
Âàðèàöèîííûé ñìûñë ñîáñòâåííûõ ÷èñåë è ñîáñòâåííûõ ôóíêöèé

çàäà÷è Øòóðìà-Ëèóâèëëÿ. Ëåêöèÿ 6 ìàÿ.

8 ìàÿ 2020 ã.

1 Îñíîâíûå ïîíÿòèÿ.

Ðàññìîòðèì ôóíêöèîíàë

J [y] =

∫ x1

x0

(py′
2

+ qy2)dx, (1)

y(x0) = y(x1) = 0 (2)

ïðè íàëè÷èè äîïîëíèòåëüíîãî óñëîâèÿ

J1[y] =

∫ x1

x0

ρy2dx = 1. (3)

Ðàññìàòðèâàåì çàäà÷ó î ïîèñêå ýêñòðåìóìà ôóíêöèîíàëà (1) ïðè óñëîâèè (3) êàê èçîïåðèìåòðè÷åñêóþ çà-
äà÷ó. Ïîñòðîèì ðàñøèðåííûé ôóíêöèîíàë ñ ôóíêöèåé Ëàãðàíæà

H = py′
2

+ qy2 − λρy2,

â êîòîðîé ïàðàìåòð lambda ÿâëÿåòñÿ ìíîæèòåëåì Ëàãðàíæà. Óðàâíåíèå Ýéëåðà ïðèíèìàåò âèä

∂H

∂y
− d

dx

∂H

∂y′
= 2qy − 2λρy − 2(py′)′ = 0.

Èíà÷å ãîâîðÿ, ìû ïîëó÷àåì óðàâíåíèå

(py′)′ + (λρ− q)y = 0,

êîòîðîå âìåñòå ñ ãðàíè÷íûìè óñëîâèÿìè (2) ïîðîæäàåò çàäà÷ó Øòóðìà-Ëèóâèëëÿ:{
(py′)′ + (λρ− q)y = 0,
y(x0) = y(x1) = 0.

(4)

2 Çàäà÷à Øòóðìà-Ëèóâèëëÿ.

Ïóñòü λn � ñîáñòâåííûå ÷èñëà, à yn � ñîáñòâåííûå ôóíêöèè çàäà÷è Øòóðìà-Ëèóâèëëÿ, ñôîðìóëèðîâàííîé â
(4). Âû÷èñëèì çíà÷åíèå ôóíêöèîíàëà íà ýêñòðåìàëè:

J [y1] =

∫ x1

x0

(py′
2
1 + qy2

1)dx = py′1y1|x1
x0
−
∫ x1

x0

(py′1)′y1dx+

∫ x1

x0

qy2
1dx.

Âíåèíòåãðàëüíûé ÷ëåí îáðàùàåòñÿ â íîëü ñîãëàñíî ãðàíè÷íûì óñëîâèÿì çàäà÷è Øòóðìà-Ëèóâèëëÿ (4). Ñëåäî-
âàòåëüíî,

J [y1] =

∫ x1

x0

(−(py′1)′ + qy1)y1dx = λ1

∫ x1

x0

ρy2
1dx = λ1.

Ìû âîñïîëüçîâàëèñü â ïîñëåäíåì ðàâåíñòâå äèôôåðåíöèàëüíûì óðàâíåíèåì çàäà÷è Øòóðìà-Ëèóâèëëÿ (4) è
óñëîâèåì (3).

Òàêèì îáðàçîì, ìû ïîëó÷èëè, ÷òî λ1 � íàèìåíüøåå çíà÷åíèå íàøåãî ôóíêöèîíàëà ïðè óñëîâèè (3)∫ x1

x0

ρy2dx = 1.
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2.1 Ñìûñë âòîðîãî ñîáñòâåííîãî ÷èñëà.

