
�ç¥¡®-¬¥â®¤¨ç¥áª®¥ ¯®á®¡¨¥ ¤«ï áâã¤¥â®¢ I ªãàá 

� áâ®ïé¨© ¢ë¯ãáª 2 ãç¥¡®-¬¥â®¤¨ç¥áª®£® ¯®á®¡¨ï ¯® «¨-

¥©®©  «£¥¡à¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ¥¤¨®¥ æ¥«®¥ á ¢ë¯ãáª®¬

1. �¤¥áì á®¤¥à¦¨âáï ®ª®ç ¨¥ £«. 1 "� âà¨æë ¨ ®¯à¥¤¥-

«¨â¥«¨",   â ª¦¥ £«. 2 "�¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨å

ãà ¢¥¨©". �â¨¬ ¨áç¥à¯ë¢ ¥âáï "ª®ªà¥â ï" ç áâì ªãàá 

«¨¥©®©  «£¥¡àë. �®á«¥¤ãîé¨¥ £« ¢ë ¤®«¦ë á®¤¥à¦ âì

¡®«¥¥  ¡áâà ªâë© ¬ â¥à¨ «: â¥®à¨î ª®¥ç®¬¥àëå ¢¥ªâ®à-

ëå ¯à®áâà áâ¢ ¨ «¨¥©ëå ®¯¥à â®à®¢ ¢ ¨å.

� ¯®¬¨¬, çâ® § ¯¨áì a := b ®§ ç ¥â ®¯à¥¤¥«¥¨¥ ¢¥«¨-

ç¨ë, áâ®ïé¥© á«¥¢ . � ç®ª � ®§ ç ¥â ª®¥æ ¤®ª § â¥«ìáâ¢ .
�®¯®«¨â¥«ìë© ¬ â¥à¨ « ¯®¬¥ç¥ ¢¥àå¨¬ § çª®¬ �. � ª

¯à ¢¨«®, íâ®â ¬ â¥à¨ « ¥ ¢å®¤¨â ¢ «¥ªæ¨®ë© ªãàá. �à¨

ááë«ª å   ä®à¬ã«ë, â¥®à¥¬ë ¨ ¯ãªâë ¨§ ¤àã£®£® ¯ à £à -

ä  ¯à¨¬¥ï¥âáï ¤¢®© ï ã¬¥à æ¨ï,   ¨§ ¤àã£®© £« ¢ë 	

âà®© ï.

�« ¢  1. � âà¨æë ¨ ®¯à¥¤¥«¨â¥«¨. �ª®ç ¨¥

± 7. �¡à â ï ¬ âà¨æ .

�®à¬ã«ë �à ¬¥à . �¥â®¤ � ãáá 

1. �®ïâ¨¥ ®¡à â®© ¬ âà¨æë. �ãáâì A 2Mm;n. � âà¨æ 

B 2 Mn;m  §ë¢ ¥âáï «¥¢®© ®¡à â®© ¤«ï A, ¥á«¨ BA = In.
� âà¨æ  C 2 Mn;m  §ë¢ ¥âáï ¯à ¢®© ®¡à â®© ¤«ï A, ¥á«¨
AC = Im. �à §ã ¦¥ ®â¬¥â¨¬ (á¬. ¨¦¥ ¯. 2.6.1), çâ® ¯à¨

m 6= n ¬ âà¨æ  A 2Mm;n ¥ ¬®¦¥â ¨¬¥âì ®¤®¢à¥¬¥® «¥¢ãî

¨ ¯à ¢ãî ®¡à âãî. � ç¥ ®¡áâ®¨â ¤¥«® ¤«ï ª¢ ¤à âëå

¬ âà¨æ, ® ª®â®àëå ¨ ¯®©¤¥â à¥çì ¤® ª®æ  íâ®© £« ¢ë.
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�ãáâì A 2Mn ¨ ¯ãáâì áãé¥áâ¢ã¥â «¥¢ ï ®¡à â ï, BA = I .
�®£¤  detA 6= 0. �¥©áâ¢¨â¥«ì®, ¯® â¥®à¥¬¥ ã¬®¦¥¨ï ®¯à¥-

¤¥«¨â¥«¥©, 1 = det I = detB detA,   ¯®â®¬ã detA 6= 0. � «®-

£¨ç®, ¥á«¨ áãé¥áâ¢ã¥â ¯à ¢ ï ®¡à â ï, AC = I , â® detA 6= 0.
� âà¨æã á ®â«¨çë¬ ®â ã«ï ®¯à¥¤¥«¨â¥«¥¬  §ë¢ îâ ¥®á®-

¡®©. �à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® A 2 Mn ¨¬¥¥â ª ª «¥¢ãî, â ª

¨ ¯à ¢ãî ®¡à âë¥ ¬ âà¨æë:

BA = AC = I: (1)

�®£¤  B = C . �¥©áâ¢¨â¥«ì®, B = BI = B(AC) = (BA)C =
IC = C . � «¥¥, ¯à¨ ãá«®¢¨ïå (1) ª ª ¯à ¢ ï ®¡à â ï, â ª ¨

