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�ëáè ï  «£¥¡à .� ¤ ç¨ ª ª®««®ª¢¨ã¬ã ¢® ¢â®à®¬ á¥¬¥áâà¥(ãá¨«¥ë© ¯®â®ª)� â¥à¨ «, ª®â®àë© ¢ë®á¨âáï   ª®««®ª¢¨ã¬ ¯® ªãàáã "�ëáè ï «£¥¡à " ¢® ¢â®à®¬ á¥¬¥áâà¥, á®¤¥à¦¨â à §¤¥«ë "�¡é¨¥  «£¥¡à ¨ç¥-áª¨¥ áâàãªâãàë", "�¨¥©ë¥ ¯à®áâà áâ¢ ", "�¨¥©ë¥ ®¯¥à â®àë".�à¥¤« £ ¥¬®¥ ¯®á®¡¨¥ á®¤¥à¦¨â  ¡®à â¨¯®¢ëå § ¤ ç, ¯à¥¤« -£ ¥¬ëå áâã¤¥â ¬   ª®««®ª¢¨ã¬¥, á ®¡à §æ ¬¨ à¥è¥¨© ¨ ª®¬¬¥-â à¨ï¬¨. � ¤ ç¨ à §¤¥«¥ë ¯® â¥¬ ¬. �à¨ íâ®¬ ã¬¥à æ¨ï § ¤ ç	 áª¢®§ ï. � ¤ ç¨ ¨¬¥îâ à §ë© ãà®¢¥ì á«®¦®áâ¨. � áª®¡ª åãª §   á«®¦®áâì § ¤ ç¨ ¯® ¤¥áïâ¨¡ «ì®© èª «¥.� ç «¥ ¯à¨¢¥¤¥ á¯¨á®ª â¥®à¥â¨ç¥áª¨å ¢®¯à®á®¢, ª®â®àë¥ ¢ë-®áïâáï   ª®««®ª¢¨ã¬.�®¯à®áë ª ª®««®ª¢¨ã¬ã1. �®¦¥áâ¢  á ¡¨ à®© ®¯¥à æ¨¥©. �¥©âà «ìë© í«¥¬¥â.�¡à âë© í«¥¬¥â.2. �àã¯¯ë. �®«ìæ .3. �®«ï. �®ïâ¨¥ ¨§®¬®àä¨§¬ . �§®¬®àä¨§¬ £àã¯¯ ¨ ª®«¥æ.4. �ªá¨®¬ â¨ª  «¨¥©®£® ¯à®áâà áâ¢ . �à¨¬¥àë. �§®¬®àä¨§¬«¨¥©ëå ¯à®áâà áâ¢.5. �®ïâ¨¥ «¨¥©®© § ¢¨á¨¬®áâ¨ ¨ ¥§ ¢¨á¨¬®áâ¨. � §¨áë, ª®-®à¤¨ âë.6. � §¬¥à®áâì «¨¥©®£® ¯à®áâà áâ¢ . �§®¬®àä¨§¬ ª®¥ç®¬¥à-ëå «¨¥©ëå ¯à®áâà áâ¢.7. �®¤¯à®áâà áâ¢ . �¨¥© ï ®¡®«®çª  ¬®¦¥áâ¢ .8. �¥à¥á¥ç¥¨¥ ¯®¤¯à®áâà áâ¢. �¨¥© ï áã¬¬  ¯®¤¯à®áâà áâ¢,¯àï¬ ï áã¬¬  ¯®¤¯à®áâà áâ¢.9. �¥®à¥¬  ® à §¬¥à®áâ¨ «¨¥©®© áã¬¬ë ¯®¤¯à®áâà áâ¢. �®-¯®«¥¨¥ ¯®¤¯à®áâà áâ¢ .10. �¨¥©ë¥ ®¯¥à â®àë ¢ ª®¥ç®¬¥àëå «¨¥©ëå ¯à®áâà -áâ¢ å. �¯à¥¤¥«¥¨¥ ¨ ¯à¨¬¥àë. �¥©áâ¢¨ï  ¤ ®¯¥à â®à ¬¨.�à®áâà áâ¢® «¨¥©ëå ®¯¥à â®à®¢.11. � âà¨ç®¥ ¨§®¡à ¦¥¨¥ «¨¥©ëå ®¯¥à â®à®¢. �à¨¬¥àë ¨§®-¡à ¦ îé¨å ¬ âà¨æ. -3-



12. �§®¬®àä¨§¬ ¯à®áâà áâ¢  ®¯¥à â®à®¢ ¨ ¯à®áâà áâ¢  ¬ âà¨æ.�§®¡à ¦ îé ï ¬ âà¨æ  ¤«ï ª®¬¯®§¨æ¨¨ ®¯¥à â®à®¢.13. �¡à § ¨ à £ «¨¥©®£® ®¯¥à â®à . �¤à® ®¯¥à â®à .14. �¨¥©ë¥ ãà ¢¥¨ï ¢ «¨¥©®¬ ¯à®áâà áâ¢¥. �« áá¨ä¨ª æ¨ï«¨¥©ëå ®â®¡à ¦¥¨©. �«ìâ¥à â¨¢  �à¥¤£®«ì¬ .15. �à¥®¡à §®¢ ¨¥ ¡ §¨á®¢, ª®®à¤¨ â ¨ ¨§®¡à ¦ îé¨å ¬ âà¨æ®¯¥à â®à®¢.16. �¯à¥¤¥«¨â¥«ì ¨ á«¥¤ «¨¥©®£® ®¯¥à â®à . �à¨¥â æ¨ï ¢ ¢¥-é¥áâ¢¥®¬ ª®¥ç®¬¥à®¬ «¨¥©®¬ ¯à®áâà áâ¢¥.17. � à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥ ¨ á¯¥ªâà «¨¥©®£® ®¯¥à â®à .18. �®¡áâ¢¥ë¥ í«¥¬¥âë, á®¡áâ¢¥ë¥ ¯®¤¯à®áâà áâ¢ . �«£¥¡à -¨ç¥áª ï ¨ £¥®¬¥âà¨ç¥áª ï ªà â®áâ¨ á®¡áâ¢¥®£® § ç¥¨ï.19. �à¨â¥à¨© áãé¥áâ¢®¢ ¨ï á®¡áâ¢¥®£® ¡ §¨á . �¨ £® «¨§ã¥-¬ë¥ ®¯¥à â®àë. �¨ £® «¨§ã¥¬ë¥ ¬ âà¨æë.20. �ãªæ¨¨ ®â ®¯¥à â®à®¢. �®¦¤¥áâ¢® �í«¨.