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�­ «¨â¨ç¥áª ï £¥®¬¥âà¨ï.� ¤ ç¨ ª ª®««®ª¢¨ã¬ã (ãá¨«¥­­ë© ¯®â®ª)� â¥à¨ «, ª®â®àë© ¢ë­®á¨âáï ­  ª®««®ª¢¨ã¬ ¯® ªãàáã "�ëá-è ï  «£¥¡à " ¢ ¯¥à¢®¬ á¥¬¥áâà¥, ¯®á¢ïé¥­ à §¤¥«ã "�­ «¨â¨ç¥áª ï£¥®¬¥âà¨ï". �à¥¤« £ ¥¬®¥ ¯®á®¡¨¥ á®¤¥à¦¨â ­ ¡®à â¨¯®¢ëå § ¤ ç,¯à¥¤« £ ¥¬ëå áâã¤¥­â ¬ ­  ª®««®ª¢¨ã¬¥, á ®¡à §æ ¬¨ à¥è¥­¨© ¨ª®¬¬¥­â à¨ï¬¨. � ¤ ç¨ à §¤¥«¥­ë ¯® â¥¬ ¬, ¯à¨ íâ®¬ ­ã¬¥à æ¨ï§ ¤ ç 	 áª¢®§­ ï. � ¤ ç¨ ¨¬¥îâ à §­ë© ãà®¢¥­ì á«®¦­®áâ¨. �áª®¡ª å ãª § ­  á«®¦­®áâì § ¤ ç¨ ¯® ¤¥áïâ¨¡ «ì­®© èª «¥. �­ ç -«¥ ¯à¨¢¥¤¥­ á¯¨á®ª â¥®à¥â¨ç¥áª¨å ¢®¯à®á®¢, ª®â®àë¥ ¢ë­®áïâáï ­ ª®««®ª¢¨ã¬. �®¯à®áë ª ª®««®ª¢¨ã¬ã1. �®­ïâ¨¥ ¢¥ªâ®à  ¨ «¨­¥©­ë¥ ®¯¥à æ¨¨ ­ ¤ ¢¥ªâ®à ¬¨.2. �¨­¥©­ ï § ¢¨á¨¬®áâì ¢¥ªâ®à®¢. � §¨á. �®®à¤¨­ âë.3. �®¬¯®­¥­â  ¢¥ªâ®à  ¯® ®á¨. �à®¥ªæ¨ï ¢¥ªâ®à  ­  ®áì.4. �àï¬®ã£®«ì­ë¥ ¤¥ª àâ®¢ë á¨áâ¥¬ë ª®®à¤¨­ â. �à¨¥­â æ¨ï¯à®áâà ­áâ¢ .5. �ª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢.6. �¯à¥¤¥«¨â¥«¨ ¢â®à®£® ¨ âà¥âì¥£® ¯®àï¤ª®¢.7. �®­ïâ¨¥ ® ¯á¥¢¤®¢¥ªâ®à¥. �¥ªâ®à­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢.8. �¬¥è ­­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢.9. �¢®©­®¥ ¢¥ªâ®à­®¥ ¯à®¨§¢¥¤¥­¨¥.10. �àï¬ ï ­  ¯«®áª®áâ¨: ®¡é¥¥ ãà ¢­¥­¨¥, ãà ¢­¥­¨¥ ¯àï¬®© ¢®âà¥§ª å ­  ®áïå, ãà ¢­¥­¨¥ á ã£«®¢ë¬ ª®íää¨æ¨¥­â®¬.11. �àï¬ ï ­  ¯«®áª®áâ¨: ­®à¬ «ì­®¥ ãà ¢­¥­¨¥, à ááâ®ï­¨¥ ®ââ®çª¨ ¤® ¯àï¬®©. �§ ¨¬­®¥ à á¯®«®¦¥­¨¥ ¤¢ãå ¯àï¬ëå.12. �àï¬ ï ­  ¯«®áª®áâ¨: ª ­®­¨ç¥áª®¥ ¨ ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢-­¥­¨ï ¯àï¬®©.13. �«®áª®áâì ¢ ¯à®áâà ­áâ¢¥: ®¡é¥¥ ãà ¢­¥­¨¥ ¯«®áª®áâ¨, ­®à-¬ «ì­®¥ ãà ¢­¥­¨¥.14. � ááâ®ï­¨¥ ®â â®çª¨ ¤® ¯«®áª®áâ¨. �§ ¨¬­®¥ à á¯®«®¦¥­¨¥ ¤¢ãå¯«®áª®áâ¥©.15. �àï¬ ï ¢ ¯à®áâà ­áâ¢¥: ®¡é¨¥, ª ­®­¨ç¥áª¨¥ ¨ ¯ à ¬¥âà¨ç¥-áª¨¥ ãà ¢­¥­¨ï ¯àï¬®©. -3-



16. �§ ¨¬­®¥ à á¯®«®¦¥­¨¥ ¤¢ãå ¯àï¬ëå ¢ ¯à®áâà ­áâ¢¥. �§ ¨¬­®¥à á¯®«®¦¥­¨¥ ¯àï¬®© ¨ ¯«®áª®áâ¨.17. �ªàã¦­®áâì ¨ í««¨¯á.18. �¨¯¥à¡®« .19. � à ¡®« .20. �à¥®¡à §®¢ ­¨¥ ¤¥ª àâ®¢ëå ª®®à¤¨­ â ­  ¯«®áª®áâ¨.21. �à¥®¡à §®¢ ­¨¥ ®¡é¥£® ãà ¢­¥­¨ï ¢â®à®© áâ¥¯¥­¨ ­  ¯«®áª®áâ¨.22. �à¥®¡à §®¢ ­¨¥ ¤¥ª àâ®¢ëå ª®®à¤¨­ â ¢ âà¥å¬¥à­®¬ ¯à®áâà ­-áâ¢¥. �àâ®£®­ «ì­ë¥ ¬ âà¨æë.� ¤ ç¨ ª ª®««®ª¢¨ã¬ã�¥¬  1. �¥ªâ®à­ ï  «£¥¡à 1.1. �¨­¥©­ë¥ ®¯¥à æ¨¨ ­ ¤ ¢¥ªâ®à ¬¨� ¤ ç  1. (5 ¡ ««®¢). �­ ï ¢¥ªâ®àë, á«ã¦ é¨¥ áâ®à®­ ¬¨ âà¥-ã£®«ì­¨ª  ~AB = ~c, ~BC = ~a, ~CA = ~b, ­ ©â¨ ¢¥ªâ®àë, ª®««¨­¥ à­ë¥¡¨áá¥ªâà¨á ¬ ã£«®¢ íâ®£® âà¥ã£®«ì­¨ª .� ¤ ç  2. (7 ¡ ««®¢). �­ãâà¨ â¥âà í¤à  ABCD ¢§ïâ  â®çª  O.�®ª ¦¨â¥, çâ® ¥á« �̈ ~OA+ � ~OB + 
 ~OC + � ~OD = ~0;â® ç¨á«  �; �; 
; � ®¤­®£® §­ ª .1.2. �à®¥ªæ¨ï ¢¥ªâ®à  ­  ®áì� ¤ ç  3. (7 ¡ ««®¢). � ®á­®¢ ­¨¨ ¯¨à ¬¨¤ë «¥¦¨â á¥¬¨ã£®«ì­¨ª.�®¦­® «¨ ­  ¢á¥å ¥¥ à¥¡à å â ª à ááâ ¢¨âì áâà¥«ª¨, çâ® áã¬¬ ¯®«ãç¥­­ëå ¢¥ªâ®à®¢ ¡ã¤¥â à ¢­  ­ã«î?1.3. �ª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢� ¤ ç  4. (8 ¡ ««®¢). �  ¢­¥è­¨å ­®à¬ «ïå ª £à ­ï¬ â¥âà í¤à ®â«®¦¥­ë ¢¥ªâ®àë, ¯® ¤«¨­¥ à ¢­ë¥ ¯«®é ¤ï¬ á®®â¢¥âáâ¢ãîé¨å£à ­¥©. �®ª ¦¨â¥, çâ® áã¬¬  íâ¨å ¢¥ªâ®à®¢ à ¢­  ­ã«î.� ¤ ç  5. (4 ¡ «« ). �¥¬ã à ¢­  áã¬¬ ~a �~b+~b � ~c+ ~c �~a;¥á«¨ ~a; ~b; ~c 	 âà¨ ¥¤¨­¨ç­ëå ¢¥ªâ®à , ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨îj~a+~b+ ~cj = 2 ? -4-



