
Âàðèàöèîííîå èñ÷èñëåíèå. Ëåêöèÿ 7 àïðåëÿ.

7 àïðåëÿ 2020 ã.

1 Îáîáùåíèÿ ïðîñòåéøåé âàðèàöèîííîé çàäà÷è (ïðîäîëæåíèå)

1.1 Ñëó÷àé ôóíêöèîíàëà, çàâèñÿùåãî îò ñòàðøèõ ïðîèçâîäíûõ

Ðàññìîòðèì ôóíêöèîíàë

J [y] =

∫ x1

x0

dxF (x, y, y′, ..., y(n))

è íàáîð ãðàíè÷íûõ óñëîâèé

y(x0) = y0, y′(x0) = y′0, . . . y(n−1)(x0) = y
(n−1)
0 ,

y(x1) = y1, y′(x1) = y′1, . . . y(n−1)(x1) = y
(n−1)
1 .

Ðàññìîòðèì ôóíêöèþ η ∈ Cn([x0, x1]), òàêóþ ÷òî:

η(x0) = η′(x0) = · · · = η(n−1)(x0) = 0, (1)

η(x1) = η′(x1) = · · · = η(n−1)(x1) = 0. (2)

Ââåäåì, êàê è ðàíåå, ôóíêöèþ f(t) ≡ J [y + tη]. Ïðè ýòîì óñëîâèå

f ′(0) = 0 (3)

ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì ýêñòðåìóìà.
Ðàññìîòðèì ëåâóþ ÷àñòü ðàâåíñòâà (3):

f ′(0) =
d

dt

∫ x1

x0

dxF (x, y + tη, y′ + tη′, . . . , y(n) + tη(n)) |
t=0

= (4)

=

∫ x1

x0

dx

(
∂F

∂y
η +

∂F

∂y′
η′ + · · ·+ ∂F

∂y(n)
η(n)

)
.

Áóäåì èíòåãðèðîâàòü ïîëó÷åííîå âûðàæåíèå ïî ÷àñòÿì â ñëåäóþùåì ñìûñëå:∫ x1

x0

∂F

∂y′
η′dx =

∂F

∂y′
η
x1

|
x0

−
∫ x1

x0

d

dx

(
∂F

∂y′

)
ηdx = −

∫ x1

x0

d

dx

(
∂F

∂y′

)
ηdx. (5)

Ìû âîñïîëüçîâàëèñü çäåñü òåì, ÷òî âíåèíòåãðàëüíûé ÷ëåí îáðàòèëñÿ â íîëü ñîãëàñíî óñëîâèÿì (1)-(2).
Àíàëîãè÷íî âûðàæåíèþ (5) ïîëó÷èì äëÿ îñòàâøèõñÿ ñëàãàåìûõ â (4):∫ x1

x0

∂F

∂y′′
η′′dx =

∫ x1

x0

d2

dx2

(
∂F

∂y′′

)
ηdx. (6)

. . . . . .

. . . . . .∫ x1

x0

∂F

∂y(n)
η(n)dx = (−1)n

∫ x1

x0

dn

dxn

(
∂F

∂y(n)

)
ηdx. (7)

Ïîäñòàâëÿÿ óðàâíåíèÿ (5)-(7) â âûðàæåíèå (4) è âñïîìèíàÿ ïðî óðàâíåíèå (3), ïîëó÷èì

f ′(0) =

∫ x1

x0

dx

(
∂F

∂y
− d

dx

∂F

∂y′
+

d2

dx2
∂F

∂y′′
− . . . · · ·+ (−1)n

dn

dxn
∂F

∂y(n)

)
η(x) = 0. (8)

Ñîãëàñíî Îñíîâíîé Ëåììå âàðèàöèîííîãî èñ÷èñëåíèÿ ïîëó÷àåì:

∂F

∂y
− d

dx

∂F

∂y′
+

d2

dx2
∂F

∂y′′
− . . . · · ·+ (−1)n

dn

dxn
∂F

∂y(n)
= 0

Òàêèì îáðàçîì, ìû ïðèøëè ê óðàâíåíèþ Ýéëåðà äëÿ ñëó÷àÿ ôóíêöèîíàëà ôóíêöèîíàëà, çàâèñÿùåãî îò ñòàðøèõ
ïðîèçâîäíûõ.
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1.2 Ýêñòðåìóì äëÿ êðàòíîãî èíòåãðàëà.