� ¤ ç¨ ª ª®««®ª¢¨ã¬ã�¥¬  1. �¡é¨¥  «£¥¡à ¨ç¥áª¨¥ áâàãªâãàë� ¤ ç  1. (6 ¡ ««®¢). �ëïá¨âì, ®¡à §ã¥â «¨ £àã¯¯ã ª ¦¤®¥ ¨§á«¥¤ãîé¨å ¬®¦¥áâ¢ ®â®á¨â¥«ì® ãª § ®© ®¯¥à æ¨¨:1) æ¥«ë¥ ç¨á« , ªà âë¥ ¤ ®¬ã  âãà «ì®¬ã ç¨á«ã n, ®â®á¨-â¥«ì® á«®¦¥¨ï;2) ¥®âà¨æ â¥«ìë¥ æ¥«ë¥ ç¨á«  ®â®á¨â¥«ì® á«®¦¥¨ï;3) ¯®«®¦¨â¥«ìë¥ à æ¨® «ìë¥ ç¨á«  ®â®á¨â¥«ì® ã¬®¦¥¨ï;4) ª®à¨ n-®© áâ¥¯¥¨ ¨§ ¥¤¨¨æë (ª ª ¤¥©áâ¢¨â¥«ìë¥, â ª ¨ª®¬¯«¥ªáë¥) ®â®á¨â¥«ì® ã¬®¦¥¨ï;5) ¬ âà¨æë ¯®àï¤ª  n á æ¥«ë¬¨ í«¥¬¥â ¬¨ ®â®á¨â¥«ì® ã¬®-¦¥¨ï;6) ¬ âà¨æë ¯®àï¤ª  n á æ¥«ë¬¨ í«¥¬¥â ¬¨ ¨ ®¯à¥¤¥«¨â¥«¥¬,à ¢ë¬ 1, ®â®á¨â¥«ì® ã¬®¦¥¨ï;7) ¯®«®¦¨â¥«ìë¥ ¤¥©áâ¢¨â¥«ìë¥ ç¨á«  á ®¯¥à æ¨¥© a � b = a2b2.� ¤ ç  2. (6 ¡ ««®¢). �®ª § âì, çâ® ¥á«¨ a2 = e (£¤¥ e	 ¥©âà «ìë©í«¥¬¥â £àã¯¯ë G) ¤«ï «î¡®£® a 2 G, â® £àã¯¯  G 	  ¡¥«¥¢ .� ¤ ç  3. (7 ¡ ««®¢). �®ª § âì, çâ® á«¥¤ãîé¨¥ £àã¯¯ë ¨§®¬®àäë¤àã£ ¤àã£ã: -4-



G1 	 æ¥«ë¥ ç¨á«  ®â®á¨â¥«ì® á«®¦¥¨ï,G2 	 ç¥âë¥ ç¨á«  ®â®á¨â¥«ì® á«®¦¥¨ï,G3 	 æ¥«ë¥ ç¨á« , ªà âë¥ n, ®â®á¨â¥«ì® á«®¦¥¨ï,G4 	 áâ¥¯¥¨ ¤ ®£® ç¨á«  a 2 R (a 6= 0;�1) á æ¥«ë¬¨ ¯®ª § -â¥«ï¬¨ ®â®á¨â¥«ì® ã¬®¦¥¨ï.� ¤ ç  4. (7 ¡ ««®¢). �ëïá¨âì, ª ª¨¥ ¨§ á«¥¤ãîé¨å ¬®¦¥áâ¢ï¢«ïîâáï ª®«ìæ ¬¨ (® ¥ ¯®«ï¬¨) ¨ ª ª¨¥ ¯®«ï¬¨ (®â®á¨â¥«ì®á«®¦¥¨ï ¨ ã¬®¦¥¨ï ç¨á¥«):1) æ¥«ë¥ ç¨á« ;2) æ¥«ë¥ ç¨á« , ªà âë¥ ¤ ®¬ã ç¨á«ã n;3) à æ¨® «ìë¥ ç¨á« ;4) ç¨á«  ¢¨¤  a+ bp2 á æ¥«ë¬¨ a, b;5) ç¨á«  ¢¨¤  a+ bp3 á à æ¨® «ìë¬¨ a, b.� ¤ ç  5. (7 ¡ ««®¢). �®ª § âì, çâ® ¢á¥ ¬ âà¨æë ¢¨¤  � a b2b a� áà æ¨® «ìë¬¨ a; b ®¡à §ãîâ ¯®«¥ (®â®á¨â¥«ì® á«®¦¥¨ï ¨ ã¬®-¦¥¨ï ¬ âà¨æ),   ¬®¦¥áâ¢® ¬ âà¨æ â®£® ¦¥ ¢¨¤  á ¢¥é¥áâ¢¥ë¬¨a; b ®¡à §ãîâ ª®«ìæ® (® ¥ ¯®«¥).� ¤ ç  6. (7 ¡ ««®¢). �¡à §ãîâ «¨ ª®«ìæ® ¢á¥ âà¨£®®¬¥âà¨ç¥áª¨¥¬®£®ç«¥ë ¢¨¤ f (x) = a0 + mXk=1(ak cos kx+ bk sin kx);(£¤¥ m 	 «î¡®¥  âãà «ì®¥ ç¨á«®) á ¢¥é¥áâ¢¥ë¬¨ ª®íää¨æ¨¥-â ¬¨ ak, bk? �ëïá¨âì â® ¦¥ ¤«ï ¬®£®ç«¥®¢ â®«ìª® ®â ª®á¨ãá®¢f (x) = a0 + mXk=1 ak cos kx¨ ¤«ï ¬®£®ç«¥®¢ â®«ìª® ®â á¨ãá®¢f (x) = mXk=1 bk sin kx:� ¤ ç  7. (7 ¡ ««®¢). �®ª § âì, çâ® ¢á¥ ¤¨ £® «ìë¥ ¬ âà¨æë ¯®-àï¤ª  n � 2 á ¢¥é¥áâ¢¥ë¬¨ í«¥¬¥â ¬¨ ®¡à §ãîâ ª®¬¬ãâ â¨¢®¥-5-



ª®«ìæ® (®â®á¨â¥«ì® á«®¦¥¨ï ¨ ã¬®¦¥¨ï ¬ âà¨æ) á ¤¥«¨â¥«ï¬¨ã«ï.� ¤ ç  8. (7 ¡ ««®¢). �®ª § âì, çâ® ¯®«¥ ¬ âà¨æ ¢¨¤  � a b2b a� áà æ¨® «ìë¬¨ a; b ¨§®¬®àä® ¯®«î ç¨á¥« ¢¨¤  a + bp2 á à æ¨®- «ìë¬¨ a; b.