1.4. �¯à¥¤¥«¨â¥«¨ ¢â®à®£® ¨ âà¥âì¥£® ¯®àï¤ª®¢� ¤ ç  6. (5 ¡ ««®¢). �®ª ¦¨â¥, çâ® â®çª¨ A1 = (x1; y1); A2 =(x2; y2); A3 = (x3; y3) «¥¦ â ­  ®¤­®© ¯àï¬®©, ¥á«¨ ¨ â®«ìª® ¥á«¨������x1 y1 1x2 y2 1x3 y3 1 ������ = 0:1.5. �¥ªâ®à­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢. �¬¥è ­­®¥ ¯à®¨§¢¥¤¥­¨¥� ¤ ç  7. (9 ¡ ««®¢). �á«¨ ~a ¨ ~b 	 § ¤ ­­ë¥ ­¥­ã«¥¢ë¥ ¢¥ªâ®àë,¬®¦­® «¨ ¯®¤®¡à âì ~x â ª, çâ®¡ë ~a = ~b�~x? �á¥£¤  «¨ § ¤ ç  ¨¬¥¥âà¥è¥­¨¥? �á«¨ à¥è¥­¨ï áãé¥áâ¢ãîâ, â® ®¯¨è¨â¥ ¬­®¦¥áâ¢® ¢á¥åà¥è¥­¨©.� ¤ ç  8. (9 ¡ ««®¢). � ­ë ­¥­ã«¥¢ë¥ ¢¥ªâ®àë ~a; ~b; ~c. �®ª § âì,çâ® á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:1) ~a�~b+~b� ~c+ ~c� ~a = ~02) ¥á«¨ ¢¥ªâ®àë ~a; ~b; ~c ®â«®¦¨âì ®â ®¤­®© â®çª¨, â® ª®­æë ¢¥ªâ®à®¢«¥¦ â ­  ®¤­®© ¯àï¬®©.� ¤ ç  9. (9 ¡ ««®¢). � ­ ¯ à ««¥«¥¯¨¯¥¤ ABCDA1B1C1D1. �®-ª § âì, çâ® áã¬¬  ª¢ ¤à â®¢ ¯«®é ¤¥© âà¥å ¥£® ¯®¯ à­® ­¥¯ à «-«¥«ì­ëå £à ­¥© à ¢­  áã¬¬¥ ª¢ ¤à â®¢ ¯«®é ¤¥© £à ­¥© â¥âà í¤à A1BC1D.� ¤ ç  10. (8 ¡ ««®¢). �ãáâì ~a; ~b; ~c 	 âà¨ «¨­¥©­® ­¥§ ¢¨á¨¬ëå¢¥ªâ®à . �®ª § âì, çâ® ¤«ï «î¡®£® ¢¥ªâ®à  ~x á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®~x = (~x�~b) � ~c(~a�~b) � ~c ~a+ (~a� ~x) �~c(~a�~b) � ~c ~b+ (~a�~b) � ~x(~a�~b) �~c ~c (1)(¯à¥¤áâ ¢«ïîé¥¥ á®¡®© à §«®¦¥­¨¥ ¢¥ªâ®à  ~x ¯® ¡ §¨áã ~a, ~b, ~c).� ¤ ç  11. (8 ¡ ««®¢). �ãáâì ~a; ~b; ~c; ~d	 ¥¤¨­¨ç­ë¥ ¢¥ªâ®àë, ¨¤ãé¨¥¨§ æ¥­âà  ¯à ¢¨«ì­®£® â¥âà í¤à  ¯® ­ ¯à ¢«¥­¨î ª ¥£® ¢¥àè¨­ ¬.�®ª ¦¨â¥, çâ® ¤«ï ¯à®¨§¢®«ì­®£® ¢¥ªâ®à  ~x á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®(~a � ~x)~a+ (~b � ~x)~b+ (~c � ~x)~c+ (~d � ~x)~d = 4~x3 : (2)-5-



1.6. �¢®©­®¥ ¢¥ªâ®à­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢� ¤ ç  12. (5 ¡ ««®¢). �ãáâì ~a 	 ¤ ­­ë© ­¥­ã«¥¢®© ¢¥ªâ®à. �®ª -§ âì, çâ® ¤«ï «î¡®£® ¢¥ªâ®à  ~x á¯à ¢¥¤«¨¢  ä®à¬ã« ~x = ~a � ~xj~aj2 ~a+ ~a� (~x� ~a)j~aj2(¯à¥áâ ¢«ïîé ï á®¡®© à §«®¦¥­¨¥ ¢¥ªâ®à  ~x ­  ª®¬¯®­¥­âã ¯® ¢¥ª-â®àã ~a ¨ ®àâ®£®­ «ì­ãî á®áâ ¢«ïîéãî).� ¤ ç  13. (10 ¡ ««®¢). �ãáâì ~a; ~b; ~c 	 ¤ ­­ë¥ ­¥­ã«¥¢ë¥ ¢¥ªâ®àë¨ � 	 ¤ ­­®¥ ç¨á«®. �®¦­® «¨ ­ ©â¨ ¢¥ªâ®à ~x, ®¤­®¢à¥¬¥­­®ã¤®¢«¥â¢®àïîé¨© ¤¢ã¬ ãà ¢­¥­¨ï¬: ~x � ~a = � ¨ ~x �~b = ~c ? �á¥£¤ «¨ § ¤ ç  ¨¬¥¥â à¥è¥­¨¥? �á«¨ à¥è¥­¨ï áãé¥áâ¢ãîâ, â® ®¯¨è¨â¥¬­®¦¥áâ¢® ¢á¥å à¥è¥­¨©.�¥¬  2. �àï¬ ï ¨ ¯«®áª®áâì2.1. �àï¬ ï ­  ¯«®áª®áâ¨� ¤ ç  14. (5 ¡ ««®¢). �  ®á¨  ¡áæ¨áá ­ ©â¨ â®çªã, ª®â®à ï ®âáâ®¨â®â ¯àï¬®© xa + yb = 1 ­  à ááâ®ï­¨¥ a.� ¤ ç  15. (8 ¡ ««®¢). �ãáâìM0 	 â®çª  ¯¥à¥á¥ç¥­¨ï ¤¢ãå ­¥¯ à «-«¥«ì­ëå ¯àï¬ëå L1 ¨ L2 ­  ¯«®áª®áâ¨. �àï¬ë¥ § ¤ ­ë ãà ¢­¥­¨ï¬¨L1 : A1x + B1y + C1 = 0, L2 : A2x + B2y + C2 = 0. �®ª § âì, çâ®ãà ¢­¥­¨¥ ¯ãçª  ¯àï¬ëå, ¯à®å®¤ïé¨å ç¥à¥§ â®çªã M0 ¨¬¥¥â ¢¨¤�(A1x+ B1y + C1) + �(A2x+ B2y + C2) = 0; �2 + �2 6= 0: (3)�­ ç¥ £®¢®àï, âà¥¡ã¥âáï ¤®ª § âì: 1) ¤«ï «î¡®© ¯ àë ç¨á¥« �, �,â ª¨å çâ® �2 + �2 6= 0, ãà ¢­¥­¨¥ (3) § ¤ ¥â ­¥ª®â®àãî ¯àï¬ãî,¯à®å®¤ïéãî ç¥à¥§ â®çªã M0; 2) ¤«ï «î¡®© ¯àï¬®©, ¯à®å®¤ïé¥©ç¥à¥§ â®çªã M0, ­ ©¤ãâáï ç¨á«  �;� (å®âï ¡ë ®¤­® ¨§ ª®â®àëå ­¥à ¢­® ­ã«î) â ª¨¥, çâ® ãà ¢­¥­¨¥ íâ®© ¯àï¬®© ¨¬¥¥â ¢¨¤ (3).� ¤ ç  16. (6 ¡ ««®¢). �àï¬ ï «¨­¨ï ¯¥à¥¬¥é ¥âáï â ª, çâ® ®âà¥§ª¨,®âá¥ª ¥¬ë¥ ¥î ­  ®áïå ª®®à¤¨­ â, á®åà ­ïîâ ¯®áâ®ï­­®¥ ®â­®è¥­¨¥a : b = q. � ©â¨ âà ¥ªâ®à¨î â®çª¨, ¤¥«ïé¥© ¢ ®â­®è¥­¨¨ � ®âà¥§®ª¯®¤¢¨¦­®© ¯àï¬®©, § ª«îç¥­­®© ¬¥¦¤ã ®áï¬¨ ª®®à¤¨­ â.-6-