«¥¢ ï ®¡à â ï, ¬®¦¥â ¡ëâì â®«ìª® ®¤ . �â® á«¥¤ã¥â ¨§ â®£®,

çâ®, ª ª ¬ë ¢¨¤¥«¨, ª ¦¤ ï «¥¢ ï ®¡à â ï ¬ âà¨æ  á®¢¯ ¤ ¥â

á ª ¦¤®© ¯à ¢®© ®¡à â®©. � ª®¥æ, ¥á«¨ ¢ë¯®«¥® (1), â®

B = C ï¢«ï¥âáï ¤¢ãáâ®à®¥© ®¡à â®© ¬ âà¨æ¥©. � ª ï

¬ âà¨æ  (¥á«¨ ®  ¥áâì) ¥¤¨áâ¢¥ . �¥ ®¡®§ ç îâ ç¥à¥§ A�1

¨  §ë¢ îâ ¯à®áâ® ®¡à â®© ¬ âà¨æ¥©:

A�1A = AA�1 = I: (2)

�§ (2) áà §ã á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â (A�1)�1 = A. �â¬¥â¨¬,

çâ® I�1 = I . � â¥¬, ¥á«¨ áãé¥áâ¢ãîâ A�1
1 ¨ A�1

2 , â® A1A2 ¨¬¥¥â

®¡à âãî ¨

(A1A2)
�1 = A�1

2 A�1
1 : (3)

�¥©áâ¢¨â¥«ì®, (A�1
2 A�1

1 )(A1A2) = A�1
2 (A�1

1 A1)A2 = A�1
2 IA2 =

A�1
2 A2 = I ¨,   «®£¨ç®, (A1A2)(A

�1
2 A�1

1 ) = I . � «¥¥, ¢¬¥áâ¥ á

A�1 áãé¥áâ¢ã¥â

(At)�1 = (A�1)t; (4)

¯®áª®«ìªã ¨§ AA�1 = I á«¥¤ã¥â (A�1)tAt = I ,   ¨§ A�1A = I
¢ëâ¥ª ¥â At(A�1)t = I . � «®£¨ç® ¯à®¢¥àï¥âáï, çâ®

(A�)�1 = (A�1)�: (5)

� ª®¥æ, ¨§ (2) ¯àï¬® á«¥¤ã¥â à ¢¥áâ¢® (detA�1)(detA) = 1,
  ¯®â®¬ã

detA�1 = (detA)�1: (6)
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� ¨¡®«¥¥ á®¤¥à¦ â¥«ìë¬ à¥§ã«ìâ â®¬ ®â®á¨â¥«ì®

®¡à âëå ¬ âà¨æ ï¢«ï¥âáï

�¥®à¥¬  1. �ãáâì A 2 Mn. C«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï

à ¢®á¨«ìë:

1) � ¬ âà¨æë A áãé¥áâ¢ã¥â «¥¢ ï ®¡à â ï.

2) � ¬ âà¨æë A áãé¥áâ¢ã¥â ¯à ¢ ï ®¡à â ï.

3) � ¬ âà¨æë A áãé¥áâ¢ã¥â ¤¢ãáâ®à®ïï ®¡à â ï

A�1.

4) � âà¨æ  A 	 ¥®á®¡ ï: detA 6= 0 .
�ë ã¦¥ ¢¨¤¥«¨, çâ® 1) ) 4) ¨ 2) ) 4). �á® â ª¦¥,

çâ® 3) ) 1) ¨ 3) ) 2). �áâ ¥âáï ¯à®¢¥à¨âì, çâ® 4) ) 3). �

®â«¨ç¨¥ ®â ¯à¥¤ë¤ãé¨å, ¯®á«¥¤ïï ¨¬¯«¨ª æ¨ï ¤®ª §ë¢ ¥âáï

  ®á®¢ ¨¨ ï¢®© ª®áâàãªæ¨¨: ¤«ï A�1 ¢ á«¥¤ãîé¥¬ ¯ãªâ¥

¡ã¤ãâ ¯à¥¤êï¢«¥ë ä®à¬ã«ë. �â¨ ä®à¬ã«ë, ª®¥ç®, ¨¬¥îâ

á ¬®áâ®ïâ¥«ì®¥ § ç¥¨¥.

2. �à¨á®¥¤¨¥ ï ¬ âà¨æ . �®áâà®¥¨¥ ®¡à â®© ¤«ï

¥®á®¡®© ¬ âà¨æë. �ã¤¥¬ ¨áå®¤¨âì ¨§ ä®à¬ã« (5.14), ª®â®àë¥

¢ë¯¨è¥¬ § ®¢®:

nX
j=1

aijAkj =

nX
j=1

ajiAjk = �ik detA; i; k = 1; . . . ; n: (7)

�¤¥áì faijg = A 2 Mn, Ajk 	  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥ í«¥-

¬¥â  ajk ¬ âà¨æë A. �¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ¬ âà¨æã �A á

í«¥¬¥â ¬¨ [ �A]jk = Akj . � ª¨¬ ®¡à §®¬, ¬ âà¨æ  �A (¥¥  §ë¢ -

îâ ¯à¨á®¥¤¨¥®© ¤«ï ¬ âà¨æë A) ¥áâì âà á¯®¨à®¢  ï

¬ âà¨æ   «£¥¡à ¨ç¥áª¨å ¤®¯®«¥¨© ¤«ï í«¥¬¥â®¢ ¬ âà¨æë

A. �á®, çâ® á®®â®è¥¨ï (7) â¥¯¥àì ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

A �A = �AA = (detA) I: (8)