� ¤ ç  9. (7 ¡ ««®¢). �®ª § âì, çâ® ¬ âà¨æë ¢¨¤  � a b�b a�, £¤¥a; b 	 ¢¥é¥áâ¢¥ë¥ ç¨á« , ®¡à §ãîâ ¯®«¥, ¨§®¬®àä®¥ ¯®«î ª®¬-¯«¥ªáëå ç¨á¥«. �¥¬  2. �¨¥©ë¥ ¯à®áâà áâ¢ � ¤ ç  10. (6 ¡ ««®¢). �ëïá¨âì, ï¢«ï¥âáï «¨ «¨¥©ë¬ ¯®¤¯à®-áâà áâ¢®¬ á®®â¢¥âáâ¢ãîé¥£® ¯à®áâà áâ¢  ª ¦¤®¥ ¨§ á«¥¤ãîé¨å¬®¦¥áâ¢. �á«¨ ¤ , â®  ©â¨ à §¬¥à®áâì ¨ ãª § âì ª ª®©-«¨¡®¡ §¨á ¯®¤¯à®áâà áâ¢ .1) ¢á¥ ¢¥ªâ®àë ¨§ Rn, ª®®à¤¨ âë ª®â®àëå ã¤®¢«¥â¢®àïîâ ãà ¢-¥¨î �1 + �2 + . . . + �n = 0;2) ¢á¥ ¢¥ªâ®àë ¨§ Rn, ª®®à¤¨ âë ª®â®àëå ã¤®¢«¥â¢®àïîâ ãà ¢-¥¨î �1 + �2 + . . . + �n = 1;3) ¢á¥ ¢¥ªâ®àë ¨§ Rn, ¤«ï ª®â®àëå �1 = �n;4) ¢á¥ ¢¥ªâ®àë ¨§ Rn, ã ª®â®àëå ª®®à¤¨ âë á ç¥âë¬¨ ®¬¥à ¬¨à ¢ë ã«î;5) ¢á¥ ¢¥ªâ®àë ¨§ Rn, ã ª®â®àëå ª®®à¤¨ âë á ç¥âë¬¨ ®¬¥à ¬¨à ¢ë ¬¥¦¤ã á®¡®©.� ¤ ç  11. (7 ¡ ««®¢).  ) �®ª § âì, çâ® ¢á¥ á¨¬¬¥âà¨çë¥ ¬ âà¨-æë (á ¢¥é¥áâ¢¥ë¬¨ í«¥¬¥â ¬¨) n-£® ¯®àï¤ª  ®¡à §ãîâ «¨¥©®¥¯®¤¯à®áâà áâ¢® ¯à®áâà áâ¢  ¢á¥å ¢¥é¥áâ¢¥ëå ¬ âà¨æ n-£® ¯®-àï¤ª .¡) �®ª § âì, çâ® ¢á¥ ª®á®á¨¬¬¥âà¨çë¥ ¬ âà¨æë (á ¢¥é¥áâ¢¥ë-¬¨ í«¥¬¥â ¬¨) n-£® ¯®àï¤ª  ®¡à §ãîâ «¨¥©®¥ ¯®¤¯à®áâà áâ¢®¯à®áâà áâ¢  ¢á¥å ¢¥é¥áâ¢¥ëå ¬ âà¨æ n-£® ¯®àï¤ª .� ©â¨ à §¬¥à®áâ¨ ¨ ãª § âì ª ª¨¥-«¨¡® ¡ §¨áë íâ¨å ¯®¤¯à®-áâ áâ¢.� ¤ ç  12. (7 ¡ ««®¢). �ëïá¨âì, ï¢«ï¥âáï «¨ «¨¥©ë¬ ¯®¤-¯à®áâà áâ¢®¬ ¯à®áâà áâ¢  Mn ¬ âà¨æ n-£® ¯®àï¤ª  ª ¦¤®¥ ¨§-6-



á«¥¤ãîé¨å ¬®¦¥áâ¢. �á«¨ ¤ , â®  ©â¨ à §¬¥à®áâì ¨ ãª § âìª ª®©-«¨¡® ¡ §¨á ¯®¤¯à®áâà áâ¢ .1) ¬ âà¨æë A 2Mn á detA = 0;2) ¬ âà¨æë A 2Mn á TrA = 0;3) ¬ âà¨æë A 2Mn á TrA > 0.� ¤ ç  13. (7 ¡ ««®¢). �®ª § âì, çâ® ¯à®áâà áâ¢® C([0; 1]) ¥¯à¥-àë¢ëå   ®âà¥§ª¥ [0; 1] äãªæ¨© (á ¢¥é¥áâ¢¥ë¬¨ § ç¥¨ï¬¨)à áª« ¤ë¢ ¥âáï ¢ ¯àï¬ãî áã¬¬ã ¯®¤¯à®áâà áâ¢  F = fconstg ¯®áâ®-ïëå äãªæ¨© ¨ ¯®¤¯à®áâà áâ¢  G = fg : g(x0) = 0g, á®áâ®ïé¥£® ¨§¢á¥å ¥¯à¥àë¢ëå äãªæ¨©, ®¡à é îé¨åáï ¢ ®«ì ¢ ¤ ®© â®çª¥x0 2 [0; 1]. (�à¥¤¢ à¨â¥«ì® ¯à®¢¥àìâ¥, çâ® ¢á¥ âà¨ à áá¬ âà¨¢ ¥-¬ëå ¯à®áâà áâ¢  ï¢«ïîâáï «¨¥©ë¬¨ ¯à®áâà áâ¢ ¬¨  ¤ ¯®«¥¬R.)� ¤ ç  14. (10 ¡ ««®¢). �®ª § âì, çâ® ¯à®áâà áâ¢® C([0;1]) ¥¯à¥-àë¢ëå   ®âà¥§ª¥ [0; 1] äãªæ¨© (á ¢¥é¥áâ¢¥ë¬¨ § ç¥¨ï¬¨)à áª« ¤ë¢ ¥âáï ¢ ¯àï¬ãî áã¬¬ã ¯®¤¯à®áâà áâ¢  Òn�1 ¬®£®ç«¥®¢(á ¢¥é¥áâ¢¥ë¬¨ ª®íää¨æ¨¥â ¬¨) áâ¥¯¥¨ ¥ ¢ëè¥ (n� 1) ¨ ¯®¤-¯à®áâà áâ¢  G = fg : g(x1) = g(x2) = . . . = g(xn) = 0g, á®áâ®ïé¥£® ¨§¢á¥å ¥¯à¥àë¢ëå äãªæ¨©, ®¡à é îé¨åáï ¢ ®«ì ¢ ¤ ëå â®çª åxj , j = 1; . . . ; n, £¤¥ 0 � x1 < x2 < . . . < xn � 1. (�à¥¤¢ à¨â¥«ì-® ¯à®¢¥àìâ¥, çâ® ¢á¥ âà¨ à áá¬ âà¨¢ ¥¬ëå ¯à®áâà áâ¢  ï¢«ïîâáï«¨¥©ë¬¨ ¯à®áâà áâ¢ ¬¨  ¤ ¯®«¥¬ R.)� ¤ ç  15. (7 ¡ ««®¢). �®ª § âì, çâ® Rn à áª« ¤ë¢ ¥âáï ¢ ¯àï-¬ãî áã¬¬ã ¯®¤¯à®áâà áâ¢  F = fx 2 Rn : �1 + �2 + . . . + �n = 0g ¨¯®¤¯à®áâà áâ¢  G = fx 2 Rn : �1 = �2 = . . . = �ng.