� ¤ ç  17. (9 ¡ ««®¢). �®ª ¦¨â¥ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥. �â®¡ëâà¨ ¤ ­­ë¥ ¯àï¬ë¥ L1 : A1x+B1y+C1 = 0, L2 : A2x+B2y +C2 = 0,L3 : A3x+B3y+C3 = 0 ¯à®å®¤¨«¨ ç¥à¥§ ®¤­ã ¨ âã ¦¥ â®çªã, ­¥®¡å®-¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë, á®áâ ¢«¥­­®© ¨§ª®íää¨æ¨¥­â®¢ ãà ¢­¥­¨© ¨ á¢®¡®¤­ëå ç«¥­®¢, ®¡à é «áï ¢ ­®«ì,â® ¥áâì, ������A1 B1 C1A2 B2 C2A3 B3 C3 ������ = 0:2.2. �«®áª®áâì� ¤ ç  18. (6 ¡ ««®¢). �à®¢¥à¨âì, çâ® ¯«®áª®áâì, ¯¥à¯¥­¤¨ªã«ïà­ ïª ¤¨ £®­ «¨ ªã¡  ¨ ¯à®å®¤ïé ï ç¥à¥§ ¥¥ á¥à¥¤¨­ã, ¯¥à¥á¥ª ¥â ªã¡¯® ¯à ¢¨«ì­®¬ã è¥áâ¨ã£®«ì­¨ªã.� ¤ ç  19. (9 ¡ ««®¢). �ãáâì ¯àï¬ ï L0 § ¤ ­  ®¡é¨¬¨ ãà ¢­¥­¨ï¬¨A1x + B1y + C1z + D1 = 0; A2x + B2y + C2z + D2 = 0. (�«®áª®áâ¨Í1 : A1x + B1y + C1z + D1 = 0 ¨ Í2 : A2x + B2y + C2z + D2 =0 áç¨â îâáï ­¥¯ à ««¥«ì­ë¬¨.) �®ª § âì, çâ® ãà ¢­¥­¨¥ ¯ãçª ¯«®áª®áâ¥©, ¯à®å®¤ïé¨å ç¥à¥§ ¯àï¬ãî L0, ¨¬¥¥â ¢¨¤�(A1x+B1y+C1z+D1)+�(A2x+B2y+C2z+D2) = 0; �2+�2 6= 0: (4)�­ ç¥ £®¢®àï, âà¥¡ã¥âáï ¤®ª § âì: 1) ¤«ï «î¡®© ¯ àë ç¨á¥« �, �,â ª¨å çâ® �2 + �2 6= 0, ãà ¢­¥­¨¥ (4) § ¤ ¥â ­¥ª®â®àãî ¯«®áª®áâì,¯à®å®¤ïéãî ç¥à¥§ ¯àï¬ãî L0; 2) ¤«ï «î¡®© ¯«®áª®áâ¨, ¯à®å®¤ïé¥©ç¥à¥§ ¯àï¬ãî L0, ­ ©¤ãâáï ç¨á«  �;� (å®âï ¡ë ®¤­® ¨§ ª®â®àëå ­¥à ¢­® ­ã«î) â ª¨¥, çâ® ãà ¢­¥­¨¥ íâ®© ¯«®áª®áâ¨ ¨¬¥¥â ¢¨¤ (4).� ¤ ç  20. (9 ¡ ««®¢). �ãáâì M0 	 â®çª  ¯¥à¥á¥ç¥­¨ï âà¥å ¯«®á-ª®áâ¥© Í1 : A1x +B1y + C1z +D1 = 0, Í2 : A2x +B2y + C2z +D2 = 0,Í3 : A3x + B3y + C3z + D3 = 0. (�ç¨â ¥âáï, çâ® â®çª  ¯¥à¥á¥ç¥­¨ïíâ¨å âà¥å ¯«®áª®áâ¥© ¥¤¨­áâ¢¥­­ .) �®ª § âì, çâ® ãà ¢­¥­¨¥ á¢ï§ª¨¯«®áª®áâ¥©, ¯à®å®¤ïé¨å ç¥à¥§ â®çªã M0, ¨¬¥¥â ¢¨¤�(A1x+ B1y + C1z +D1) + �(A2x+ B2y + C2z +D2)+�(A3x+ B3y + C3z +D3) = 0; �2 + �2 + �2 6= 0: (5)�­ ç¥ £®¢®àï, âà¥¡ã¥âáï ¤®ª § âì: 1) ¤«ï «î¡®© âà®©ª¨ ç¨á¥« �,�, �, â ª¨å çâ® �2 + �2 + �2 6= 0, ãà ¢­¥­¨¥ (5) § ¤ ¥â ­¥ª®â®àãî-7-



