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1 Çàäà÷à î áðàõèñòîõðîíå

Âåðíåìñÿ ê ñêàçàííîìó ðàíåå îá ýòîé çàäà÷å. Áðàõèñòîõðîí � êðèâàÿ íàèñêîðåéøåãî ñïóñêà. Çàäà÷à î åå íàõîæ-
äåíèè áûëà ïîñòàâëåíà Áåðíóëëè â 1696 ãîäó: ñðåäè ïëîñêèõ êðèâûõ, ñîåäèíÿþùèõ äâå äàííûå òî÷êè A è B (B
íèæå A), ëåæàùèõ â îäíîé âåðòèêàëüíîé ïëîñêîñòè, íàéòè òó, äâèãàÿñü ïî êîòîðîé ïîä äåéñòâèåì òîëüêî ñèëû
òÿæåñòè, ñîíàïðàâëåííîé îñè OY , ìàòåðèàëüíàÿ òî÷êà èç A äîñòèãíåò B çà êðàò÷àéøåå âðåìÿ. Ñâÿæåì íà÷àëî
îòñ÷åòà ïî îñè Y ñ âåðòèêàëüíîé êîîðäèíàòîé íà÷àëüíîé òî÷êè äâèæåíèÿ A.

Î÷åâèäíî, âðåìÿ äâèæåíèÿ ìîæåò áûòü ïîñ÷èòàíî ïî ôîðìóëå:

t =

∫ B

A

ds

v
.

Çäåñü ds � ýëåìåíòàðíîå ïåðåìåùåíèå âäîëü òðàåêòîðèè, à v � ñêîðîñòü, çàâèñÿùàÿ îò òî÷êè òðàåêòîðèè. Ïóñòü
òðàåêòîðèÿ ìàòåðèàëüíîé òî÷êè íà ïëîñêîñòè îïðåäåëÿåòñÿ êàê y(x). Òîãäà

t =
1√
2g

∫ xB

xA

√
1 + y′2(x)√
y(x)

dx. (1)

Ñêîðîñòü íàõîäèòñÿ çäåñü èç óðàâíåíèÿ ñîõðàíåíèÿ ýíåðãèè mv2

2 = mgy(x). Òàêèì îáðàçîì, çàäà÷à ñâåëàñü ê
îïðåäåëåíèþ òðàåêòîðèè äâèæåíèÿ y(x) ïðè óñëîâèè ìèíèìàëüíîñòè âðåìåíè äâèæåíèÿ t.

Çàìåòèì, ÷òî ôóíêöèÿ Ëàãðàíæà

F = F (y, y′) =

√
1 + y′2
√
y

íå çàâèñèò ÿâíî îò x.
Êàê ìû îáñóæäàëè íà ïðîøëîé ëåêöèè, âûðàæåíèå äëÿ ïåðâîãî èíòåãðàëà â ýòîì ñëó÷àå èìååò âèä

C1 = F − y′Fy′ =

√
1 + y′2
√
y

− y′ y′

√
y
√
1 + y′2

=
1

√
y
√
1 + y′2

. (2)

Òàêèì îáðàçîì, èç óðàâíåíèÿ (2) ñëåäóåò, ÷òî √
1 + y′2 =

1

C1
√
y
. (3)

Âûðàçèì îòñþäà y′2:

y′
2
=

1− C2
1y

C2
1y

. (4)

Îòìåòèì, ÷òî èç óðàâíåíèÿ (3) ñëåäóåò, ÷òî 0 < C2
1y < 1. Ââåäåì ïàðàìåòðèçàöèþ

C2
1y = sin2

v

2
=

1

2
(1− cos(v)). (5)

Ïîäñòàâëÿÿ ïàðàìåòðèçàöèþ (5) â óðàâíåíèå (4), ïîëó÷àåì

y′2 = cot2
v

2
.