� ¤ ç  16. (5 ¡ ««®¢). �®ª § âì, çâ® ¯à®áâà áâ¢®Mn ¢á¥å ¬ âà¨æ n-£® ¯®àï¤ª  ¥áâì ¯àï¬ ï áã¬¬  ¯®¤¯à®áâà áâ¢  ¢á¥å á¨¬¬¥âà¨çëå¬ âà¨æ ¨ ¯®¤¯à®áâà áâ¢  ¢á¥å ª®á®á¨¬¬¥âà¨çëå ¬ âà¨æ.�¥¬  3. �¨¥©ë¥ ®¯¥à â®àë� ¤ ç  17. (6 ¡ ««®¢). �®ª § âì, çâ® ®àâ®£® «ì®¥ ¯à®¥ªâ¨à®¢ ¨¥âà¥å¬¥à®£® ¯à®áâà áâ¢    ®áì, ®¡à §ãîéãî à ¢ë¥ ã£«ë á ®áï¬¨¤¥ª àâ®¢®© ¯àï¬®ã£®«ì®© á¨áâ¥¬ë ª®®à¤¨ â, ï¢«ï¥âáï «¨¥©ë¬®¯¥à â®à®¬, ¨  ©â¨ ¥£® ¨§®¡à ¦ îéãî ¬ âà¨æã ¢ áâ ¤ àâ®¬¡ §¨á¥. -7-



� ¤ ç  18. (6 ¡ ««®¢). �®ª § âì, çâ® ®¯¥à â®à A : R3 ! R3, § ¤ ë©ä®à¬ã«®© A~x = (~x �~a)~a;£¤¥ ~a = ~i + 2~j + 3~k, ï¢«ï¥âáï «¨¥©ë¬ ®¯¥à â®à®¬, ¨  ©â¨ ¥£®¨§®¡à ¦ îéãî ¬ âà¨æã ¢ áâ ¤ àâ®¬ ¡ §¨á¥.� ¤ ç  19. (7 ¡ ««®¢). �®ª § âì, çâ® ®¯¥à â®à A : M2 ! M2,§ ¤ ë© ã¬®¦¥¨¥¬   ¤ ãî ¬ âà¨æã �� � � �  ) á«¥¢ , ¡)á¯à ¢  ï¢«ï¥âáï «¨¥©ë¬ ®¯¥à â®à®¬, ¨  ©â¨ ¥£® ¨§®¡à ¦ îéãî¬ âà¨æã ¢ ¡ §¨á¥ ¨§ "¬ âà¨çëå ¥¤¨¨æ"� 1 00 0� ; � 0 10 0� ; � 0 01 0� ; � 0 00 1� :� ¤ ç  20. (8 ¡ ««®¢). � ¯à®áâà áâ¢¥ Ò2 ¬®£®ç«¥®¢ áâ¥¯¥¨ � 2à áá¬ âà¨¢ ¥âáï ®¯¥à â®à A, ¨¬¥îé¨© ¢ ¡ §¨á¥ f1; t; t2g ¨§®¡à ¦ -îéãî ¬ âà¨æã a = 0@ 0 0 10 1 01 0 01A :� ©â¨ ¨§®¡à ¦ îéãî ¬ âà¨æã ®¯¥à â®à  A ¢ ¡ §¨á¥e1(t) = 3t2 + 2t+ 1; e2(t) = t2 + 3t+ 2; e3(t) = 2t2 + t+ 3:� ¤ ç  21. (6 ¡ ««®¢). �ãáâì E 	 n-¬¥à®¥ «¨¥©®¥ ¯à®áâà áâ¢® ¤ ¯®«¥¬ R. �ãáâì e1; . . . ; en 	 ¥ª®â®àë© ¡ §¨á ¢ E. �ãáâì ¢¥ªâ®àëee1; . . . ;een § ¤ ë ä®à¬ã« ¬¨eej = jXk=1 ek; j = 1; . . . ; n: ) �à®¢¥àìâ¥, çâ® ee1; . . . ;een ®¡à §ãîâ ¡ §¨á ¢ E ¨  ©¤¨â¥ ¬ âà¨æã¯¥à¥å®¤  ®â ¨áå®¤®£® ¡ §¨á  ª ®¢®¬ã.¡) �ãáâì ¢¥ªâ®à x 2 E ¨¬¥¥â ¢ ¨áå®¤®¬ ¡ §¨á¥ ª®®à¤¨ âë �1; . . . ; �n,  ¢ ®¢®¬ ¡ §¨á¥ 	 ª®®à¤¨ âë e�1; . . . ; e�n. �à¨¢¥¤¨â¥ ä®à¬ã«ë¯à¥®¡à §®¢ ¨ï ª®®à¤¨ â. -8-



¢) �ãáâì A : E ! E 	 «¨¥©ë© ®¯¥à â®à, a 	 ¥£® ¨§®¡à ¦ îé ï¬ âà¨æ  ¢ ¡ §¨á¥ e1; . . . ;en, ¨ ea 	 ¥£® ¨§®¡à ¦ îé ï ¬ âà¨æ  ¢ ¡ -§¨á¥ ee1; . . . ;een . �à¨¢¥¤¨â¥ ä®à¬ã«ã ¯à¥®¡à §®¢ ¨ï ¨§®¡à ¦ îé¥©¬ âà¨æë (â® ¥áâì, á¢ï§ì ¬¥¦¤ã a ¨ ea).� ¤ ç  22. (9 ¡ ««®¢). � ©â¨ ®¡à § ¨ ï¤à® ¤«ï á«¥¤ãîé¥£® ®¯¥-à â®à , ¤¥©áâ¢ãîé¥£® ¢ ¯à®áâà áâ¢¥ Òn ¬®£®ç«¥®¢ áâ¥¯¥¨ � n:®¯¥à â®à A á®¯®áâ ¢«ï¥â ¬®£®ç«¥ã P (t) ¬®£®ç«¥Q(t) = P (t+ 1)� P (t):� ¤ ç  23. (8 ¡ ««®¢). � ©â¨ ®¡à §ë ¨ ï¤à  ¤«ï á«¥¤ãîé¨å ®¯¥à -â®à®¢, ¤¥©áâ¢ãîé¨å ¢ ¯à®áâà áâ¢¥ Òn ¬®£®ç«¥®¢ áâ¥¯¥¨ � n: ) ®¯¥à â®à Dk ¤¨ää¥à¥æ¨à®¢ ¨ï ¯®àï¤ª  k;¡) ®¯¥à â®à B, á®¯®áâ ¢«ïîé¨© ¬®£®ç«¥ã P (t) ¬®£®ç«¥Q(t) = P (at+ b);£¤¥ a; b 	 ä¨ªá¨à®¢ ë¥ ¢¥é¥áâ¢¥ë¥ ç¨á« , ¯à¨ç¥¬ a 6= 0.