¯«®áª®áâì, ¯à®å®¤ïéãî ç¥à¥§ â®çªã M0; 2) ¤«ï «î¡®© ¯«®áª®áâ¨,¯à®å®¤ïé¥© ç¥à¥§ â®çªã M0, ­ ©¤ãâáï ç¨á«  �; �; � (å®âï ¡ë ®¤­® ¨§ª®â®àëå ­¥ à ¢­® ­ã«î) â ª¨¥, çâ® ãà ¢­¥­¨¥ íâ®© ¯«®áª®áâ¨ ¨¬¥¥â¢¨¤ (5). 2.3. �àï¬ ï ¢ ¯à®áâà ­áâ¢¥� ¤ ç  21. (5 ¡ ««®¢). � ­ë â®çª¨ ¯¥à¥á¥ç¥­¨ï ¯àï¬®© á ¤¢ã¬ïª®®à¤¨­ â­ë¬¨ ¯«®áª®áâï¬¨: (x1; y1;0) ¨ (x2; 0; z2). �ëç¨á«¨âì ª®®à-¤¨­ âë â®çª¨ ¯¥à¥á¥ç¥­¨ï íâ®© ¦¥ ¯àï¬®© á âà¥âì¥© ª®®à¤¨­ â­®©¯«®áª®áâìî.� ¤ ç  22. (8 ¡ ««®¢). �ãáâì L1, L2, L3 	 âà¨ ¯®¯ à­® ¯¥à¥á¥ª î-é¨åáï ¯àï¬ëå, «¥¦ é¨å ¢ ®¤­®© ¯«®áª®áâ¨ Í. �àï¬ ï L ®¡à §ã¥âá ¯àï¬ë¬¨ L1, L2, L3 à ¢­ë¥ ã£«ë. �®ª § âì, çâ® ¯àï¬ ï L ®àâ®£®-­ «ì­  ¯«®áª®áâ¨ Í.� ¤ ç  23. (6 ¡ ««®¢). �ãáâì L1 ¨ L2 	 áªà¥é¨¢ îé¨¥áï ¯àï¬ë¥.�ãáâì ~s1 	 ­ ¯à ¢«ïîé¨© ¢¥ªâ®à ¯àï¬®© L1,   ~s2 	 ­ ¯à ¢«ïîé¨©¢¥ªâ®à ¯àï¬®© L2. �ãáâì ~r = ~M1M2, £¤¥ M1 	 ­¥ª®â®à ï â®çª ,«¥¦ é ï ­  ¯àï¬®© L1, ¨ M2 	 ­¥ª®â®à ï â®çª , «¥¦ é ï ­ ¯àï¬®© L2. �®ª § âì, çâ® à ááâ®ï­¨¥ d ¬¥¦¤ã ¯àï¬ë¬¨ L1 ¨ L2¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥ d = j(~s1 � ~s2) � ~rjj~s1 � ~s2j :� ¤ ç  24. (7 ¡ ««®¢). � ­ ªã¡ á à¥¡à®¬ 1. � ©¤¨â¥ à ááâ®ï­¨¥¬¥¦¤ã áªà¥é¨¢ îé¨¬¨áï ¤¨ £®­ «ï¬¨ ¤¢ãå ¥£® á®á¥¤­¨å £à ­¥©.� ¤ ç  25. (7 ¡ ««®¢). �®ª ¦¨â¥, çâ® ¯àï¬ ï L ®¡à §ã¥â à ¢­ë¥ã£«ë á ¤¢ã¬ï ¯¥à¥á¥ª îé¨¬¨áï ¯àï¬ë¬¨, ¥á«¨ ¨ â®«ìª® ¥á«¨ ®­ ¯¥à¯¥­¤¨ªã«ïà­  ¡¨áá¥ªâà¨á¥ ®¤­®£® ¨§ ®¡à §ã¥¬ëå ¨¬¨ ã£«®¢.�¥¬  3. �à¨¢ë¥ ¢â®à®£® ¯®àï¤ª 3.1. �««¨¯á� ¤ ç  26. (9 ¡ ««®¢). �®ª § âì, çâ® ª á â¥«ì­ ï ª í««¨¯áãx2a2 + y2b2 = 1;-8-



¯à®¢¥¤¥­­ ï ç¥à¥§ â®çªã M0(x0; y0) («¥¦ éãî ­  í««¨¯á¥), § ¤ ¥âáïãà ¢­¥­¨¥¬ xx0a2 + yy0b2 = 1:� ¤ ç  27. (9 ¡ ««®¢). �ä®à¬ã«¨à®¢ âì ¨ ¤®ª § âì ®¯â¨ç¥áª®¥á¢®©áâ¢® í««¨¯á . 3.2. �¨¯¥à¡®« � ¤ ç  28. (8 ¡ ««®¢). � ©â¨ ãá«®¢¨¥, ¯à¨ ª®â®à®¬ ¯àï¬ ï Ax +By + C = 0 ª á ¥âáï £¨¯¥à¡®«ëx2a2 � y2b2 = 1:� ¤ ç  29. (6 ¡ ««®¢). � ©¤¨â¥ £¥®¬¥âà¨ç¥áª®¥ ¬¥áâ® á¥à¥¤¨­ å®à¤£¨¯¥à¡®«ë, ¯à®å®¤ïé¨å ç¥à¥§ ¥¥ ¢¥àè¨­ã.� ¤ ç  30. (9 ¡ ««®¢). �ä®à¬ã«¨à®¢ âì ¨ ¤®ª § âì ®¯â¨ç¥áª®¥á¢®©áâ¢® £¨¯¥à¡®«ë. 3.3. � à ¡®« � ¤ ç  31. (9 ¡ ««®¢). �àï¬®© ã£®« ¯¥à¥¤¢¨£ ¥âáï â ª, çâ® ¥£®áâ®à®­ë ª á îâáï ¯ à ¡®«ë. � ©¤¨â¥ âà ¥ªâ®à¨î ¥£® ¢¥àè¨­ë.� ¤ ç  32. (7 ¡ ««®¢). �ä®à¬ã«¨à®¢ âì ¨ ¤®ª § âì ®¯â¨ç¥áª®¥á¢®©áâ¢® ¯ à ¡®«ë.3.4. �à¨¢¥¤¥­¨¥ ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã� ¤ ç  33. (6 ¡ ««®¢). �à¨ ª ª¨å a ãà ¢­¥­¨¥ x2 + axy + y2 = 1§ ¤ ¥â í««¨¯á?� ¤ ç  34. (6 ¡ ««®¢). �à¨ ª ª¨å a ãà ¢­¥­¨¥ x2 + axy + y2 = 1§ ¤ ¥â £¨¯¥à¡®«ã?� ¤ ç  35. (7 ¡ ««®¢). �ëïá­¨âì, ª ªãî ªà¨¢ãî § ¤ ¥â ãà ¢­¥­¨¥x2 + 2p3xy � y2 = 1:�  ª ª®© ã£®« ­ ¤® ¯®¢¥à­ãâì ®á¨ ª®®à¤¨­ â, çâ®¡ë ®àâ®£®­ «ì­ë¬¯à¥®¡à §®¢ ­¨¥¬ ¯à¨¢¥áâ¨ íâ® ãà ¢­¥­¨¥ ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã?-9-



�¥¬  4. �à¥®¡à §®¢ ­¨ï ¤¥ª àâ®¢ëå ª®®à¤¨­ â.�àâ®£®­ «ì­ë¥ ¬ âà¨æë� ¤ ç  36. (7 ¡ ««®¢). � ­  ¬ âà¨æ 0@ a b 0�b a 00 0 c1A :�à¨ ª ª¨å a; b; c ®­  ï¢«ï¥âáï ®àâ®£®­ «ì­®©? � ª ª®¬ á«ãç ¥ á®®â-¢¥âáâ¢ãîé¥¥ ¯à¥®¡à §®¢ ­¨¥ á®åà ­ï¥â ®à¨¥­â æ¨î ¯à®áâà ­áâ¢ ?� ¤ ç  37. (7 ¡ ««®¢). �ëïá­¨âì, ¯à¨ ª ª¨å §­ ç¥­¨ïå a; b; c; d; m; n®àâ®£®­ «ì­  á«¥¤ãîé ï ¬ âà¨æ :0@ 1 a bc d 1p2m 1p2 n 1A :�§¬¥­ï¥â «¨ ¯à¥®¡à §®¢ ­¨¥, á®®â¢¥âáâ¢ãîé¥¥ íâ®© ¬ âà¨æ¥, ®à¨-¥­â æ¨î ¯à®áâà ­áâ¢ ?� ¤ ç  38. (7 ¡ ««®¢). �ëïá­¨âì, ¯à¨ ª ª¨å §­ ç¥­¨ïå a; b; c; d; m; n®àâ®£®­ «ì­  á«¥¤ãîé ï ¬ âà¨æ 0@ 1=2 a bc �1 dm n 1=21A :�§¬¥­ï¥â «¨ ¯à¥®¡à §®¢ ­¨¥, á®®â¢¥âáâ¢ãîé¥¥ íâ®© ¬ âà¨æ¥, ®à¨-¥­â æ¨î ¯à®áâà ­áâ¢ ?�¡à §æë à¥è¥­¨©�¥è¥­¨¥ § ¤ ç¨ 4. �¡®§­ ç¨¬ ¯«®é ¤¨ £à ­¥© â¥âà í¤à  ç¥à¥§ Sj ,j = 1; 2; 3; 4. �ãáâì â®çª  O 	 ª ª ï-«¨¡® ¢­ãâà¥­­ïï â®çª  â¥âà -í¤à . �¥à¥§ hj ®¡®§­ ç¨¬ ¤«¨­ã ¯¥à¯¥­¤¨ªã«ïà , ®¯ãé¥­­®£® ¨§â®çª¨ O ­  j-ãî £à ­ì. �®£¤  ¨áå®¤­ë© â¥âà í¤à ABCD à §¡¨¢ ¥â-áï ­  ç¥âëà¥ â¥âà í¤à  OABC, OACD, OBCD, OABD. �ã¬¬¨àãï®¡ê¥¬ë íâ¨å â¥âà í¤à®¢, ¯®«ãç ¥¬:4Xj=1 hjSj = 3V;-10-