�á«¨ ¬ âà¨æ  A 	 ¥®á®¡ ï, â. ¥. detA 6= 0, â® ¨§ (8)

á«¥¤ã¥â:

AX = XA = I; £¤¥ X = (detA)�1 �A:

� ª¨¬ ®¡à §®¬,

A�1 = (detA)�1 �A; (detA 6= 0): (9)
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�¤®¢à¥¬¥® á (9) ¬ë ãáâ ®¢¨«¨ ¨¬¯«¨ª æ¨î 4) ) 3) ¨ íâ¨¬

§ ª®ç¨«¨ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �«ï ®¡à â®© ¬ âà¨æë

(9) ¢ë¯®«¥ë á®®â®è¥¨ï (3)�(6).

�à¨¬¥à. �«ï ¥®á®¡ëå ¬ âà¨æ ¢â®à®£® ¯®àï¤ª 

�
a b
c d

��1

= (ad � bc)�1

�
d �b
�c a

�
; ad � bc 6= 0:

3. �¨¥©ë¥ á¨áâ¥¬ë á ¥®á®¡®© ª¢ ¤à â®© ¬ âà¨æ¥©

ª®íää¨æ¨¥â®¢. �®à¬ã«ë �à ¬¥à . � áá¬®âà¨¬ á¨áâ¥¬ã n
«¨¥©ëå ãà ¢¥¨© á n ¥¨§¢¥áâë¬¨8><>:

a11x1 + a12x2 + . . . + a1nxn = f1
a21x1 + a22x2 + . . . + a2nxn = f2
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
an1x1 + an2x2 + . . . + annxn = fn:

(10)

�¨áâ¥¬ã (10) § ¯¨è¥¬ ¢ ¬ âà¨ç®© ä®à¬¥

Ax = f; A 2Mn; (11)

£¤¥ x 	 áâ®«¡¥æ ¥¨§¢¥áâëå ¢¥«¨ç¨,   f 	 áâ®«¡¥æ ¯à ¢ëå

ç áâ¥©. �à¥¤¯®«®¦¨¬, çâ® ¬ âà¨æ  A 	 ¥®á®¡ ï,

detA 6= 0: (12)

�¥®à¥¬  2. �à¨ ãá«®¢¨¨ (12) ãà ¢¥¨¥ (11) ¨¬¥¥â à¥-

è¥¨¥ x = A�1
f ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ f. �â® à¥è¥¨¥

¥¤¨áâ¢¥®.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì®, Ax = A(A�1
f) =

(AA�1)f = f, â. ¥. x = A�1
f 	 à¥è¥¨¥ ãà ¢¥¨ï (11). � «¥¥,

¥á«¨ x 	 à¥è¥¨¥ (11), â® A�1(Ax) = A�1
f; (A�1A)x = A�1

f ¨

x = A�1
f. � ª¨¬ ®¡à §®¬, à¥è¥¨¥ ¥¤¨áâ¢¥®. �

�®à¬ã«  (9) ¤«ï A�1 ¯®§¢®«ï¥â ®¯¨á âì à¥è¥¨¥ ãà ¢-

¥¨ï (11) ¢ ¡®«¥¥ ª®ªà¥â®© ä®à¬¥. �¡®§ ç¨¬ ç¥à¥§ Ék

®¯à¥¤¥«¨â¥«ì ¬ âà¨æë, ¯®«ãç ¥¬®© ¨§ ¬ âà¨æë A § ¬¥®©
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áâ®«¡æ  á ®¬¥à®¬ k áâ®«¡æ®¬ f :

Ék =

��������
a11 a12 . . . a1;k�1 f1 a1;k+1 . . . a1n
a21 a22 . . . a2;k�1 f2 a2;k+1 . . . a2n
...

...
. . .

...
...

...
. . .

...

an1 an2 . . . an;k�1 fn an;k+1 . . . ann

�������� ;
k = 1; . . . ; n:

(13)

�¥®à¥¬  3. (�®à¬ã«ë �à ¬¥à ). �¥è¥¨¥ á¨áâ¥¬ë (10)
¯à¨ ãá«®¢¨¨ (12) ¤ ¥âáï ä®à¬ã« ¬¨

xk = Ék=É; É = detA; k = 1; . . . ; n: (14)

�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ë 2 ¨ ä®à¬ã«ë (9),

xk = (A�1
f)k = É�1

nX
j=1

[ �A]kjfj = É�1
nX

j=1

Ajkfj : (15)

�®¯®áâ ¢¨¬ ¤¢  ¢ëà ¦¥¨ï

nX
j=1

Ajkajk;

nX
j=1

Ajkfj:

�¥à¢®¥ ¨§ ¨å ¥áâì à §«®¦¥¨¥ detA ¯® í«¥¬¥â ¬ áâ®«¡æ  á

®¬¥à®¬ k. �®íâ®¬ã ¢â®à®¥ ¥áâì à §«®¦¥¨¥ ®¯à¥¤¥«¨â¥«ï Ék

¯® í«¥¬¥â ¬ áâ®«¡æ  á â¥¬ ¦¥ ®¬¥à®¬. �âáî¤  á«¥¤ã¥â, çâ®

¯à ¢ ï ç áâì ¢ (15) á®¢¯ ¤ ¥â á Ék=É. �
�®à¬ã«ë �à ¬¥à  (14) ¨¬¥îâ, ¢ ®á®¢®¬, â¥®à¥â¨ç¥áª®¥

§ ç¥¨¥. �á«¨ n ¢¥«¨ª®, ¨å ¨á¯®«ì§®¢ ¨¥ ¢ ¯à ªâ¨ç¥áª¨å

¢ëç¨á«¥¨ïå ¥¢ë£®¤®. � ¬¥ìè¥¬ã ®¡ê¥¬ã ¢ëç¨á«¥¨© ¯à¨-

¢®¤ïâ á¯®á®¡ë à¥è¥¨ï, ®¯¨à îé¨¥áï   ¬¥â®¤ � ãáá  (¬¥â®¤

¯®á«¥¤®¢ â¥«ì®£® ¨áª«îç¥¨ï ¥¨§¢¥áâëå).

4. �¥â®¤ � ãáá . � áá¬®âà¨¬ á¨áâ¥¬ã (10) (¢ ¬ âà¨ç®©

§ ¯¨á¨ 	 ãà ¢¥¨¥ (11)) ¯à¨ ãá«®¢¨¨ (12). �ã¤¥¬ ®¯¨à âìáï

  á«¥¤ãîé¥¥ ®ç¥¢¨¤®¥ ¯à¥¤«®¦¥¨¥.

7



�à¥¤«®¦¥¨¥ 4. �¨áâ¥¬  (10) ¯¥à¥©¤¥â ¢ íª¢¨¢ «¥âãî,

¥á«¨ ¥¥ ¯®¤¢¥à£ãâì ®¤®¬ã ¨§ á«¥¤ãîé¨å ¯à¥®¡à §®¢ ¨©:

1) ã¬®¦¨âì ®¤® ¨§ ãà ¢¥¨© á¨áâ¥¬ë   ¥ã«¥¢ãî ¯®-

áâ®ïãî; 2) ¯à¨¡ ¢¨âì ª ®¤®¬ã ¨§ ãà ¢¥¨© á¨áâ¥¬ë

ª ªãî-«¨¡® «¨¥©ãî ª®¬¡¨ æ¨î ®áâ «ìëå ãà ¢¥¨© á¨-

áâ¥¬ë; 3) ¯®¬¥ïâì ª ª¨¥-«¨¡® ãà ¢¥¨ï á¨áâ¥¬ë ¬¥áâ -

¬¨.

�¯®¬ïãâë¥ ¢ ¯à¥¤«®¦¥¨¨ 4 ¯à¥®¡à §®¢ ¨ï á¨áâ¥¬ë

¡ã¤¥¬  §ë¢ âì ¤®¯ãáâ¨¬ë¬¨. �¥£ª® ¯®ïâì, çâ® ãá«®¢¨¥ (12)
á®åà ï¥âáï ¯à¨ ¤®¯ãáâ¨¬ëå ¯à¥®¡à §®¢ ¨ïå.

�à¨ § ¯¨á¨ ¨ ¯à¥®¡à §®¢ ¨ïå á¨áâ¥¬ë ¥â  ¤®¡®áâ¨

ï¢® ¢ë¯¨áë¢ âì ¥¨§¢¥áâë¥ x1; . . . ; xn. �®áâ â®ç® ¢ë¯¨á âì
à áè¨à¥ãî ¬ âà¨æã á¨áâ¥¬ë

(Ajf) =

0BB@
a11 a12 . . . a1n
a21 a22 . . . a2n
...

...
. . .

...

an1 an2 . . . ann

��������
f1
f2
...

fn

1CCA (16)

¨ ¯à®¢®¤¨âì ¤®¯ãáâ¨¬ë¥ ¯à¥®¡à §®¢ ¨ï  ¤ ¥¥ áâà®ª ¬¨.

�¥®à¥¬  5. �á«¨ ¤®¯ãáâ¨¬ë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ áâà®ª

¬ âà¨æ  (16) ¯¥à¥¢¥¤¥  ¢ ¬ âà¨æã (Ijb), â® áâ®«¡¥æ b ¥áâì

à¥è¥¨¥ ãà ¢¥¨ï (11).

