íåñêîëüêèõ ñâÿçåé

Çàäà÷à Ëàãðàíæà ñ íåñêîëüêèìè ñâÿçÿìè çàêëþ÷àåòñÿ â îòûñêàíèè ýêñòðåìóìà ôóíêöèîíàëà

J [~Y ] =

∫ x1

x0

F (x, ~Y , ~Y ′)dx, (24)

ãäå

~Y =


y1
y2
. . .
yn

 , ~Y ′ =


y′1
y′2
. . .
y′n

 ,

ñðåäè êëàññà äîïóñòèìûõ êðèâûõ, óäîâëåòâîðÿþùèõ ãðàíè÷íûì óñëîâèÿì è äîïîëíèòåëüíûì óñëîâèÿì ñâÿçåé
âèäà

Gi(x, ~Y , ~Y ′) = 0, i = 1, 2, . . . , k. (25)

Ïðè ýòîì ÷èñëî ñâÿçåé k äîëæíî áûòü ìåíüøå ÷èñëà n íåèçâåñòíûõ ôóíêöèé. Ñâÿçè âèäà (25) íàçûâàþòñÿ
íåãîëîíîìíûìè. Ñâÿçè, íå ñîäåðæàùèå ïðîèçâîäíûõ íåèçâåñòíûõ ôóíêöèé, íàçûâàþòñÿ ãîëîíîìíûìè.

Åñëè âåêòîð-ôóíêöèÿ ~Y äàåò ýêñòðåìóì ôóíêöèîíàëó (24), òî íåîáõîäèìî ýòà ôóíêöèÿ ÿâëÿåòñÿ ýêñòðåìà-
ëüþ ôóíêöèîíàëà

K[~Y ] =

∫ x1

x0

H(x, ~Y , ~Y ′)dx,

ãäå

H(x, ~Y , ~Y ′) = F (x, ~Y , ~Y ′) +

k∑
i=1

λi(x)Gi(x, ~Y , ~Y ′),

à λi(x), i = 1, 2, . . . , k � íåèçâåñòíûå ôóíêöèè ïåðåìåííîé x,

k < dim(~Y ).
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2.2 Ïðèìåð 1.

Íàéòè ýêñòðåìàëè ôóíêöèîíàëà

J [y, z] =

∫ 2,1,−2

1,1,−1
(y′

2
+ z′

2
)dx (26)

ïðè óñëîâèè
x+ y + z = 1. (27)

Ðåøåíèå.

Ïåðåïèøåì óñëîâèå ñâÿçè (27) â âèäå, ñîîòâåòñòâóþùåì óðàâíåíèþ (7)

x+ y + z − 1 = 0, G(x, y, z) = x+ y + z − 1. (28)

Ïîñòðîèì ðàñøèðåííûé ôóíêöèîíàë âèäà F + λ(x)G (23), ãäå ôóíêöèÿ Ëàãðàíæà F èìååò âèä y′
2
+ z′

2
, à

λ(x) � íåèçâåñòíàÿ ôóíêöèÿ

H = F + λ(x)G = y′
2
+ z′

2
+ λ(x)(x+ y + z − 1).

Ñèñòåìà óðàâíåíèé Ýéëåðà (23)) ïðèíèìàåò âèä

∂H

∂y
− d

dx

∂H

∂y′
= λ(x)− d

dx
(2y′) = 0,

∂H

∂z
− d

dx

∂H

∂z′
= λ(x)− d

dx
(2z′) = 0.

Èíà÷å ãîâîðÿ, ìû ïðèõîäèì ê ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé

y′′ =
1

2
λ(x),

z′′ =
1

2
λ(x).

Âû÷èòàÿ ïåðâîå èç ïîëó÷åííûõ óðàâíåíèé èç âòîðîãî, ïîëó÷èì

y′′ − z′′ = 0. (29)

Èç óñëîâèÿ (28) G = x+ y + z − 1 = 0 ñëåäóåò â ðåçóëüòàòå äèôôåðåíöèðîâàíèÿ:

y′′ + z′′ = 0. (30)

Èç óðàâíåíèé (29)-(30) ïîëó÷àåì
y′′ = z′′ = 0

Òàêèì îáðàçîì,
y(x) = C1x+ C − 2, z(x) = C3x+ C4. (31)

Íàêîíåö, èç ãðàíè÷íûõ óñëîâèé ñëåäóåò:
C1 + C2 = 1,

2C1 + C2 = 1,

C3 + C4 = 1,

2C3 + C4 = −2.

Îêîí÷àòåëüíûé îòâåò: y(x) = 1, z(x) = −1.
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