Ðàññìîòðì ñëó÷àé, êîãäà àðãóìåíò ôóíêöèîíàëà ÿâëÿåòñÿ ôóíêöèåé äâóõ ïåðåìåííûõ. À èìåííî, áóäåì ðàñ-
ñìàòðèâàòü ôóíêöèîíàë âèäà:

J [z] =

∫ ∫
D

F

(
x, y; z,

∂z

∂x
,
∂z

∂y

)
dxdy (9)

ïðè óñëîâèè

z |
∂D

= f. (10)

Óñëîâèå (10) îçíà÷àåò, ÷òî íà ãðàíèöå äâóìåðíîé îáëàñòè D çíà÷åíèå èñêîìîé ôóíêöèè z îïèñûâàåòñÿ èçâåñòíîé
ôóíêöèåé f .

Çàäà÷à çàêëþ÷àåòñÿ â îòûñêàíèè ñðåäè âñåõ ôóíêööèé z(x, y), óäîâëåòâîðÿþùèõ óñëîâèþ (10), òîé ôóíêöèè,
êîòîðàÿ äîñòàâëÿåò ýêñòðåìóì ôóíêöèîíàëó.

Äëÿ ðåøåíèÿ çàäà÷è ðàññìîòðèì ïðîáíûå ôóíêöèè η ∈ C1(D) (íåïðåðûâíûå ñî âñåìè ñâîèìè ÷àñòíûìè
ïðîèçâîäíûìè), óäîâëåòâîðÿþùèå óñëîâèþ

η |
∂D

= 0. (11)

Ðàññìîòðèì òàêæå âåùåñòâåííîçíà÷íóþ ôóíêöèþ g(t) = J [z + tη], t ∈ R. Êàê è ðàíüøå óñëîâèå

g′(0) = 0 (12)

ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì ýêñòðåìóìà. Ïåðåïèøåì ëåâóþ ÷àñòü ðàâåíñòâà

g′(0) =
d

dt

∫ ∫
D

F

(
x, y; z + tη,

∂z

∂x
+ t

∂η

∂x
,
∂z

∂y
+ t

∂η

∂y

)
|
t=0

dxdy = (13)

=

∫ ∫
D

(
∂F

∂z
η +

∂F

∂z′x

∂η

∂x
+
∂F

∂z′y

∂η

∂y

)
dxdy =

=

∫ ∫
D

(
∂F

∂z
− ∂

∂x

(
∂F

∂z′x

)
− ∂

∂y

(
∂F

∂z′y

))
ηdxdy +

∫ ∫
D

{
∂

∂x

(
∂F

∂z′x
η

)
+

∂

∂y

(
∂F

∂z′y
η

)}
dxdy.

Ïðèìåíèì òåïåðü êî âòîðîìó èíòåãðàëüíîìó ñëàãàåìîìó â ïîëó÷åííîì âûðàæåíèè ôîðìóëó Ãðèíà∫ ∫
D

{
∂Q

∂x
− ∂P

∂y

}
dxdy =

∫
∂D

Pdx+Qdy,

ââîäÿ îáîçíà÷åíèÿ

Q(x, y) ≡ ∂F

∂z′x
η, P (x, y) ≡ − ∂F

∂z′y
η. (14)

Ýòî îçíà÷àåò, ÷òî âòîðîå èíòåãðàëüíîå ñëàãàåìîå â âûðàæåíèè (13) ïðèíèìàåò âèä:∫ ∫
D

{
∂

∂x

(
∂F

∂z′x
η

)
+

∂

∂y

(
∂F

∂z′y
η

)}
dxdy =

∫
∂D

(
− ∂F
∂z′y

η dx+
∂F

∂z′x
η dy

)
= 0. (15)

Îáðàùåíèå âûðàæåíèÿ (15) â íîëü ñëåäóåò èç óñëîâèÿ (11).

Òåïåðü ìû ãîòîâû ïåðåïèñàòü íåîáõîäèìîå óñëîâèå ýêñòðåìóìà (12) â ñëåäóþùåì âèäå

g′(0) =

∫ ∫
D

(
∂F

∂z
− ∂

∂x

(
∂F

∂z′x

)
− ∂

∂y

(
∂F

∂z′y

))
ηdxdy = 0. (16)

Îñíîâíàÿ Ëåììà âàðèàöèîííîãî èñ÷èñëåíèÿ ïðèâîäèò ê óðàâíåíèþ

∂F

∂z
− ∂

∂x

(
∂F

∂z′x

)
− ∂

∂y

(
∂F

∂z′y

)
= 0. (17)

Ýòî óðàâíåíèå è ÿâëÿåòñÿ óðàâíåíèåì Ýéëåðà äëÿ ñëó÷àÿ êðàòíîãî èíòåãðàëà.
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2 Çàìå÷àíèÿ è äîïîëíåíèÿ.

2.1 Ïðîñòàÿ âàðèàöèîííàÿ çàäà÷à. ôóíêöèîíàë çàâèñèò îò íåñêîëüêèõ (n øòóê)
ôóíêöèé.