�®ª § â¥«ìáâ¢®. �¥à¥¢®¤ï ¬ âà¨æã (Ajf) ¤®¯ãáâ¨¬ë¬¨

¯à¥®¡à §®¢ ¨ï¬¨ ¢ ¬ âà¨æã (Ijb), ¬ë ¯¥à¥¢¥¤¥¬ ãà ¢¥¨¥

(11) ¢ íª¢¨¢ «¥â®¥ ãà ¢¥¨¥ Ix = b. �â® ¨ ®§ ç ¥â, çâ®

xk = bk, k = 1; . . . ; n. �

�¯¨è¥¬ â¥¯¥àì ®¡éãî áå¥¬ã ¬¥â®¤  � ãáá . �®áª®«ìªã

®¯à¥¤¥«¨â¥«ì ¬ âà¨æë á¨áâ¥¬ë (11) ®â«¨ç¥ ®â ã«ï, áà¥¤¨

í«¥¬¥â®¢ ¥¥ ¯¥à¢®£® áâ®«¡æ  ¥áâì ¥ã«¥¢®©. �¥à¥áâ ®¢ª®©

ãà ¢¥¨© (áâà®ª à áè¨à¥®© ¬ âà¨æë) ¬®¦® ¤®¡¨âìáï â®£®,

çâ®¡ë a11 6= 0. �®á«¥ íâ®£® ¨§ ¢â®à®£® ãà ¢¥¨ï ¢ëçâ¥¬ ¯¥à-

¢®¥, ã¬®¦¥®¥   a21=a11, ¨§ âà¥âì¥£® 	 ¯¥à¢®¥, ã¬®¦¥®¥

  a31=a11 ¨ â ª ¤ «¥¥. �à¨ â ª®¬ ¯à¥®¡à §®¢ ¨¨ ª®íää¨-

æ¨¥âë ¯à¨ x1 ¢® ¢á¥å ãà ¢¥¨ïå, ªà®¬¥ ¯¥à¢®£®, ®¡à âïâáï

¢ ã«ì, â® ¥áâì á¨áâ¥¬  ¯¥à¥©¤¥â ¢ íª¢¨¢ «¥âãî á¨áâ¥¬ã á
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à áè¨à¥®© ¬ âà¨æ¥© ¢¨¤ 0BBBB@
a11 a12 . . . a1n

0 ea22 . . . ea2n
...

...
. . .

...

0 ean2 . . . eann

����������

f1

ef2
...efn

1CCCCA :

�¯à¥¤¥«¨â¥«ì ¬ âà¨æë ¯®«ãç¥®© á¨áâ¥¬ë ®â«¨ç¥ ®â ã-

«ï,   ¯®â®¬ã áà¥¤¨ ª®íää¨æ¨¥â®¢ ea22; . . . ;ean2 ¥áâì ¥ã«¥-

¢®©. �ç¨â ï ea22 6= 0 (íâ®£® ¬®¦® ¤®¡¨âìáï ¯¥à¥áâ ®¢ª®©

áâà®ª) ¨ ¢ëç¨â ï ¢â®à®¥ ãà ¢¥¨¥, ã¬®¦¥®¥   ¯®¤å®-

¤ïé¨¥ ¬®¦¨â¥«¨, ¨§ ¢á¥å ¯®á«¥¤ãîé¨å, ¬ë ¨áª«îç¨¬ x2
¨§ ¢á¥å ãà ¢¥¨©,  ç¨ ï á âà¥âì¥£®. �¥©áâ¢ãï ¯®¤®¡ë¬

®¡à §®¬ ¤ «ìè¥,  ©¤¥¬, çâ® ¨áå®¤ ï á¨áâ¥¬  íª¢¨¢ «¥â 

á¨áâ¥¬¥ á âà¥ã£®«ì®© ¬ âà¨æ¥© eA ¨ à áè¨à¥®© ¬ âà¨æ¥©0BBBBBBBBBBBB@

a11 a12 a13 . . . a1;n�1 a1n

0 ea22 ea23 . . . ea2;n�1 ea2n
0 0 ea33 . . . ea3;n�1 ea3n
...

...
...

. . .
...

...

0 0 0 . . . ean�1;n�1 ean�1;n

0 0 0 . . . 0 eann

������������������

f1

ef2
ef3
...efn�1
efn

1CCCCCCCCCCCCA
:

�ë ¨áª«îç¨«¨ ¨§ ¢á¥å ãà ¢¥¨© ¯¥à¥¬¥ë¥ á ®¬¥à ¬¨,

¬¥ìè¨¬¨ ®¬¥à  ãà ¢¥¨ï. �à¨ íâ®¬ det eA 6= 0, â ª çâ®

a11ea22 . . .eann 6= 0.
�¯¨á  ï ¯à®æ¥¤ãà  ®á¨â  §¢ ¨¥ ¯àï¬®£® å®¤  ¬¥â®¤ 

� ãáá . �¡à âë© å®¤ § ª«îç ¥âáï ¢ â®¬, çâ®¡ë ¤®¯ãáâ¨¬ë-

¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ á¢¥áâ¨ á¨áâ¥¬ã ª á¨áâ¥¬¥ á ¤¨ £® «ì®©

¬ âà¨æ¥©. �®á«¥¤¥¥ ãà ¢¥¨¥ á¨áâ¥¬ë â¥¯¥àì ¯à¨ï«® ¢¨¤eannxn = efn,   ¯®â®¬ã xn = efn=eann. � ï xn, ¨§ ¯à¥¤¯®á«¥¤¥£®

ãà ¢¥¨ï ®¯à¥¤¥«ï¥¬ xn�1: ean�1;n�1xn�1 = efn�1 � ean�1;nxn. � -
ª¨¬ ¦¥ ®¡à §®¬ ¯®á«¥¤®¢ â¥«ì® ¢ëç¨á«ï¥¬ xn�2; . . . ; x1. �âã
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¯à®æ¥¤ãàã ¬®¦® ®¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬: á¯¥à¢  ¨§

ãà ¢¥¨© á ®¬¥à ¬¨ k = 1; . . . ; n�1 ¢ëçâ¥¬ ¯®á«¥¤¥¥, ã¬®-

¦¥®¥   ª®íää¨æ¨¥âë eakn=eann, â¥¬ á ¬ë¬ ¨áª«îç¨¢ ¯¥-

à¥¬¥ãî xn ¨§ ¢á¥å ãà ¢¥¨© á¨áâ¥¬ë, ªà®¬¥ ¯®á«¥¤¥£®.