Â ñîîòâåòñòâèè ñ âûáðàííûì íàïðâëåíèåì îñåé X è Y íåòðóäíî óáåäèòüñÿ, ÷òî y′(x) > 0 âäîëü âñåé òðàåêòîðèè.
Èíà÷å ãîâîðÿ,

y′ = cot
v

2
èëè dy = cot

v

2
dx (6)
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Âû÷èñëÿÿ äèôôåðåíöèàë ëåâîé è ïðàâîé ÷àñòè óðàâíåíèÿ (5), ïîëó÷àåì

C2
1dy =

1

2
sin(v)dv. (7)

Âûðàæàÿ dy èç óðàâíåíèÿ (7) è ïîäñòàâëÿÿ â óðàâíåíèå (6), ïîëó÷àåì

cot
v

2
dx =

1

2C2
1

sin(v)dv. (8)

Íàêîíåö, âû÷èñëÿÿ dx èç óðàâíåíèÿ (8), èìååì

dx =
1

2C2
1

sin(v)dv

cot v
2

=
1

C2
1

sin2
v

2
dv =

1

C2
1

(1− cos(v))dv.

Èíòåãðèðóÿ ïîëó÷åííîå óðàâíåíèå, ïîëó÷àåì

x =
1

C2
1

(v − sin(v)) + C2. (9)

Èç óðàâíåíèÿ (5) ñëåäóåò, ÷òî

y =
1

C2
1

(1− cos(v)). (10)

Ïîñêîëüêó, ñîãëàñíî ïîñòàíîâêå çàäà÷è, x0 = y0 = 0, òî v0 = 0, à ñëåäîâàòåëüíî, C2 = 0. Òàêèì îáðàçîì,
óðàâíåíèÿ (9)-(10), ïàðàìåòðèçóþùèå òðàåêòîðèþ äâèæåíèÿ ìàòåðèàëüíîé òî÷êè, ïðèíèìàþò îêîí÷àòåëüíûé
âèä {

x = 1
C2

1
(v − sin(v))

y = 1
C2

1
(1− cos(v)).

(11)

Ñèñòåìà óðàâíåíèé (11) ïàðàìåòðèçóåò öèêëîèäó.

2 Çàäà÷à î íàèìåíüøåé ïîâåðõíîñòè âðàùåíèÿ.

Âñïîìíèì ïîñòàíîâêó çàäà÷è. Ðàññìîòðèì êðèâóþ y(x) íà ïëîñêîñòè, ñîåäèíÿþùóþ òî÷êè A è B. Ðàññìîòðèì
ïîâåðõíîñòü, êîòîðàÿ âîçíèêàåò ïðè âðàùåíèè êðèâîé â òðåõìåðíîì ïðîñòðàíñòâå îòíîñèòåëüíî îñè ox. Ïëîùàäü
òàêîé ïîâåðõíîñòè îïðåäåëÿåòñÿ êàê

S =

∫ B

A

2πydl,

ãäå dl � ýëåìåíòàðíàÿ äëèíà ïåðåìåùåíèÿ âäîëü êðèâîé y(x). Òîãäà

S = 2π

∫ xB

xA

y(x)
√
1 + y′2(x)dx. (12)

Â äàííîì ñëó÷àå çàäà÷à ñâîäèòñÿ ê îïðåäåëåíèþ óðàâíåíèÿ êðèâîé y(x) ïðè óñëîâèè ìèíèìàëüíîñòè ïëîùàäè
ïîâåðõíîñòè S.

Êàê è â çàäà÷å î áðàõèñòîõðîíå, ôóíêöèÿ Ëàãðàíæà F = F (y, y′) = y
√

1 + y′2 íå çàâèñèò ÿâíî îò x.
Âíîâü ìîæíî âîñïîëüçîâàòüñÿ ïåðâûì èíòåãðàëîì:

C1 = F − y′Fy′ = y
√
1 + y′2 − y′ yy′√

1 + y′2
=

y√
1 + y′2

.

Òàêèì îáðàçîì,

y′
2
=

(
y

C1

)2

− 1

èëè
dy√(
y
C1

)2
− 1

= ±dx. (13)

Âîñïîëüçóåìñÿ ïàðàìåòðèçàöèåé
y = C1 cosh(t), t ≥ 0. (14)

Ïîäñòàíîâêà ïàðàìåòðèçàöèè (14) â óðàâíåíèå (13) ñ ó÷åòîì óðàâíåíèÿ dy = C1 sinh(t)dt äàåò

dx = ±C1 sinh(t)dt√
sinh2(t)

èëè dx = C1dt. (15)
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Èíòåãðèðóÿ óðàâíåíèå (15), ñ ó÷åòîì (14), ïîëó÷àåì

x = C1t+ C2 = C1arcch

(
y

C1

)
+ C2. (16)

Íàêîíåö, âûðàæàÿ èç óðàâíåíèÿ (16) y(x), ïîëó÷àåì

y(x) = C1 cosh

(
x− C2

C1

)
. (17)

Ôèêñèðóÿ ïîñòîÿííûå C1 è C2 óñëîâèÿìè ïðîõîæäåíèÿ êðèâîé y(x) ÷åðåç íà÷àëüíóþ A = (xA, yA) è êîíå÷íóþ
B = (xB , yB) òî÷êè òðàåêòîðèè:

y(xA) = yA, y(xB) = yB , (18)

ïîëó÷èì îêîí÷àòåëüíîå ðåøåíèå.