� ¤ ç  24. (8 ¡ ««®¢). � ©â¨ ®¡à §ë ¨ ï¤à  ¤«ï á«¥¤ãîé¨å ®¯¥à -â®à®¢, ¤¥©áâ¢ãîé¨å ¢ R3: ) ¤«ï ®¯¥à â®à  A, § ¤ ®£® ä®à¬ã«®©A~x = (~x �~a)~b;£¤¥ ~a;~b 	 ä¨ªá¨à®¢ ë¥ ¥ã«¥¢ë¥ ¢¥ªâ®àë;¡) ¤«ï ®¯¥à â®à  A, § ¤ ®£® ä®à¬ã«®©A0@ �1�2�31A = 0@ �1 + �20�1 + �2 + �31A :� ¤ ç  25. (7 ¡ ««®¢). � ¯à®áâà áâ¢¥ Mn (n � n)-¬ âà¨æ á ¢¥-é¥áâ¢¥ë¬¨ í«¥¬¥â ¬¨ à áá¬ âà¨¢ ¥âáï ®¯¥à â®à âà á¯®¨à®-¢ ¨ï A, á®¯®áâ ¢«ïîé¨© ¬ âà¨æ¥ b âà á¯®¨à®¢ ãî ¬ âà¨æãbt: Ab = bt. � ©â¨ á®¡áâ¢¥ë¥ § ç¥¨ï ¨ á®¡áâ¢¥ë¥ í«¥¬¥âë.� ©â¨  «£¥¡à ¨ç¥áªãî ¨ £¥®¬¥âà¨ç¥áªãî ªà â®áâ¨ á®¡áâ¢¥ëå§ ç¥¨© ¨ ¢ëïá¨âì, ï¢«ï¥âáï «¨ ®¯¥à â®à A ¤¨ £® «¨§ã¥¬ë¬.-9-



� ¤ ç  26. (7 ¡ ««®¢). � ¯à®áâà áâ¢¥ Òn ¬®£®ç«¥®¢ áâ¥¯¥¨ � n(á ¢¥é¥áâ¢¥ë¬¨ ª®íää¨æ¨¥â ¬¨) à áá¬ âà¨¢ ¥âáï ®¯¥à â®àA = t ddt;á®¯®áâ ¢«ïîé¨© ¬®£®ç«¥ã P (t) ¬®£®ç«¥ (AP )(t) = tP 0(t). � ©â¨á®¡áâ¢¥ë¥ § ç¥¨ï ¨ á®¡áâ¢¥ë¥ í«¥¬¥âë. � ©â¨  «£¥¡à ¨ç¥-áªãî ¨ £¥®¬¥âà¨ç¥áªãî ªà â®áâ¨ á®¡áâ¢¥ëå § ç¥¨© ¨ ¢ëïá¨âì,ï¢«ï¥âáï «¨ ®¯¥à â®à A ¤¨ £® «¨§ã¥¬ë¬.� ¤ ç  27. (7 ¡ ««®¢). � ¯à®áâà áâ¢¥ Òn ¬®£®ç«¥®¢ áâ¥¯¥¨ � n(á ¢¥é¥áâ¢¥ë¬¨ ª®íää¨æ¨¥â ¬¨) à áá¬ âà¨¢ ¥âáï ®¯¥à â®àA = 1t Z t0 ;á®¯®áâ ¢«ïîé¨© ¬®£®ç«¥ã P (t) ¬®£®ç«¥(AP )(t) = 1t Z t0 P (� )d�:� ©â¨ á®¡áâ¢¥ë¥ § ç¥¨ï ¨ á®¡áâ¢¥ë¥ í«¥¬¥âë. � ©â¨  «-£¥¡à ¨ç¥áªãî ¨ £¥®¬¥âà¨ç¥áªãî ªà â®áâ¨ á®¡áâ¢¥ëå § ç¥¨© ¨¢ëïá¨âì, ï¢«ï¥âáï «¨ ®¯¥à â®à A ¤¨ £® «¨§ã¥¬ë¬.� ¤ ç  28. (7 ¡ ««®¢). � ¯à®áâà áâ¢¥E = Lf1; cosx; sinx; cos 2x; sin 2x; . . . ; cosmx; sinmxg(âà¨£®®¬¥âà¨ç¥áª¨å ¬®£®ç«¥®¢ áâ¥¯¥¨ � m á ¢¥é¥áâ¢¥ë¬¨ª®íää¨æ¨¥â ¬¨) à áá¬ âà¨¢ ¥âáï ®¯¥à â®àA = d2dx2 ;á®¯®áâ ¢«ïîé¨© âà¨£®®¬¥âà¨ç¥áª®¬ã ¬®£®ç«¥ã f (x) âà¨£®®¬¥-âà¨ç¥áª¨© ¬®£®ç«¥ (Af)(x) = d2fdx2 :-10-



� ©â¨ á®¡áâ¢¥ë¥ § ç¥¨ï ¨ á®¡áâ¢¥ë¥ í«¥¬¥âë. � ©â¨  «-£¥¡à ¨ç¥áªãî ¨ £¥®¬¥âà¨ç¥áªãî ªà â®áâ¨ á®¡áâ¢¥ëå § ç¥¨© ¨¢ëïá¨âì, ï¢«ï¥âáï «¨ ®¯¥à â®à A ¤¨ £® «¨§ã¥¬ë¬.� ¤ ç  29. (9 ¡ ««®¢). �ãáâì E 	 n-¬¥à®¥ «¨¥©®¥ ¯à®áâà áâ¢® ¤ ¯®«¥¬ C. �ãáâì ®¯¥à â®à A 2 Ë(E) ¨¬¥¥â n à §«¨çëå á®¡áâ¢¥-ëå § ç¥¨©. �ãáâì ®¯¥à â®à B 2 Ë(E) ª®¬¬ãâ¨àã¥â á A, â® ¥áâì,AB = BA. �®ª ¦¨â¥, çâ® «î¡®© á®¡áâ¢¥ë© ¢¥ªâ®à ®¯¥à â®à  Aï¢«ï¥âáï á®¡áâ¢¥ë¬ ¨ ¤«ï ®¯¥à â®à  B.� ¤ ç  30. (7 ¡ ««®¢). �ãáâì E 	 n-¬¥à®¥ «¨¥©®¥ ¯à®áâà áâ¢® ¤ ¯®«¥¬ C. �®ª ¦¨â¥, çâ® á®¡áâ¢¥ë© ¢¥ªâ®à «¨¥©®£® ®¯¥à -â®à  A 2 Ë(E) á á®¡áâ¢¥ë¬ § ç¥¨¥¬ � ï¢«ï¥âáï á®¡áâ¢¥ë¬¢¥ªâ®à®¬ ¤«ï ®¯¥à â®à  P (A) á á®¡áâ¢¥ë¬ § ç¥¨¥¬ P (�). �¤¥áìP (t) 	 ª ª®©-«¨¡® ¬®£®ç«¥.