�®£¤  á¨áâ¥¬  ¨§®¡à §¨âáï à áè¨à¥®© ¬ âà¨æ¥© ¢¨¤ 0BBBBBBBBBB@

a11 a12 a13 . . . a1;n�1 0

0 ea22 ea23 . . . ea2;n�1 0

...
...

...
. . .

...
...

0 0 0 . . . ean�1;n�1 0

0 0 0 . . . 0 eann

����������������

ef1
ef2
...efn�1

efn

1CCCCCCCCCCA
:

� «®£¨çë¬ ®¡à §®¬ ¢ëç¨â ¥¬ ¯à¥¤¯®á«¥¤¥¥ ãà ¢¥¨¥ (®®

á®¤¥à¦¨â â®«ìª® ¯¥à¥¬¥ãî xn�1) á ¯®¤å®¤ïé¨¬¨ ¬®¦¨â¥-

«ï¬¨ ¨§ ãà ¢¥¨© á ®¬¥à ¬¨ 1; . . . ; n � 2, ¨áª«îç ï ¨§ ¨å

xn�1. � «¥¥ ¯à®¢®¤¨¬ ®¯¨á ãî ¯à®æ¥¤ãàã, ¯®ª  ¨§ ª ¦¤®£®

ãà ¢¥¨ï ¥ ®ª ¦ãâáï ¨áª«îç¥ë¬¨ ¥¨§¢¥áâë¥ á ®¬¥à -

¬¨, ¡®«ìè¨¬¨ ®¬¥à  ãà ¢¥¨ï. �®«ãç¥ ï á¨áâ¥¬  ¨¬¥¥â

¤¨ £® «ìãî ¬ âà¨æã,   à áè¨à¥ ï ¬ âà¨æ  ¯à¨¨¬ ¥â

¢¨¤ 0BB@
a11 0 . . . 0
0 ea22 . . . 0
...

...
. . .

...

0 0 . . . eann

��������
g1
g2
...

gn

1CCA :

�â¬¥â¨¬, çâ® ¯à®æ¥¤ãà  ®¡à â®£® å®¤  ¬¥â®¤  � ãáá  ¥ ¨§-

¬¥ï¥â ¤¨ £® «ìëå í«¥¬¥â®¢ ¬ âà¨æë á¨áâ¥¬ë. �¥¯¥àì

¬®¦® à §¤¥«¨âì ¯¥à¢®¥ ãà ¢¥¨¥   a11 6= 0, ¢â®à®¥ 	  ea22 ¨ â ª ¤ «¥¥. �à¨ íâ®¬ ¯®«ãç¨âáï á¨áâ¥¬ , íª¢¨¢ «¥â ï

¨áå®¤®©, á à áè¨à¥®© ¬ âà¨æ¥© ¢¨¤ 0BB@
1 0 . . . 0
0 1 . . . 0
...

...
. . .

...

0 0 . . . 1

��������
b1
b2
...

bn

1CCA : (17)
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�® â¥®à¥¬¥ 5 íâ® ®§ ç ¥â, çâ® xk = bk; k = 1; . . . ; n. � ª¨¬

®¡à §®¬, ¬¥â®¤ � ãáá  ¯à¨¢¥« ª à¥è¥¨î ¨áå®¤®© á¨áâ¥¬ë.

�à¨ íâ®¬ ¬ âà¨æã (17) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ (IjA�1
f).

� ¬¥ç ¨¥. �à¨ ¢ë¯®«¥¨¨ ¤®¯ãáâ¨¬ëå ¯à¥®¡à §®¢ ¨©

 ¤ ¬ âà¨æ¥© (Ajf) ¢á¥ ¤¥©áâ¢¨ï ®¯à¥¤¥«ï«¨áì «¨èì ¬ âà¨æ¥©
A. �¥ªâ®à f ®áâ ¢ «áï "¯ áá¨¢ë¬" ®¡ê¥ªâ®¬ ¯à¥®¡à §®¢ ¨©.

5. �ëç¨á«¥¨¥ ®¡à â®© ¬ âà¨æë ¬¥â®¤®¬ � ãáá . � -

ç¥¬ á® á«¥¤ãîé¥© «¥¬¬ë.

�¥¬¬  6. �ãáâì A 2 Mm;l , B 2 M l;n, C 2 Mm;n. �ãáâì

b1; . . . ;bn 2 C
l 	 ¯®á«¥¤®¢ â¥«ìë¥ áâ®«¡æë ¬ âà¨æë B ¨

c1; . . . ; cn 2 C
m 	 ¯®á«¥¤®¢ â¥«ìë¥ áâ®«¡æë ¬ âà¨æë C.