£¤¥ V 	 ®¡ê¥¬ ¨áå®¤­®£® â¥âà í¤à . �«ï ¤àã£®© ¢­ãâà¥­­¥© â®çª¨O0 â ª¦¥ ¢ë¯®«­¥­® 4Xj=1 h0jSj = 3V:�®íâ®¬ã 4Xj=1 (hj � h0j)Sj = 0: (6)�ãáâì ~Sj 	 ¢¥ªâ®à, ­ ¯à ¢«¥­­ë© ¯® ¢­¥è­¥© ­®à¬ «¨ ª j-®©£à ­¨, ¨ ¯® ¢¥«¨ç¨­¥ à ¢­ë© Sj . �ëç¨á«¨¬ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥¢¥ªâ®à  ~OO0 ­  ¢¥ªâ®à ~Sj : ~OO0 � ~Sj = (hj � h0j)Sj . �®£¤  à ¢¥­áâ¢® (6)®§­ ç ¥â, çâ® ~OO0 � 4Xj=1 ~Sj! = 0:�â® ¢ë¯®«­¥­® ¤«ï ¯à®¨§¢®«ì­®£® (¯® ­ ¯à ¢«¥­¨î) ¢¥ªâ®à  ~OO0.�«¥¤®¢ â¥«ì­®, P4j=1 ~Sj = ~0. ��®¬¬¥­â à¨© ª § ¤ ç¥ 10. �à¨ à¥è¥­¨¨ íâ®© § ¤ ç¨ ¯®«¥§­® ¨á-¯®«ì§®¢ âì á®®¡à ¦¥­¨¥ «¨­¥©­®áâ¨. �®áª®«ìªã á®®â­®è¥­¨¥ (1)«¨­¥©­® ®â­®á¨â¥«ì­® ¢¥ªâ®à  ~x, â®, ¨á¯®«ì§ãï à §«®¦¥­¨¥ íâ®£®¢¥ªâ®à  ¯® ¡ §¨áã ~a, ~b, ~c, «¥£ª® ã¡¥¤¨âìáï, çâ® ¤®áâ â®ç­® ¯à®¢¥à¨âìá¯à ¢¥¤«¨¢®áâì â®¦¤¥áâ¢  (1) «¨èì ¯à¨ ~x = ~a, ~x = ~b ¨ ~x = ~c.�®¬¬¥­â à¨© ª § ¤ ç¥ 11. �¤¥áì â ª¦¥ ¯®«¥§­® ¨á¯®«ì§®¢ âì á®-®¡à ¦¥­¨¥ «¨­¥©­®áâ¨, ¯®áª®«ìªã á®®â­®è¥­¨¥ (2) «¨­¥©­® ®â­®-á¨â¥«ì­® ¢¥ªâ®à  ~x. �à®¬¥ â®£®, ¯à¨ à¥è¥­¨¨ § ¤ ç¨ 11 ¬®¦¥â¯à¨£®¤¨âìáï à¥§ã«ìâ â § ¤ ç¨ 10.�¥è¥­¨¥ § ¤ ç¨ 13. �¨ªá¨àã¥¬ ¢ë¡®à ®à¨¥­â æ¨¨. �ã¤¥¬ áç¨â âì,çâ® ¢ë¡à ­  ¯®«®¦¨â¥«ì­ ï ®à¨¥­â æ¨ï ¯à®áâà ­áâ¢ .�§ ãà ¢­¥­¨ï ~x �~b = ~c ¢¨¤­®, çâ® ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬, ª®-â®à®¥ á«¥¤ã¥â ­ «®¦¨âì ­  ¢¥ªâ®àë ~b ¨ ~c ï¢«ï¥âáï ãá«®¢¨¥ ¨å®àâ®£®­ «ì­®áâ¨: ~b ? ~c. (�­ ç¥ à¥è¥­¨¥ ­¥ áãé¥áâ¢ã¥â.) �ã¤¥¬-11-



áç¨â âì íâ® ãá«®¢¨¥ ¢ë¯®«­¥­­ë¬. �®¬­®¦¨¬ ãà ¢­¥­¨¥ ~x �~b = ~c¢¥ªâ®à­® ­  ~a: ~a� (~x �~b) = ~a� ~c:�¥¢ãî ç áâì ¯à¥®¡à §ã¥¬ ¯® ä®à¬ã«¥ (¨§¢¥áâ­®©, ª ª "bac � cab")¤«ï ¤¢®©­®£® ¢¥ªâ®à­®£® ¯à®¨§¢¥¤¥­¨ï:~x(~a �~b)�~b(~a � ~x) = ~a� ~c: (7)�®¤áâ ¢«ïï ãà ¢­¥­¨¥ ~x �~a = � ¢ (7), ¯®«ãç ¥¬:~x(~a �~b) � �~b = ~a� ~c: (8)� «¥¥ ¢ë¤¥«ïîâáï ¤¢  á«ãç ï: á«ãç © 1, ª®£¤  ~a 6? ~b, ¨ á«ãç © 2,ª®£¤  ~a ? ~b.� ç­¥¬ á ¡®«¥¥ ¯à®áâ®£® á«ãç ï 1. �®áª®«ìªã ~a 6? ~b, â® ~a �~b 6= 0,¨ ¢¥ªâ®à ~x ¬®¦¥â ¡ëâì ­ ©¤¥­ ï¢­® ¨§ ãà ¢­¥­¨ï (8):~x = ~a� ~c + �~b~a �~b : (9)�¥âàã¤­® ¯à®¢¥à¨âì ¯àï¬®© ¯®¤áâ ­®¢ª®©, çâ® ¢¥ªâ®à (9) ã¤®¢«¥-â¢®àï¥â ®¡®¨¬ ãà ¢­¥­¨ï¬: ~x � ~a = � ¨ ~x �~b = ~c. �â ª, ¢ á«ãç ¥ 1à¥è¥­¨¥ áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­®.�¥à¥©¤¥¬ ª á«ãç î 2. �®áª®«ìªã á¥©ç á ~a�~b = 0, â® (8) ®§­ ç ¥â,çâ® § ¤ ­­ë¥ ¢¥ªâ®àë ~a, ~b, ~c ¨ ç¨á«® � ¤®«¦­ë ¯®¤ç¨­ïâìáï ãá«®¢¨î��~b = ~a� ~c: (10)�­ ç¥ à¥è¥­¨¥ ­¥ áãé¥áâ¢ã¥â. �ã¤¥¬ áç¨â âì ãá«®¢¨¥ (10) ¢ë¯®«-­¥­­ë¬. �§ ãà ¢­¥­¨ï ~x �~b = ~c ïá­®, çâ® ~x ? ~c. �®£¤  à¥è¥­¨¥¬ï¢«ï¥âáï ¯à®¨§¢®«ì­ë© ¢¥ªâ®à ~x, ®àâ®£®­ «ì­ë© ª ~c ¨ ã¤®¢«¥â¢®àï-îé¨© ãà ¢­¥­¨î ~x �~a = �. �ç¨â ï � 6= 0 (á«ãç © 2 ), ¯à®¢¥à¨¬, çâ®¢â®à®¥ ãà ¢­¥­¨¥ ¢ë¯®«­¥­®  ¢â®¬ â¨ç¥áª¨. �à¨ íâ®¬ ¨á¯®«ì§ã¥¬á®®â­®è¥­¨¥ (10), ä®à¬ã«ã ¤«ï ¤¢®©­®£® ¢¥ªâ®à­®£® ¯à®¨§¢¥¤¥­¨ï¨ ãá«®¢¨¥ ~x ? ~c. �®£¤ ~x �~b = � 1�~x� (~a� ~c) = � 1�~a(~x �~c) + 1�~c(~x �~a) = ~c:-12-