Ñôîðìóëèðóåì òåïåðü ñëåäóþùóþ çàäà÷ó. Íàéòè ýêñòðåìóì ôóíêöèîíàëà

J [y] =

∫ x1

x0

(py′
2

+ qy2)dx, (5)

y(x0) = y(x1) = 0 (6)

ïðè íàëè÷èè äâóõ äîïîëíèòåëüíûõ óñëîâèé

J1[y] =

∫ x1

x0

ρy2dx = 1, (7)

J2[y] =

∫ x1

x0

ρyy1dx = 0. (8)

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ìû, êàê è âûøå, äîëæíû ðàññìîòðåòü ðàñøèðåííûé ôóíêöèîíàë ñ ôóíê-
öèåé Ëàãðàíæà

H = py′
2

+ qy2 − λρy2 − ηρyy1,

ãäå λ è η � íåêîòîðûå ÷èñëà (ìíîæèòåëè Ëàãðàíæà).
Ïîñòðîèì óðàâíåíèå Ýéëåðà

2qy − 2λρy − ηρy1 − 2(py′)′ = 0.

Îòìåòèì, ÷òî ôóíêöèÿ y1 óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ (4) ïðè λ = λ1. Òàêèì îáðàçîì, ïîëó-
÷àåì ñèñòåìó äâóõ óðàâíåíèé {

(py′)′ + (λρ− q)y = −η2ρy1

(py′1)′ + (λ1ρ− q)y1 = 0
(9)

Äîìíîæèì ïåðâîå óðàâíåíèå ñèñòåìû (9) íà y1, à âòîðîå � íà y è âû÷òåì îäíî èç äðóãîãî. Ðåçóëüòàò ïðîèíòå-
ãðèðóåì ïî dx ïî îòðåçêó [x0, x1]:

−η
2

∫ x1

x0

ρy2
1dx =

∫ x1

x0

[(py′)′y1 − (py′1)′y] dx+

∫ x1

x0

[(λρ− q)yy1 − (λ1ρ− q)y1y]dx =

= py′y1|x1
x0
−
∫ x1

x0

py′y′1dx− py′1y|x1
x0

+

∫ x1

x0

py′1y
′dx+ λ

∫ x1

x0

ρyy1dx− λ1

∫ x1

x0

ρy1ydx = 0.

Ìû âîñïîëüçîâàëèñü çäåñü òåì, ÷òî âíåèíòåãðàëüíûå ÷ëåíû îáðàùàþòñÿ â íîëü âñëåäñòâèå ãðàíè÷íûõ óñëîâèé
(6), à èíòåãðàë

∫ x1

x0
ρyy1dx ðàâåí íóëÿ âñëåäñòâèå óñëîâèÿ (8). Òàêèì îáðàçîì, ìû ïîëó÷èëè, ÷òî

η

2

∫ x1

x0

ρy2
1dx = 0.

Â ñèëó óñëîâèÿ (3) ïîëó÷àåì, ÷òî
η = 0.

Òàêèì îáðàçîì, ïåðâîå èç óðàâíåíèé (9) (èëè óðàâíåíèå Ýéëåðà äëÿ äàííîé çàäà÷è) ïðèíèìàåò âèä

(py′)′ + (λρ− q)y = 0. (10)

Ñîâìåñòíî ñ ãðàíè÷íûìè óñëîâèÿìè (6) ýòî îçíà÷àåò, ÷òî ýêñòðåìàëü çàäà÷è (5)-(8) òàêæå ÿâëÿåòñÿ ñîáñòâåííîé
ôóíêöèåé çàäà÷è Øòóðìà-Ëèóâèëëÿ (4).

Ñôîðìóëèðóåì
Óòâåðæäåíèå 1: λ2 ÿâëÿåòñÿ ìèíèìóìîì ôóíêöèîíàëà (5) ïðè óñëîâèÿõ (6)-(8). Ýòîò ìèíèìóì äîñòàâ-

ëÿåòñÿ ñîáñòâåííîé ôóíêöèåé çàäà÷è Øòóðìà-Ëèóâèëëÿ (4) y2.