�®£¤  à ¢¥áâ¢® C = AB à ¢®á¨«ì® á®®â®è¥¨ï¬

ck = Abk; k = 1; . . . ; n: (18)

�®ª § â¥«ìáâ¢®. �à®¨§¢¥¤¥¨¥ AB áâà®¨âáï ¯® ¯à ¢¨«ã

"áâà®ª    áâ®«¡¥æ" (á¬. ¯. 1.4, ä®à¬ã«ë (1.9)). �â® ¯à ¢¨«®

à ¢®á¨«ì®  ¡®àã ä®à¬ã« (18). �
�«¥¤áâ¢¨¥ 7. �ãáâì A 2Mn, detA 6= 0, ¨ ¯ãáâì e1; . . . ; en

	 áâ ¤ àâë¥ ®àâë ¢ Cn. �ãáâì ck 	 à¥è¥¨¥ ãà ¢¥¨ï

Ack = ek, k = 1; . . . ; n, ¨ ¯ãáâì C = (c1; . . . ;cn) (2 Mn). �®£¤ 

C = A�1.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã ck = A�1
ek, k = 1; . . . ; n, ¨

I = (e1; . . . ; en), ¯à¨¬¥¨¬  «¥¬¬  6 á § ¬¥®© A   A�1 ¨ B  

I . �®£¤  C = A�1I = A�1. �
�ã¤¥¬ â¥¯¥àì à áá¬ âà¨¢ âì ¬ âà¨æë ª« áá  Mn;2n, § ¯¨-

áë¢ ï ¨å ¢ ¢¨¤¥ (AjB), £¤¥ A;B 2Mn.

�¥®à¥¬  8. �ãáâìA 2Mn, detA 6= 0, ¨ ¬ âà¨æ  (AjI) ¯à¨-
¢¥¤¥  ¤®¯ãáâ¨¬ë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ áâà®ª ª ¢¨¤ã (IjC).
�®£¤  C = A�1.

�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ ¨áå®¤ãî ¬ âà¨æã ¢ ¢¨¤¥

(Aje1; . . . ;en). �à¨¢®¤ï ¥¥ ¤®¯ãáâ¨¬ë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ ª

¢¨¤ã (Ijc1; . . . ; cn), ¬ë, ¢ á¨«ã â¥®à¥¬ë 5, ®¤®¢à¥¬¥®  ©-

¤¥¬ ¢á¥ ¢¥ªâ®àë ck = A�1
ek, k = 1; . . . ; n. �®£¤  á«¥¤áâ¢¨¥ 7

®§ ç ¥â, çâ® (c1; . . . ;cn) = C = A�1. �
�®à¬ã«¨à®¢ª  â¥®à¥¬ë 8 ®á¨â ãá«®¢ë© å à ªâ¥à. �¤-

 ª® ®¯¨á  ï ¢ ¯. 4 áå¥¬  ¬¥â®¤  � ãáá  ¯®ª §ë¢ ¥â, çâ®
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¯à¨¢¥¤¥¨¥ (AjI) ª ¢¨¤ã (IjC) ¤¥©áâ¢¨â¥«ì® ¢®§¬®¦®. �à¨

íâ®¬ ®¤®¢à¥¬¥® (áà. § ¬¥ç ¨¥ ¢ ª®æ¥ ¯. 4) ¢ëç¨á«ïîâáï

¢á¥ áâ®«¡æë ¬ âà¨æë C . � ª ï áå¥¬  ¤®¢®«ì® íª®®¬  ¢

¢ëç¨á«¨â¥«ì®¬ ®â®è¥¨¨.

�à¨¬¥à. A =

0@ 2 7 3
3 9 4
1 5 3

1A. � ©¤¥¬ ¬ âà¨æã A�1. � áè¨-

à¥ ï ¬ âà¨æ  á¨áâ¥¬ë ¤«ï ®¯à¥¤¥«¥¨ï ®¡à â®© ¬ âà¨æë

¨¬¥¥â ¢¨¤ 0@ 2 7 3
3 9 4
1 5 3

������
1 0 0
0 1 0
0 0 1

1A :

�¥à¥áâ ¢¨¬ âà¥âìî áâà®ªã   ¯¥à¢®¥ ¬¥áâ®,   ¨§ ¤¢ãå ®áâ «ì-

ëå ¢ëçâ¥¬ ¥¥ á ª®íää¨æ¨¥â ¬¨ 2 ¨ 3 á®®â¢¥âáâ¢¥®. �®-

«ãç¨¬: 0@ 1 5 3
0 �3 �3
0 �6 �5

������
0 0 1
1 0 �2
0 1 �3

1A :

�¥¯¥àì ¨§ âà¥âì¥© áâà®ª¨ ¢ëçâ¥¬ ã¤¢®¥ãî ¢â®àãî0@ 1 5 3
0 �3 �3
0 0 1

������
0 0 1
1 0 �2

�2 1 1

1A :

�àï¬®© å®¤ § ¢¥àè¥. �¡à âë© å®¤: ª ¯¥à¢®© ¨ ¢â®à®©

áâà®ª ¬ ¯à¨¡ ¢«ï¥¬ âà¥âìî, ã¬®¦¥ãî   3 ¨ �3 á®®â¢¥â-

áâ¢¥®: 0@ 1 5 0
0 �3 0
0 0 1

������
6 �3 �2

�5 3 1
�2 1 1

1A :