Ðàññìîòðèì ôóíêöèîíàë âèäà

J [y, z, . . . , v] =

∫ x1

x0

dxF (x; y, z, . . . , v; y′, z′, . . . , v′). (18)

Â ýòîì ñëó÷àå èìååò ìåñòî ñèñòåìà óðàâíåíèé Ýéëåðà âèäà
∂F
∂y −

d
dx

∂F
∂y′ = 0,

∂F
∂z −

d
dx

∂F
∂z′ = 0,

. . . . . . . . .
∂F
∂v −

d
dx

∂F
∂v′ = 0.

(19)

Â ñïåöèàëüíîì ñëó÷àå, êîãäà ôóíêöèÿ Ëàãðàíæà íå çàâèñèò îò x, òî åñòü êîãäà

F = F (y, z, . . . , v; y′, z′, . . . , v′),

ïåðâûé èíòåãðàë èìååò âèä

F − y′Fy′ − z′Fz′ − · · · − v′Fv′ = C. (20)

Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó, ðàçîáðàííîìó âûøå äëÿ ñëó÷àÿ çàâèñèìîñòè ôóíêöèè Ëàãðàíæà
îò y è y′ (F = F (y, y′)).

2.2 Ôóíêöèîíàë, çàâèñÿùèé îò ïðîèçâîäíûõ âûñøèõ ïîðÿäêîâ.

Ðàññìîòðèì ôóíêöèîíàë âèäà

J [y] =

∫ x1

x0

dxF (x, y, y′, . . . , y(n)). (21)

Êàê îáñóæäàëîñü âûøå, óðàâíåíèå Ýéëåðà â ýòîì ñëó÷àå ïðèíèìàåò âèä

Fy −
d

dx
Fy′ +

d2

dx2
Fy′′ − . . . · · ·+ (−1)n

dn

dxn
Fy(n) = 0. (22)

Ïîëó÷åííîå óðàâíåíèå ÿâëÿåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèå ïîðÿäêà 2n.

2.2.1 Ïðåäïîëîæèì, ÷òî F íå çàâèñèò îò y, y′, . . . , y(k).

Òîãäà èç óðàâíåíèÿ (22) ñëåäóåò, ÷òî

(−1)k+1 d
k+1

dxk+1
Fy(k+1) + · · ·+ (−1)n

dn

dxn
Fy(n) = 0. (23)

Èíà÷å ãîâîðÿ,

∂F

∂y(k+1)
− d

dx

∂F

∂y(k+2)
+ · · ·+ (−1)n−k−1

dn−k−1

dxn−k−1
∂F

∂y(n)
= Ckx

k + Ck−1x
k−1 + . . . C1x+ C0. (24)

2.2.2 Ïðåäïîëîæèì, ÷òî F íå çàâèñèò îò ïåðåìåííîé x.

Â ýòîì ñëó÷àå ïåðâûé èíòåãðàë óðàâíåíèÿ ïðèíèìàåò âèä

F − y′Fy′ + y′′Fy′′ − · · ·+ (−1)ny(n)Fy(n) = C. (25)

Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó, ðàçîáðàííîìó âûøå äëÿ ñëó÷àÿ çàâèñèìîñòè ôóíêöèè Ëàãðàíæà
îò y è y′ (F = F (y, y′)).

Îòìåòèì, ÷òî åñëè óðàâíåíèå (22) ÿâëÿåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì ïîðÿäêà 2n, òî ïåðâûé èíòåãðàë
(25) ÿâëÿåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì ëèøü ïîðÿäêà n, ÷òî ÿâëÿåòñÿ âåñüìà ñóùåñòâåííûì, êàê è â
ëþáîì ñëó÷àå ïîíèæåíèÿ ïîðÿäêà óðàâíåíèÿ.
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2.3 Ýêñòðåìóì äëÿ êðàòíîãî èíòåãðàëà.

Ðàññìîòðèì ôóíêöèîíàë âèäà

J [u] =

∫ ∫ ∫
V

F (x, y, z;u, u′x, u
′
y, u
′
z)dxdydz, (26)

îïðåäåëåííûé íà ôóíêöèÿõ âèäà u = u(x, y, z) ñ ãðàíè÷íûì óñëîâèåì âèäà

u |
∂V

= f.

Ñëåäóÿ ëîãèêå ðàññóæäåíèé, èñïîëüçîâàííîé âûøå â ñëó÷àå äâîéíûõ èíòåãðàëîâ, ïðèõîäèì ê óðàâíåíèþ
Ýéëåðà ñëåäóþùåãî âèäà:

∂F

∂u
− ∂

∂x

∂F

∂u′x
− ∂

∂y

∂F

∂u′y
− ∂

∂z

∂F

∂u′z
= 0. (27)

Îòìåòèì, ÷òî ïðè äîêàçàòåëüñòâå óðàâíåíèÿ (27) ñëåäóåò òàêæå âîñïîëüçîâàòüñÿ ôîðìóëîé Ãàóññà-
Îñòðîãðàäñêîãî, îíàëîãè÷íî òîìó, êàê ìû âîñïîëüçîâàëèñü ôîðìóëîé Ãðèíà â äâóìåðíîì ñëó÷àå.