�ë ¢¨¤¨¬, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ à¥è¥­¨© ¡¥áª®­¥ç­® ¬­®-£®. �¥è¥­¨ï «¥¦ â ¢ ¯«®áª®áâ¨ Í, ¯¥à¯¥­¤¨ªã«ïà­®© ¢¥ªâ®àã ~c.�¥è¥­¨ï ¬®¦­® ¯ à ¬¥âà¨§®¢ âì ã£«®¬ 
 ¬¥¦¤ã ~a ¨ ~x. �à¨ íâ®¬,¥á«¨ � > 0, â® 
0 � 
 < �=2,   ¥á«¨ � < 0, â® �=2 < 
 � � � 
0. �¤¥áì
0 	 ã£®« ¬¥¦¤ã ¢¥ªâ®à®¬ ~a ¨ ¯«®áª®áâìî Í. �à¨ § ¤ ­­®¬ 
 ¤«¨­ã¢¥ªâ®à  ~x ¬®¦­® ­ ©â¨ ¯® ä®à¬ã«¥j~xj = �j~aj cos
 :�áâ ¥âáï à §®¡à âì á«ãç © 2¡, ª®£¤  � = 0. �á«®¢¨¥ (7) ¢ íâ®¬á«ãç ¥ ®§­ ç ¥â, çâ® ¢¥ªâ®àë ~a ¨ ~c ª®««¨­¥ à­ë. �®£¤  ¤«ï «î¡®£®¢¥ªâ®à  ~x, ®àâ®£®­ «ì­®£® ª ~c  ¢â®¬ â¨ç¥áª¨ ¢ë¯®«­ï¥âáï ~x �~a = 0 =�. �¥è¥­¨¥¬ ¢ íâ®¬ á«ãç ¥ ï¢«ï¥âáï «î¡®© ¢¥ªâ®à ~x, ®àâ®£®­ «ì­ë©ª ~c ¨ ã¤®¢«¥â¢®àïîé¨© ãà ¢­¥­¨î ~x �~b = ~c. �¥è¥­¨© ¡¥áª®­¥ç­®¬­®£®. �¥è¥­¨¥ ~x ¬®¦­® ¯ à ¬¥âà¨§®¢ âì ã£«®¬ � ¬¥¦¤ã ~x ¨ ~b.(�à¨ íâ®¬ 0 < � < �.) �«¨­  ¢¥ªâ®à  ~x ­ å®¤¨âáï ¨§ á®®â­®è¥­¨ïj~xj = j~cjj~bj sin � ;  ­ ¯à ¢«¥­¨¥ (¨§ ¤¢ãå ¢®§¬®¦­ëå) ¢ë¡¨à ¥âáï â ª, çâ®¡ë ~x, ~b, ~c®¡à §®¢ë¢ «¨ ¯à ¢ãî âà®©ªã.�â¢¥â.1) � á«ãç ¥ ~b 6? ~c § ¤ ç  ­¥ ¨¬¥¥â à¥è¥­¨©.2) � á«ãç ¥ ~b ? ~c ¨ ~a 6? ~b à¥è¥­¨¥ áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­®. �­®®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (9).3) �á«¨ ~b ? ~c, ~a ? ~b ­® ��~b 6= ~a� ~c, â® § ¤ ç  ­¥ ¨¬¥¥â à¥è¥­¨©.4) �á«¨ ~b ? ~c, ~a ? ~b ¨ ��~b = ~a� ~c, â® à¥è¥­¨© ¡¥áª®­¥ç­® ¬­®£®.�¥è¥­¨¥ § ¤ ç¨ 15. 1) �®®à¤¨­ âë x0; y0 â®çª¨ M0 ®¯à¥¤¥«ïîâáï¨§ á¨áâ¥¬ë ãà ¢­¥­¨©(A1x0 + B1y0 + C1 = 0;A2x0 + B2y0 + C2 = 0: (11)(�â  á¨áâ¥¬  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, ¯®áª®«ìªã ¯® ãá«®¢¨î¯àï¬ë¥ L1 ¨ L2 ­¥¯ à ««¥«ì­ë, â® ¥áâì A1A2 6= B1B2 .) �ç¥¢¨¤­®, ª®®à-¤¨­ âë x0; y0 ¡ã¤ãâ â ª¦¥ ã¤®¢«¥â¢®àïâì ãà ¢­¥­¨î�(A1x0 +B1y0 + C1) + �(A2x0 + B2y0 + C2) = 0;-13-