� ¤ ç  31. (8 ¡ ««®¢). �ãáâì a = (�1; . . . ; �n) 	 ¥ã«¥¢ ï ¬ âà¨æ -áâà®ª , £¤¥ ¢á¥ �j 2 R. � ©â¨ á®¡áâ¢¥ë¥ § ç¥¨ï ¨ á®¡áâ¢¥ë¥¢¥ªâ®àë (n � n)-¬ âà¨æë b = ata. � ©â¨  «£¥¡à ¨ç¥áªãî ¨ £¥®¬¥-âà¨ç¥áªãî ªà â®áâ¨ á®¡áâ¢¥ëå § ç¥¨© ¨ ¢ëïá¨âì, ï¢«ï¥âáï«¨ ¬ âà¨æ  b ¤¨ £® «¨§ã¥¬®©.� ¤ ç  32. (8 ¡ ««®¢). � ¯à®áâà áâ¢¥ Òn ¬®£®ç«¥®¢ áâ¥¯¥¨ ¥¢ëè¥ n (á ¢¥é¥áâ¢¥ë¬¨ ª®íää¨æ¨¥â ¬¨) à áá¬ âà¨¢ ¥âáï ®¯¥à -â®à ¤¨ää¥à¥æ¨à®¢ ¨ï A : Òn ! Òn, á®¯®áâ ¢«ïîé¨© ¬®£®ç«¥ãP (t) ¥£® ¯à®¨§¢®¤ãî: (AP )(t) = P 0(t). � ©â¨ ®¯¥à â®àë eA ¨ cosA.�¡à §æë à¥è¥¨©�¥è¥¨¥ § ¤ ç¨ 5. �¡®§ ç¨¬ ç¥à¥§ X ¬®¦¥áâ¢® ¬ âà¨æ ¢¨¤ A = � a b2b a� ; (1)£¤¥ a; b 	 ¯à®¨§¢®«ìë¥ ¢¥é¥áâ¢¥ë¥ ç¨á« . �ç¥¢¨¤®, íâ® ¬®-¦¥áâ¢® § ¬ªãâ® ®â®á¨â¥«ì® á«®¦¥¨ï, ¯®áª®«ìªãA1 + A2 = � a1 b12b1 a1�+ � a2 b22b2 a2� = � a1 + a2 b1 + b22(b1 + b2) a1 + a2� :-11-



�ç¥¢¨¤® â ª¦¥, çâ® ®¯¥à æ¨ï á«®¦¥¨ï   ¬®¦¥áâ¢¥ X  áá®æ¨ -â¨¢  ¨ ª®¬¬ãâ â¨¢ , â® ¥áâìA1 + A2 = A2 +A1;A1 + (A2 + A3) = (A1 + A2) + A3;¤«ï «î¡ëå ¬ âà¨æ A1; A2; A3 2 X . � ¬®¦¥áâ¢¥ X ¥áâì ¥©âà «ìë©í«¥¬¥â ¯® á«®¦¥¨î 	 ã«¥¢ ï ¬ âà¨æ 0 = � 0 00 0� ;¨ ¤«ï ª ¦¤®© ¬ âà¨æë A ¢¨¤  (1) ¯à®â¨¢®¯®«®¦ ï ¬ âà¨æ �A = � �a �b�2b �a�â ª¦¥ ¯à¨ ¤«¥¦¨â ª« ááã X . �ë ã¡¥¤¨«¨áì, çâ® ¬®¦¥áâ¢® X¯à¥¤áâ ¢«ï¥â á®¡®©  ¡¥«¥¢ã £àã¯¯ã ¯® á«®¦¥¨î.� áá¬®âà¨¬ â¥¯¥àì ¯à®¨§¢¥¤¥¨¥ ¬ âà¨æ A1 ¨ A2 ª« áá  X:A1A2 = � a1 b12b1 a1�� a2 b22b2 a2� = � a1a2 + 2b1b2 a1b2 + a2b12(a1b2 + a2b1) a1a2 + 2b1b2� : (2)�§ (2) ¢¨¤®, çâ® A1A2 ¨¬¥¥â ¢¨¤ (1) ¯à¨ a = a1a2+2b1b2, b = a1b2+a2b1.�á® â ª¦¥, çâ® ã¬®¦¥¨¥ ¢ ª« áá¥ X ª®¬¬ãâ â¨¢®: A1A2 = A2A1.� ª¨¬ ®¡à §®¬, ¬®¦¥áâ¢® X ¯à¥¤áâ ¢«ï¥â á®¡®© ª®¬¬ãâ â¨¢-®¥ ª®«ìæ®. �¤ ª®, X ¥ ï¢«ï¥âáï ¯®«¥¬, ¯®áª®«ìªã áãé¥áâ¢ãîâ¥®¡à â¨¬ë¥ ¬ âà¨æë ª« áá  X, ®â«¨çë¥ ®â ã«¥¢®© ¬ âà¨æë.�¥©áâ¢¨â¥«ì®, ¥á«¨ a = �p2b, â® detA = a2 � 2b2 = 0, ¨ â®£¤ ¬ âà¨æ  A ¥®¡à â¨¬ .�¡®§ ç¨¬ ç¥à¥§ Y ¬®¦¥áâ¢® ¬ âà¨æ ¢¨¤  (1), £¤¥ a; b	 ¯à®¨§-¢®«ìë¥ à æ¨® «ìë¥ ç¨á« . �®ç® â ª ¦¥, ª ª ¤«ï X, ¬®¦® ¯à®-¢¥à¨âì, çâ® Y ï¢«ï¥âáï ª®¬¬ãâ â¨¢ë¬ ª®«ìæ®¬. �à¨ íâ®¬ «î¡ ï¥ã«¥¢ ï ¬ âà¨æ  ª« áá  Y ®¡à â¨¬ , ¯®áª®«ìªã detA = a2�2b2 6= 0,¥á«¨ a ¨ b 	 à æ¨® «ìë¥ ç¨á« , å®âï ¡ë ®¤® ¨§ ª®â®àëå ®â«¨ç®®â ã«ï. �ëç¨á«¨¬ ®¡à âãî ¬ âà¨æã:A�1 = 1a2 � 2b2 � a �b�2b a � :-12-