Ñôîðìóëèðóåì òàêæå
Óòâåðæäåíèå 2: Ñîáñòâåííîå ÷èñëî λn åñòü íàèìåíüøåå çíà÷åíèå ôóíêöèîíàëà

J [y] =

∫ x1

x0

(py′
2

+ qy2)dx, y(x0) = y(x1) = 0 (11)

ïðè óñëîâèÿõ ∫ x1

x0

ρy2dx = 1,

∫ x1

x0

ρyyjdx = 0, j = 1, 2, . . . , n− 1. (12)

Ýòî çíà÷åíèå äîñòèãàåòñÿ ïðè y = yn, ãäå yn � ñîáñòâåííàÿ ôóíêöèÿ çàäà÷è Øòóðìà-Ëèóâèëëÿ (4), îòâå÷à-
þùàÿ ÷èñëó λn è íîðìèðîâàííàÿ ïî x.
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3 Òåîðåìà Êóðàíòà.

Ðàññìîòðèì ôóíêöèîíàë

J [y] =

∫ x1

x0

(py′
2

+ qy2)dx, y(x0) = y(x1) = 0,

J1[y] =

∫ x1

x0

ρy2dx = 1, (13)

Jj+1[y] =

∫ x1

x0

ρyzjdx = 0, j = 1, 2, . . . , n− 1, (14)

ãäå zj , j = 1, 2, . . . , n− 1 � íåêîòîðûå ïðîèçâîëüíûå ôóíêöèè.
Ïóñòü

µ(z1, z2, . . . , zn−1) = min
Jj , j=1,2,...,n−1

J.

Èíûìè ñëîâàìè, ïðè íåêîòîðîì ôèêñèðîâàííîì íàáîðå ôóíêöèé zj , j = 1, 2, . . . , n−1 è ïðè âûïîëíåíèè óñëîâèé
(14) ÷èñëî µ(z1, z2, . . . , zn−1) ÿâëÿåòñÿ ìèíèìóìîì ôóíêöèîíàëà.

Ñôîðìóëèðóåì
Òåîðåìó (Êóðàíòà): Ñïðàâåäëèâî íåðàâåíñòâî

µ(z1, z2, . . . , zn−1) ≤ λn,

ãäå λn � n-å ñîáñòâåííîå ÷èñëî çàäà÷è Øòóðìà-Ëèóâèëëÿ (4). Ïðè ýòîì ðàâåíñòâî äîñòèãàåòñÿ òîëüêî òîãäà,
êîãäà zj = yj , j = 1, 2, . . . , n− 1 (yj � ñîáñòâåííûå ôóíêöèè çàäà÷è Øòóðìà-Ëèóâèëëÿ (4)).

4 Îöåíêà ðîñòà ñîáñòâåííûõ ÷èñåë çàäà÷è Øòóðìà-Ëèóâèëëÿ.

4.1 Âàðèàöèîííîå îáîñíîâàíèå îöåíîê.

Ðàññìîòðèì çàäà÷ó Øòóðìà-Ëèóâèëëÿ (4):{
(py′)′ + (λρ− q)y = 0,
y(x0) = y(x1) = 0.

(15)

Çàìåíèì ôóíêöèè p è q íà ôóíêöèè p1 è q1

p ≤ p1, q ≤ q1, ∀x ∈ [x0, x1].

Òîãäà ñïðàâåäëèâà îöåíêà

λ′n = min

∫ x1

x0

(p1y
′2 + q1y

2)dx ≥ min

∫ x1

x0

(py′
2

+ qy2)dx = λn.

Òåïåðü îñòàâèì ôóíêöèè p è q áåç èçìåíåíèÿ, íî óìåíüøèì ôóíêöèþ ρ (çàìåíèì ρ íà ρ1, ρ ≥ ρ1 > 0).
Âûáåðåì íåêîòîðîå ÷èñëî Θ > 1, òàê ÷òî áóäåò âûïîëíÿòüñÿ óñëîâèå íîðìèðîâêè∫ x1

x0

ρ1ỹ
2dxΘ2 = 1,

ãäå ỹ - èñêîìàÿ ýêñòðåìàëü ôóíêöèîíàëà (ïðè çàìåíå ρ íà ρ1.
Ñèñòåìó óñëîâèé îðòîãîíàëüíîñòè â âàðèàöèîííîé ïîñòàíîâêå çàäà÷è∫ x1

x0

ρzjydx = 0, j = 1, 2, ..., n− 1

ñâåäåì ê ñëåäóþùåé ñèñòåìå óñëîâèé∫ x1

x0

ρ1z̃j ỹdx = 0, j = 1, 2, ..., n− 1,

ãäå ìû âûáèðàåì z̃j = ρ
ρ1Θzj . Òàêèì îáðàçîì, âûïîëíÿåòñÿ ðàâåíñòâî ỹ = y.