ª ª¨¬¨ ¡ë ­¨ ¡ë«¨ ç¨á«  � ¨ �.� ª¨¬ ®¡à §®¬, ¤«ï «î¡®© ¯ àë ç¨á¥« �; � (å®âï ¡ë ®¤­® ¨§ ª®â®-àëå ®â«¨ç­® ®â ­ã«ï) ¯àï¬ ï L, § ¤ ­­ ï ãà ¢­¥­¨¥¬ (3), ¯à®å®¤¨âç¥à¥§ â®çªã M0.2) �¡à â­®, ¯ãáâì L 	 ­¥ª®â®à ï ¯àï¬ ï, ¯à®å®¤ïé ï ç¥à¥§â®çªã M0. �à¥¡ã¥âáï ¯®ª § âì, çâ® ­ ©¤ãâáï â ª¨¥ ç¨á«  �; �, çâ®ãà ¢­¥­¨¥ ¯àï¬®© L ¨¬¥¥â ¢¨¤ (3).�ãáâì ~n1 = A1~i + B1~j 	 ¢¥ªâ®à ­®à¬ «¨ ª ¯àï¬®© L1, ¨~n2 = A2~i + B2~j 	 ¢¥ªâ®à ­®à¬ «¨ ª ¯àï¬®© L2. �¥ªâ®àë ~n1 ¨ ~n2­¥ª®««¨­¥ à­ë (â ª ª ª ¯® ãá«®¢¨î ¯àï¬ë¥ L1 ¨ L2 ­¥¯ à ««¥«ì-­ë). �®£¤  ¢¥ªâ®àë ~n1 ¨ ~n2 ®¡à §ãîâ ¡ §¨á ­  ¯«®áª®áâ¨. �ãáâì~n = A~i+ B~j 	 (­¥­ã«¥¢®©) ¢¥ªâ®à ­®à¬ «¨ ª ¯àï¬®© L. � §«®¦¨¬¢¥ªâ®à ~n ¯® ¡ §¨áã ~n1, ~n2: ~n = �~n1 + �~n2. �à¨ íâ®¬ �2 + �2 6= 0,¯®áª®«ìªã ~n 6= ~0. �®«ãç ¥¬:~n = �(A1~i+ B1~j) + �(A2~i+ B2~j) = (�A1 + �A2)~i+ (�B1 + �B2)~j:�à ¢­¥­¨¥ ¯àï¬®© L, ¯à®å®¤ïé¥© ç¥à¥§ â®çªã M0 á ª®®à¤¨­ â ¬¨x0; y0, ¯¥à¯¥­¤¨ªã«ïà­® ¢¥ªâ®àã ­®à¬ «¨ ~n, ¨¬¥¥â ¢¨¤(�A1 + �A2)(x � x0) + (�B1 + �B2)(y � y0) = 0;çâ® ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥�(A1x +B1y � A1x0 � B1y0) + �(A2x+ B2y � A2x0 � B2y0) = 0: (12)�§ (11) á«¥¤ã¥â, çâ® �A1x0 � B1y0 = C1, �A2x0 � B2y0 = C2. �®£¤ ãà ¢­¥­¨¥ (12) ¯à¨­¨¬ ¥â ¢¨¤�(A1x+ B1y + C1) + �(A2x+ B2y + C2) = 0:�¥è¥­¨¥ § ¤ ç¨ 22. �ãáâì ~s 	 ­ ¯à ¢«ïîé¨© ¢¥ªâ®à ¯àï¬®© L.�® ãá«®¢¨î ¯àï¬ ï L ®¡à §ã¥â à ¢­ë¥ ã£«ë á ¯àï¬ë¬¨ L1, L2,L3. �ãáâì ~s1, ~s2, ~s3 	 ¥¤¨­¨ç­ë¥ ­ ¯à ¢«ïîé¨¥ ¢¥ªâ®àë ¯àï¬ëåL1, L2, L3 á®®â¢¥âáâ¢¥­­®. � ¦¤ë© ¨§ íâ¨å ¢¥ªâ®à®¢ ®¯à¥¤¥«¥­ áâ®ç­®áâìî ¤® § ¬¥­ë ¥£® ­ ¯à ¢«¥­¨ï ­  ¯à®â¨¢®¯®«®¦­®¥. �®£¤ -14-



¬®¦­® ä¨ªá¨à®¢ âì ¢ë¡®à ­ ¯à ¢«¥­¨ï íâ¨å ¢¥ªâ®à®¢ â ª, çâ® ¡ã¤ãâ¢ë¯®«­¥­ë à ¢¥­áâ¢  ~s � ~s1 = ~s � ~s2 = ~s � ~s3:�âáî¤  á«¥¤ã¥â, çâ® ~s ? ~s1 � ~s2 ¨ ~s ? ~s1 � ~s3.�®áª®«ìªã ¯® ãá«®¢¨î L1, L2, L3 	 âà¨ ¯®¯ à­® ¯¥à¥á¥ª îé¨¥áï¯àï¬ë¥, «¥¦ é¨¥ ¢ ®¤­®© ¯«®áª®áâ¨ Í, â® ¥¤¨­¨ç­ë¥ ¢¥ªâ®àë ~s1, ~s2,~s3 ª®¬¯« ­ à­ë, ­® áà¥¤¨ ­¨å ­¥â ª®««¨­¥ à­®© ¯ àë. � íâ®¬ á«ãç ¥¢¥ªâ®àë ~a = ~s1�~s2 ¨ ~b = ~s1�~s3 ­¥ª®««¨­¥ à­ë. �¥©áâ¢¨â¥«ì­®, ¥á«¨¡ë ¢¥ªâ®àë ~a ¨ ~b ¡ë«¨ ª®««¨­¥ à­ë, íâ® ®§­ ç «® ¡ë, çâ® ª®­æë¢¥ªâ®à®¢ ~s1, ~s2, ~s3, ¯à®¢¥¤¥­­ëå ¨§ ®¤­®© â®çª¨, «¥¦ â ­  ®¤­®©¯àï¬®©. �«ï ¥¤¨­¨ç­ëå ¢¥ªâ®à®¢ (áà¥¤¨ ª®â®àëå ­¥â ª®««¨­¥ à­®©¯ àë) íâ® ­¥¢®§¬®¦­®.� ª¨¬ ®¡à §®¬, ¬ë ¯®ª § «¨, çâ® ¢¥ªâ®à ~s ¯¥à¯¥­¤¨ªã«ïà¥­ª ¤¢ã¬ ­¥ª®««¨­¥ à­ë¬ ¢¥ªâ®à ¬ ~a ¨ ~b, «¥¦ é¨¬ ¢ ¯«®áª®áâ¨ Í.�®áª®«ìªã «î¡®© ¢¥ªâ®à, «¥¦ é¨© ¢ ¯«®áª®áâ¨ Í, ¬®¦­® à §«®¦¨âì¯® ¡ §¨áã ~a, ~b, â® ¢¥ªâ®à ~s ®àâ®£®­ «¥­ ª® ¢á¥¬ ¢¥ªâ®à ¬, «¥¦ é¨¬¢ íâ®© ¯«®áª®áâ¨.�¥è¥­¨¥ § ¤ ç¨ 27. �®à¬ã«¨à®¢ª  ®¯â¨ç¥áª®£® á¢®©áâ¢  í««¨¯á ¯à¨¢®¤¨âáï ­  «¥ªæ¨ïå. �¨§¨ç¥áª ï ä®à¬ã«¨à®¢ª  á®áâ®¨â ¢ â®¬,çâ® «ãç á¢¥â , ¢ë¯ãé¥­­®£® ¨§ ®¤­®£® ä®ªãá  í««¨¯á , ¯®á«¥ ®â-à ¦¥­¨ï ®â í««¨¯á  ¯à¨å®¤¨â ¢ ¤àã£®© ä®ªãá. �á¯®«ì§ãï § ª®­®âà ¦¥­¨ï (ã£®« ¯ ¤¥­¨ï à ¢¥­ ã£«ã ®âà ¦¥­¨ï) «¥£ª® ¤ âì ¬ â¥-¬ â¨ç¥áªãî ä®à¬ã«¨à®¢ªã ®¯â¨ç¥áª®£® á¢®©áâ¢ : ª á â¥«ì­ ï ªí««¨¯áã ¢ ¤ ­­®© â®çª¥ í««¨¯á  ®¡à §ã¥â à ¢­ë¥ ã£«ë á ä®ª «ì­ë-¬¨ à ¤¨ãá ¬¨, ¯à®¢¥¤¥­­ë¬¨ ¢ íâã â®çªã.� áá¬®âà¨¬ í««¨¯á, § ¤ ­­ë© ª ­®­¨ç¥áª¨¬ ãà ¢­¥­¨¥¬x2a2 + y2b2 = 1:�ãáâì F1 	 ä®ªãá á ª®®à¤¨­ â ¬¨ (�c; 0), ¨ F2 	 ä®ªãá á ª®®à¤¨-­ â ¬¨ (c; 0), £¤¥ c = pa2 � b2. �ãáâì M0 	 â®çª  á ª®®à¤¨­ â ¬¨(x0; y0), «¥¦ é ï ­  í««¨¯á¥. �à ¢­¥­¨¥ ª á â¥«ì­®© L ª í««¨¯áã,¯à®¢¥¤¥­­®© ç¥à¥§ â®çªã M0, ¨¬¥¥â ¢¨¤xx0a2 + yy0b2 = 1:-15-