�á®, çâ® A�1 ¨¬¥¥â ¢¨¤ A�1 = � ea eb2eb ea� ;£¤¥ ea = aa2 � 2b2 ; eb = �ba2 � 2b2 :�¨á«  ea, eb à æ¨® «ìë ¢¬¥áâ¥ á a ¨ b. �«¥¤®¢ â¥«ì®, A�1 2 Y .�ë ¯à®¢¥à¨«¨, çâ® Y n0 ï¢«ï¥âáï  ¡¥«¥¢®© £àã¯¯®© ¯® ã¬®¦¥¨î.� ª¨¬ ®¡à §®¬, ¬®¦¥áâ¢® Y ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«¥.�¥è¥¨¥ § ¤ ç¨ 14. �à¥¦¤¥ ¢á¥£®, ®â¬¥â¨¬, çâ® C([0;1]) ï¢«ï¥âáï«¨¥©ë¬ ¯à®áâà áâ¢®¬  ¤ ¯®«¥¬ R, ¯®áª®«ìªã «î¡ ï «¨¥© ïª®¬¡¨ æ¨ï ¥¯à¥àë¢ëå   ®âà¥§ª¥ [0;1] äãªæ¨© á®¢  ï¢«ï¥â-áï ¥¯à¥àë¢®© äãªæ¨¥©. � «¥¥, ¬®¦¥áâ¢® Òn�1 ¬®£®ç«¥®¢áâ¥¯¥¨ ¥ ¢ëè¥ (n � 1) ®¡à §ã¥â ¯®¤¯à®áâà áâ¢® ¢ ¯à®áâà áâ¢¥C([0;1]), ¯®áª®«ìªã ¤«ï «î¡ëå ¤¢ãå ¬®£®ç«¥®¢ P1(x), P2(x) áâ¥¯¥-¨ ¥ ¢ëè¥ (n � 1), ¨ «î¡ëå ¢¥é¥áâ¢¥ëå ç¨á¥« �1, �2, äãªæ¨ïP (x) = �1P1(x)+�2P2(x) â®¦¥ ï¢«ï¥âáï ¬®£®ç«¥®¬ áâ¥¯¥¨ ¥ ¢ëè¥(n� 1). � ª®¥æ, ¬®¦¥áâ¢® G ®¡à §ã¥â ¯®¤¯à®áâà áâ¢® ¢ C([0;1]):¥á«¨ f1(x), f2(x) 	 ¥¯à¥àë¢ë¥   [0; 1] äãªæ¨¨, ®¡à é îé¨¥áï¢ ®«ì ¢ â®çª å x1; . . . ; xn, ¨ �1, �2 	 ¯à®¨§¢®«ìë¥ ¢¥é¥áâ¢¥ë¥ç¨á« , â® äãªæ¨ï f(x) = �1f1(x) + �2f2(x) â ª¦¥ ï¢«ï¥âáï ¥¯à¥-àë¢®© ¨ ®¡à é ¥âáï ¢ ®«ì ¢ ãª § ëå â®çª å.�à®¢¥à¨¬ â¥¯¥àì, çâ® «¨¥© ï áã¬¬  ¯®¤¯à®áâà áâ¢ Òn�1 ¨ Gï¢«ï¥âáï ¯àï¬®© áã¬¬®©. �«ï íâ®£® ¤®áâ â®ç® ã¡¥¤¨âìáï ¢ â®¬, çâ®¯¥à¥á¥ç¥¨¥ íâ¨å ¯®¤¯à®áâà áâ¢ á®áâ®¨â «¨èì ¨§ ã«¥¢®© äãªæ¨¨:Òn�1 \G = f0g. �ãáâì P 2 Òn�1 \G. �®£¤  P (x) ¯à¥¤áâ ¢«ï¥â á®¡®©¬®£®ç«¥ ¢¨¤  P (x) = p0 + p1x+ . . . + pn�1xn�1;¯à¨ç¥¬ P (x1) = . . . = P (xn) = 0:� ª ¨§¢¥áâ®, ¥ã«¥¢®© ¬®£®ç«¥ áâ¥¯¥¨ (n� 1) ¨¬¥¥â ¥ ¡®«¥¥,ç¥¬ (n � 1) ª®à¥ì (á ãç¥â®¬ ªà â®áâ¨). �®áª®«ìªã ã ¬®£®ç«¥ -13-



P (x) ¨¬¥¥âáï n à §«¨çëå ª®à¥©, § ª«îç ¥¬, çâ® íâ®â ¬®£®ç«¥â®¦¤¥áâ¢¥® à ¢¥ ã«î: P (x) = 0.�ë ¯®ª § «¨, çâ® Òn�1 \ G = f0g. �«¥¤®¢ â¥«ì®, áã¬¬  ¯®¤-¯à®áâà áâ¢ Òn�1 ¨ G ï¢«ï¥âáï ¯àï¬®© áã¬¬®©.�®ª ¦¥¬ â¥¯¥àì, çâ® íâ  ¯àï¬ ï áã¬¬  á®¢¯ ¤ ¥â á® ¢á¥¬ ¯à®-áâà áâ¢®¬ C([0; 1]). �«ï íâ®£®  ¤® ã¡¥¤¨âìáï, çâ® ¯à®¨§¢®«ìãî¥¯à¥àë¢ãî   ®âà¥§ª¥ [0; 1] äãªæ¨î f (x) ¬®¦® ¯à¥¤áâ ¢¨âì ¢¢¨¤¥ f (x) = P (x) + g(x); (3)£¤¥ P (x) 	 ¥ª®â®àë© ¯®«¨®¬ áâ¥¯¥¨ ¥ ¢ëè¥ (n � 1),   g(x) 	¥¯à¥àë¢ ï äãªæ¨ï â ª ï, çâ®g(xj) = 0; j = 1; . . . ; n: (4)�«ï ª ¦¤®£® i = 1; . . . ; n; ¯®áâà®¨¬ á ç «  ¬®£®ç«¥ Pi(x) áâ¥-¯¥¨ (n � 1), ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬Pi(xj) = �ij; j = 1; . . . ; n;â® ¥áâì Pi(x) ®¡à é ¥âáï ¢ ®«ì ¢® ¢á¥å â®çª å xj , ªà®¬¥ â®çª¨ xi,  ¢ â®çª¥ xi ¥£® § ç¥¨¥ à ¢® 1. �®£®ç«¥ Pi(x) «¥£ª® áª®áâàã-¨à®¢ âì ï¢®:Pi(x) = Íj 6=i(x� xj)Íj 6=i(xi � xj) = (x� x1) . . . (x � xi�1)(x � xi+1) . . . (x� xn)(xi � x1) . . . (xi � xi�1)(xi � xi+1) . . . (xi � xn) :�¥¯¥àì ¤«ï ¤ ®© ¥¯à¥àë¢®© äãªæ¨¨ f (x) ®¡®§ ç¨¬ aj =f (xj), j = 1; . . . ; n; ¨ ¯®«®¦¨¬P (x) := nXi=1 aiPi(x):�á®, çâ® P (x) ( §ë¢ ¥¬ë© ¨â¥à¯®«ïæ¨®ë¬ ¬®£®ç«¥®¬ � -£à ¦ ) ¯à¥¤áâ ¢«ï¥â á®¡®© ¬®£®ç«¥ áâ¥¯¥¨ ¥ ¢ëè¥ (n � 1),¯à¨ç¥¬P (xj) = nXi=1 aiPi(xj) = nXi=1 ai�ij = aj = f (xj); j = 1; . . . ; n:-14-