Ñîãëàñíî òåîðåìå Êóðàíòà ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà

λ̃n = min J [ỹΘ] = Θ2 min J [y] = λnΘ2. (16)

Âñëåäñòâèå îöåíêè (16) ñïðàâåäëèâî
λ̃n > λn.

Íà îñíîâå ïðèâåäåííûõ âûøå âàðèàöèîííûõ îöåíîê ïðèâåäåì îöåíêè ñêîðîñòè ðîñòà ñîáñòâåííûõ ÷èñåë
çàäà÷è Øòóðìà-Ëèóâèëëÿ.
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4.2 Îöåíêè.

Ââåäåì íàáîð ÷èñåë p0, P0, q0, Q0, r0, R0 è ñèñòåìó íåðàâåíñòâ

p0 ≤ p(x) ≤ P0, x ∈ [x0, x1],

q0 ≤ q(x) ≤ Q0, x ∈ [x0, x1],

r0 ≤ r(x) ≤ R0, x ∈ [x0, x1].

Ðàññìîòðèì òåïåðü âñïîìîãàòåëüíóþ çàäà÷ó Øòóðìà-Ëèóâèëëÿ{
P0y

′′ + (λr0 −Q0)y = 0,
y(x0) = y(x1) = 0.

(17)

Ðåøèì ýòó çàäà÷ó è ïðîàíàëèçèðóåì ïîâåäåíèå ñîáñòâåííûõ ÷èñåë. Ïóñòü ïàðàìåòðû âûáðàíû òàê, ÷òî

λ >
Q0

r0
. (18)

Òîãäà
y = C1 cos[σ(x− x0)] + C2 sin[σ(x− x0)],

σ =

√
λr0 −Q0

P0
. (19)

Èç ãðàíè÷íûõ óñëîâèé ñëåäóåò, ÷òî
y(x0) = C1 = 0,

y(x1) = C2 sin[σ(x1 − x0)] = 0.

Ñëåäîâàòåëüíî,
σn(x1 − x0) = πn.

Èç óðàâíåíèÿ (19) íàéäåì, ÷òî

λ′n =
π2n2P0

(x1 − x0)2r0
+
Q0

r0
,

÷òî ñîãëàñóåòñÿ ñ ïðåäïîëîæåíèåì (18).
Ðàññìîòðèì òåïåðü âòîðóþ âñïîìîãàòåëüíóþ çàäà÷ó Øòóðìà-Ëèóâèëëÿ{

p0y
′′ + (λR0 − q0)y = 0,
y(x0) = y(x1) = 0.

(20)

Ïîëîæèì òåïåðü, ÷òî

λ >
q0

R0
.

Ïîâòîðèâ ïðèâåäåííûå âûøå âû÷èñëåíèÿ, ïîëó÷èì, ÷òî

λ
′′

n =
π2n2p0

(x1 − x0)2R0
+
q0

R0
.

Ïîëó÷åííûå îöåíêè ïîçâîëÿþò ñäåëàòü ñëåäóþùèé âûâîä

A2
n ≤ λ

′′

n ≤ λn ≤ λ′ ≤ B2
n,

ãäå ìû ââåëè îáîçíà÷åíèÿ

An =
π2n2p0

(x1 − x0)2R0
, Bn =

π2n2P0

(x1 − x0)2r0
.

Ïîëó÷åíû îöåíêè ñêîðîñòè ðîñòà ñîáñòâåííûõ ÷èñåë çàäà÷è Øòóðìà-Ëèóâèëëÿ ïðè áîëüøèõ n.
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