�à¨¢¥¤¥¬ íâ® ãà ¢­¥­¨¥ ª ­®à¬ «ì­®¬ã ¢¨¤ã:xx0�a2 + yy0�b2 � 1� = 0;£¤¥ � =rx20a4 + y20b4 :�® ä®à¬ã«¥ ¤«ï à ááâ®ï­¨ï ®â â®çª¨ ¤® ¯àï¬®© ¢ëç¨á«¨¬ à ááâ®-ï­¨¥ h1 ®â ä®ªãá  F1 ¤® ª á â¥«ì­®© L:h1 = ����� cx0�a2 � 1� ���� = 1�a (a+ ex0): (13)�­ «®£¨ç­®, à ááâ®ï­¨¥ h2 ®â ä®ªãá  F2 ¤® L à ¢­®h2 = ���� cx0�a2 � 1� ���� = 1�a (a� ex0): (14)�¤¥áì ¨á¯®«ì§®¢ ­® ®¡®§­ ç¥­¨¥ e = ca (e	 íªáæ¥­âà¨á¨â¥â í««¨¯á ).� «¥¥, ¯ãáâì r1 = jF1M0j, r2 = jF2M0j 	 ä®ª «ì­ë¥ à ¤¨ãáëâ®çª¨ M0. �®á¯®«ì§ã¥¬áï ä®à¬ã« ¬¨ ¤«ï ä®ª «ì­ëå à ¤¨ãá®¢:r1 = a+ ex0; r2 = a� ex0: (15)�ãáâì � 	 (¬¥­ìè¨©) ã£®« ¬¥¦¤ã ª á â¥«ì­®© L ¨ ä®ª «ì­ë¬à ¤¨ãá®¬ ~r1 = ~F1M0, ¨ ¯ãáâì � 	 (¬¥­ìè¨©) ã£®« ¬¥¦¤ã ª á â¥«ì­®©L ¨ ä®ª «ì­ë¬ à ¤¨ãá®¬ ~r2 = ~F2M0. �á­®, çâ®sin� = h1r1 ; sin� = h2r2 :�§ (13)�(15) ¢¨¤­®, çâ® sin� = sin� = 1�a:�«¥¤®¢ â¥«ì­®, � = �, çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.-16-



�¥è¥­¨¥ § ¤ ç¨ 33. � áá¬®âà¨¬ ãà ¢­¥­¨¥ x2 + axy + y2 = 1. �á®®â¢¥âáâ¢¨¨ á ®¡é¥© ¯à®æ¥¤ãà®© ¯à¨¢¥¤¥­¨ï ãà ¢­¥­¨ï ¢â®à®£®¯®àï¤ª  ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã, ­ ¤® ¨§¡ ¢¨âìáï ®â ¯¥à¥ªà¥áâ­®£®ç«¥­  §  áç¥â ¯®¢®à®â  ®á¥© ª®®à¤¨­ â ­  ¯®¤å®¤ïé¨© ã£®«. �à¨íâ®¬, ¥á«¨ ç«¥­ë ¢â®à®£® ¯®àï¤ª  ¨¬¥îâ ¢¨¤ Ax2 + 2Bxy + Cy2,£¤¥ A = C, â® á«¥¤ã¥â ¯®¢¥à­ãâì ®á¨ ­  ã£®« �=4. �®£¤  ­®¢ë¥ª®®à¤¨­ âë x0; y0 á¢ï§ ­ë á ¨áå®¤­ë¬¨ ª®®à¤¨­ â ¬¨ x; y ä®à¬ã« ¬¨x = x0p2 � y0p2 ; y = x0p2 + y0p2 :�®£¤  x2 + y2 = (x0)2 + (y0)2; 2xy = (x0)2 � (y0)2:�à ¢­¥­¨¥ x2 + axy + y2 = 1 ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥(x0)2 + (y0)2 + a2 ((x0)2 � (y0)2) = 1;¨«¨ �1 + a2� (x0)2 + �1 � a2� (y0)2 = 1:�â® ãà ¢­¥­¨¥ § ¤ ¥â í««¨¯á ¯à¨ ãá«®¢¨ïå1 + a2 > 0; 1� a2 > 0;â. ¥., ¯à¨ �2 < a < 2.�â¢¥â. �à ¢­¥­¨¥ x2 + axy + y2 = 1 § ¤ ¥â í««¨¯á, ¥á«¨ �2 < a < 2.�¥è¥­¨¥ § ¤ ç¨ 38. � áá¬®âà¨¬ ¬ âà¨æãA = 0@ 1=2 a bc �1 dm n 1=21A¨ ¢ëïá­¨¬, ¯à¨ ª ª¨å §­ ç¥­¨ïå ¯ à ¬¥âà®¢ ®­  ï¢«ï¥âáï ®àâ®£®-­ «ì­®©. �âà®ª¨ ®àâ®£®­ «ì­®© ¬ âà¨æë ¯à¥¤áâ ¢«ïîâ á®¡®© ª®-®à¤¨­ âë ¥¤¨­¨ç­ëå ¯®¯ à­® ®àâ®£®­ «ì­ëå ¢¥ªâ®à®¢. � ¯¨è¥¬-17-



á­ ç «  ãá«®¢¨ï, çâ® áâà®ª¨ 	 ¥¤¨­¨ç­ë¥:8>>>><>>>>: 14 + a2 + b2 = 1c2 + 1 + d2 = 1m2 + n2 + 14 = 1 (16)�§ ¢â®à®£® à ¢¥­áâ¢  á«¥¤ã¥â, çâ® c = d = 0. � ãç¥â®¬ íâ®£® ®à-â®£®­ «ì­®áâì ¯¥à¢®© ¨ ¢â®à®© áâà®ª¨ ®§­ ç ¥â, çâ® a � (�1) = 0.�àâ®£®­ «ì­®áâì ¢â®à®© ¨ âà¥âì¥© áâà®ª¨ ®§­ ç ¥â, çâ® (�1) � n = 0.� ª¨¬ ®¡à §®¬, a = n = 0. �®£¤  ¯¥à¢®¥ ¨ âà¥âì¥ à ¢¥­áâ¢  ¢ (16)¤ îâ b2 = m2 = 34 : � ª®­¥æ, ®àâ®£®­ «ì­®áâì ¯¥à¢®© ¨ âà¥âì¥© áâà®ª®§­ ç ¥â, çâ® 12 �m + b � 12 = 0, â® ¥áâì m = �b. � ª¨¬ ®¡à §®¬, «¨¡®b = p32 ¨ m = �p32 , «¨¡® b = �p32 ¨ m = p32 .�ë ¯®«ãç¨«¨ ¤¢  ¢ à¨ ­â  ®â¢¥â :A = 0@ 12 0 p320 �1 0�p32 0 12 1A«¨¡® A = 0@ 12 0 �p320 �1 0p32 0 12 1A :�¥âàã¤­® ã¡¥¤¨âìáï, çâ® ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë A (¢ ®¡®¨å ¢ -à¨ ­â å) à ¢¥­ �1. �â® ®§­ ç ¥â, çâ® ¯à¥®¡à §®¢ ­¨¥ ª®®à¤¨­ â,®â¢¥ç îé¥¥ íâ®© ¬ âà¨æ¥, ¬¥­ï¥â ®à¨¥­â æ¨î ¯à®áâà ­áâ¢  ­  ¯à®-â¨¢®¯®«®¦­ãî.
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