�®íâ®¬ã à §®áâì g(x) := f (x)� P (x) ¯à¥¤áâ ¢«ï¥â á®¡®© ¥¯à¥àë¢-ãî äãªæ¨î, ã¤®¢«¥â¢®àïîéãî à ¢¥áâ¢ ¬ (4). �â¨¬ ¤®ª § ®à §«®¦¥¨¥ (3).�¥è¥¨¥ § ¤ ç¨ 19. �à¨¢¥¤¥¬ à¥è¥¨¥ ¯ãªâ   ). �«ãç © ¡) à á-á¬ âà¨¢ ¥âáï   «®£¨ç®.� §¨áë¥ ¬ âà¨æë ®¡®§ ç¨¬ ç¥à¥§ ej , j = 1; 2;3; 4:e1 = � 1 00 0� ; e2 = � 0 10 0� ; e3 = � 0 01 0� ; e4 = � 0 00 1� :�¯¥à â®à A : M2 !M 2 ¤¥©áâ¢ã¥â ª ª ã¬®¦¥¨¥   ¤ ãî ¬ âà¨æãa = �� � � � á«¥¢ . �¨¥©®áâì ®¯¥à â®à  A ¢ëâ¥ª ¥â ¨§ á¢®©áâ¢¤¥©áâ¢¨©  ¤ ¬ âà¨æ ¬¨. �«ï «î¡ëå ¬ âà¨æ b1; b2 2 M 2 ¨ «î¡ëåç¨á¥« �1, �2 ¢ë¯®«¥®a(�1b1 + �2b2) = �1(ab1) + �2(ab2);â® ¥áâì, A(�1b1 + �2b2) = �1Ab1 + �2Ab2:�ëç¨á«¨¬ â¥¯¥àì ¬ âà¨æë Aej , j = 1; 2;3; 4. �¬¥¥¬:Ae1 = �� � � �� 1 00 0� = �� 0 0� = �e1 + e3;Ae2 = �� � � �� 0 10 0� = � 0 �0  � = �e2 + e4;Ae3 = �� � � �� 0 01 0� = �� 0� 0� = �e1 + �e3;Ae4 = �� � � �� 0 00 1� = �0 �0 � � = �e2 + �e4:�¡®§ ç¨¬ ç¥à¥§ ba ¨§®¡à ¦ îéãî ¬ âà¨æã ®¯¥à â®à  A ¢ ¡ -§¨á¥ ej , j = 1; 2;3; 4. �â® ¬ âà¨æ  à §¬¥à  (4 � 4). � á®®â¢¥âáâ¢¨¨-15-



á ®¡é¨¬¨ ¯à ¢¨« ¬¨ á®áâ ¢«¥¨ï ¨§®¡à ¦ îé¥© ¬ âà¨æë, ¥¥ i-ë© áâ®«¡¥æ ¯à¥¤áâ ¢«ï¥â á®¡®© ª®®à¤¨ âë í«¥¬¥â  Aei ¢ ¡ §¨á¥e1; e2; e3; e4. � ª¨¬ ®¡à §®¬,ba = 0B@� 0 � 00 � 0 � 0 � 00  0 � 1CA :�¥è¥¨¥ § ¤ ç¨ 22. � áá¬ âà¨¢ ¥âáï ®¯¥à â®à A : Òn ! Òn, § ¤ -ë© á®®â®è¥¨¥¬(AP )(t) = P (t+ 1) � P (t); t 2 R:� ¯¨è¥¬ ¬®£®ç«¥ P (t):P (t) = p0 + p1t+ p2t2 + . . . + pn�1tn�1 + pntn:�ãáâì P 2 KerA. �â® ®§ ç ¥â, çâ® P (t+1)�P (t) = 0 (â®¦¤¥áâ¢¥®¯® t 2 R), â® ¥áâì,p0 + p1(t+ 1) + p2(t+ 1)2 + . . . + pn�1(t+ 1)n�1 + pn(t+ 1)n�p0 � p1t� p2t2 � . . .� pn�1tn�1 � pntn = 0: (5)�®£®ç«¥, áâ®ïé¨© ¢ «¥¢®© ç áâ¨ (5), â®¦¤¥áâ¢¥® à ¢¥ ã-«î. �«¥¤®¢ â¥«ì®, ¢á¥ ª®íää¨æ¨¥âë ¯à¨ áâ¥¯¥ïå t ¢ «¥¢®©ç áâ¨ (5) à ¢ë ã«î. �®íää¨æ¨¥â ¯à¨ tn à ¢¥ ã«î  ¢â®¬ -â¨ç¥áª¨: pn � pn = 0. �à¨à ¢ï¥¬ ã«î ª®íää¨æ¨¥â ¯à¨ tn�1:pn�1+npn�pn�1 = 0. �âáî¤  ¯®«ãç ¥¬, çâ® pn = 0. �¦¥ á ãç¥â®¬ íâ®£®¯à¨à ¢ï¥¬ ã«î ª®íää¨æ¨¥â ¯à¨ tn�2: pn�2+(n�1)pn�1�pn�2 = 0.�«¥¤®¢ â¥«ì®, pn�1 = 0. �à®¤®«¦ ï íâ®â ¯à®æ¥áá, ¬ë ã¡¥¦¤ ¥¬-áï, çâ® ¢á¥ ª®íää¨æ¨¥âë ªà®¬¥ p0 à ¢ë ã«î. � ª¨¬ ®¡à §®¬,P (t) = p0 = const, â® ¥áâì, KerA = Ò0:-16-
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