3 Ïðèìåðû.

3.1 Ïðèìåð 1. Çàâèñèìîñòü ôóíêöèîíàëà îò íåñêîëüêèõ ôóíêöèé.

Ðàññìîòðèì ôóíêöèîíàë âèäà

J [y, z] =

∫ 1

0

(y′
2 − z′2 + z2 − y2)dx

ïðè óñëîâèÿõ

y(0) = 0, y(1) = 1, z(0) = 1, z(1) = 0.

Ñèñòåìà óðàâíåíèé Ýéëåðà â ýòîì ñëó÷àå èìååò âèä

∂F

∂y
− d

dx

∂F

∂y′
= −2y′′ − 2y = 0.

∂F

∂z
− d

dx

∂F

∂z′
= 2z′′ + 2z = 0.

Ðåøåíèåì ýòèõ óðàâíåíèé ÿâëÿåòñÿ ïðåäñòàâëåíèå

y = C1 cos(x) + C2 sin(x), y(0) = C1 = 0, y(1) = C2 sin(1) = 1,

z = C3 cos(x) + C4 sin(x), z(0) = C3 = 1, z(1) = cos(1) + C4 sin(1) = 0.

Îòñþäà íàõîäèì îêîí÷àòåëüíîå ðåøåíèå

y(x) =
sin(x)

sin(1)
,

z(x) = cos(x)− cot(1) sin(x) = − sin(x− 1)

sin(1)
.

3.2 Ïðèìåð 2. Ñëó÷àé êðàòíîãî èíòåãðàëà.

Ïóñòü ϕ � ïîòåíöèàë ýëåêòðè÷åñêîãî ïîëÿ â îáëàñòè D ∈ R3, ~E = −∇ϕ � íàïðÿæåííîñòü ýëåêòðè÷åñêîãî ïîëÿ,
à Wρ = γ| ~E|2 � ïëîòíîñòü ýíåðãèè ýëåêòðè÷åñêîãî ïîëÿ, γ � íåêîòîðàÿ ïîñòîÿííàÿ.

Çàäà÷à ñîñòîèò â íàõîæäåíèè âèäà ïîòåíöèàëà ϕ, îáåñïå÷èâàþùåãî ìèíèìóì ýíåðãèè ýëåêòðè÷åñêîãî ïîëÿ.
Òàêèì îáðàçîì, çàäà÷à ñâîäèòñÿ ê íàõîæäåíèþ ýêñòðåìàëåé ôóíêöèîíàëà

J [ϕ] =

∫ ∫ ∫
D

|∇ϕ|2dxdydz. (28)

Â äàííîì ñëó÷àå ôóíêöèÿ Ëàãðàíæà ïðèíèìàåò âèä

F =

(
∂ϕ

∂x

)2

+

(
∂ϕ

∂y

)2

+

(
∂ϕ

∂z

)2

.
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Óðàâíåíèå Ýéëåðà â ýòîì ñëó÷àå, ñîãëàñíî (27) ïðèíèìàåò âèä

∂F

∂ϕ
− ∂

∂x

∂F

∂ϕ′x
− ∂

∂y

∂F

∂ϕ′y
− ∂

∂z

∂F

∂ϕ′z
= 0. (29)

Ïîñêîëüêó
∂F

∂ϕ
= 0,

∂F

∂ϕ′x
= 2

∂ϕ

∂x
,

∂F

∂ϕ′y
= 2

∂ϕ

∂y
,

∂F

∂ϕ′z
= 2

∂ϕ

∂z
,

óðàâíåíèå (29) ïðèíèìàåò âèä

−2
∂

∂x

(
∂ϕ

∂x

)
− 2

∂

∂y

(
∂ϕ

∂y

)
− 2

∂

∂z

(
∂ϕ

∂z

)
= 0

èëè
∂2ϕ

∂x2
+
∂2ϕ

∂y2
+
∂2ϕ

∂z2
= 0 òî åñòü ∆ϕ = 0.

Òàêèì îáðàçîì, ìû ïðèõîäèì ê ñëåäóþùåìó âûâîäó: ãàðìîíè÷åñêèå ïîòåíöèàëû äîñòàâëÿþò ìèíèìóì ýíåðãèè
ýëåêòðè÷åñêîãî ïîëÿ.
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