3 Îáîáùåíèÿ ïðîñòåéøåé âàðèàöèîííîé çàäà÷è.

Ðàññìîòðèì íåêîòîðûå îáîáùåíèÿ ïðîñòåéøåé âàðèàöèîííîé çàäà÷è.

3.1 Ñëó÷àé ôóíêöèîíàëà, çàâèñÿùåãî îò íåñêîëüêèõ ôóíêöèé.

J [y, z] =

∫ x1

x0

F (x, y, z, y′z′)dx. (19)

Áóäåì ðàññìàòðèâàòü ñëåäóþùèå êðàåâûå óñëîâèÿ:

y(x0) = y0, y(x1) = y1, z(x0) = z0, z(x1) = z1. (20)

Çàäà÷à çàêëþ÷àåòñÿ â îòûñêàíèè ôóíêöèé y(x) è z(x), äîñòàâëÿþùèõ ýêñòðåìóì ôóíêöèîíàëó J [y, z] è óäîâëå-
òâîðÿþùèõ êðàåâûì óñëîâèÿì.

Äëÿ ðåøåíèÿ çàäà÷è ðàññìîòðèì ïðîáíûå ôóíêöèè η1 è η2, η1,2 ∈ C1
[x1,x2]

, óäîâëåòâîðÿþùèå óñëîâèÿì

η1(x0) = η1(x1) = η2(x0) = η2(x1) = 0. (21)

Êàê è ðàíåå, â ñëó÷àå çàâèñèìîñòè ôóíêöèîíàëà îò îäíîé ôóíêöèè, ââåäåì ïî îïðåäåëåíèþ ôóíêöèþ

f(t1, t2) = J [y + t1η1, z + t2η2].

Íåîáõîäèìîå óñëîâèå ýêñòðåìóìà èìååò âèä:

∂f

∂t1
|t1=t2=0 =

∂f

∂t2
|t1=t2=0 = 0. (22)

Ïåðâîå èç ðàâåíñòâ (22) äàåò ñëåäóþùèé ðåçóëüòàò

∂f

∂t1
|t1=t2=0 =

∂

∂t1

∫ x1

x0

dxF (x, y + t1η1, z + t2η2, y
′ + t1η

′
1, z

′ + t2η
′
2) |t1=t2=0 = (23)

=

∫ x1

x0

(
∂F

∂y
η1 +

∂F

∂y′
η′1

)
dx =

∂F

∂y′
η1

x1

|
x0

+

∫ x1

x0

(
∂F

∂y
− d

dx

∂F

∂y′

)
η1 =

∫ x1

x0

(
∂F

∂y
− d

dx

∂F

∂y′

)
η1 = 0.

Âíåèíòåãðàëüíûé ÷ëåí îêàçàëñÿ ðàâåí íóëþ ñîãëàñíî óñëîâèÿì (21).
Ñîãëàñíî Îñåíîâíîé Ëåììå âàðèàöèîííîãî èñ÷èñëåíèÿ ìû äåëàåì âûâîä, ÷òî ñïðàâåäëèâî ñëåäóþùåå óðàâ-

íåíèå:
∂F

∂y
− d

dx

∂F

∂y′
= 0. (24)

Àíàëîãè÷íî, âòîðîå óñëîâèå â óðàâíåíèè (22)

∂f

∂t2
|t1=t2=0 = 0

ïðèâîäèò ê óðàâíåíèþ
∂F

∂z
− d

dx

∂F

∂z′
= 0.. (25)

Îêîí÷àòåëüíî, ìû ïîëó÷àåì ñèñòåìó óðàâíåíèé Ýéëåðà{ ∂F
∂y −

d
dx

∂F
∂y′ = 0,

∂F
∂z −

d
dx

∂F
∂z′ = 0.

(26)
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