� â¥¯¥àì ã¬®¦¨¬ ¯¥à¢ãî áâà®ªã   3 ¨ ¯à¨¡ ¢¨¬ ª ¥©

¢â®àãî, ã¬®¦¥ãî   5:0@ 3 0 0
0 �3 0
0 0 1

������
�7 6 �1
�5 3 1
�2 1 1

1A :
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�¬®¦¨¬ ¯¥à¢ãî áâà®ªã   1=3,   ¢â®àãî 	   �1=3:0@ 1 0 0
0 1 0
0 0 1

������
�7=3 2 �1=3
5=3 �1 �1=3
�2 1 1

1A :

�à ¢ë© ¡«®ª ¯®á«¥¤¥© ¬ âà¨æë ¥áâì A�1.

�¯à ¦¥¨ï. 1) �®ª ¦¨â¥, çâ® à¥è¥¨¥ ¬ âà¨ç®£® ãà ¢-

¥¨ï AX = B, £¤¥ A;B 2 Mn; detA 6= 0, (à ¢®¥ X = A�1B)
¬®¦¥â ¡ëâì  ©¤¥® ¯à¥®¡à §®¢ ¨¥¬ à áè¨à¥®© ¬ âà¨æë

(AjB) ª ¢¨¤ã (IjX).
2) � ª à¥è¨âì ¬ âà¨ç®¥ ãà ¢¥¨¥ Y A = B ?

± 8. � à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥ ¨ á¯¥ªâà

ª¢ ¤à â®© ¬ âà¨æë. �ãªæ¨¨ ®â ¬ âà¨æ

1. �¯à¥¤¥«¥¨¥ å à ªâ¥à¨áâ¨ç¥áª®£® ¬®£®ç«¥ . � -

àï¤ã á ª¢ ¤à â®© ¬ âà¨æ¥© A 2 Mn à áá¬®âà¨¬ á¥¬¥©áâ¢®

¬ âà¨æ A � �I , £¤¥ � 	 ç¨á«®¢®© ¯ à ¬¥âà, ¢®®¡é¥ £®¢®àï,

ª®¬¯«¥ªáë©.

�¯à¥¤¥«¥¨¥. � à ªâ¥à¨áâ¨ç¥áª¨¬ ¬®£®ç«¥®¬ ¬ -

âà¨æë A  §ë¢ ¥âáï ¬®£®ç«¥ ®â ¯¥à¥¬¥®© �: dA(�) :=
det (A� �I).

�¥£ª® ¢¨¤¥âì, çâ® dA(�) 	 ¬®£®ç«¥ áâ¥¯¥¨ n. �¥©áâ¢¨-
â¥«ì®,

dA(�) =

��������
a11 � � a22 . . . a1n
a21 a22 � � . . . a2n
...

...
. . .

...

an1 an2 . . . ann � �

�������� ; (1)

¯®íâ®¬ã â®«ìª® ®¤¨ ¬®®¬, ¢å®¤ïé¨© ¢ det (A � �I), ¡ã¤¥â
á®¤¥à¦ âì � ¢ áâ¥¯¥ïå n ¨ n � 1,   ¨¬¥® ¬®®¬, à ¢ë©

¯à®¨§¢¥¤¥¨î ¢á¥å ¤¨ £® «ìëå í«¥¬¥â®¢ ¬ âà¨æë A � �I .
�á¥ ®áâ «ìë¥ ¬®®¬ë á®¤¥à¦ â ¯® ªà ©¥© ¬¥à¥ ¯® ¤¢ 

¥¤¨ £® «ìëå í«¥¬¥â  A � �I ¨, á®®â¢¥âáâ¢¥®, ¨¬¥îâ

¯® � áâ¥¯¥ì ¥ ¢ëè¥ n � 2. � ª¨¬ ®¡à §®¬, ¤¢  áâ àè¨å

ª®íää¨æ¨¥â  (¯à¨ �n ¨ �n�1) ã ¯®«¨®¬  dA(�) 	 â¥ ¦¥,
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çâ® ã ¬®®¬  (a11 � �)(a22 � �) . . . (ann � �) ¨ à ¢ë (�1)n ¨

(�1)n�1
Pn

k=1 akk = (�1)n�1TrA á®®â¢¥âáâ¢¥®. �¢®¡®¤ë© ç«¥

¯®«¨®¬  dA(�) á®¢¯ ¤ ¥â á® § ç¥¨¥¬ dA(0) ¨ à ¢¥ detA.
�â ª,

dA(�) = det (A� �I) = �n�
n + �n�1�

n�1 + . . . + �1�+ �0;

�n = (�1)n; �n�1 = (�1)n�1TrA; �0 = detA: (2)

�ëà ¦¥¨ï ¤«ï ¤àã£¨å ª®íää¨æ¨¥â®¢ 	 ¡®«¥¥ £à®¬®§¤ª¨¥,

¨ ¬ë ¨å §¤¥áì ¥ ¯à¨¢®¤¨¬.

2. �®¡áâ¢¥ë¥ § ç¥¨ï ª¢ ¤à â®© ¬ âà¨æë. � á®-

®â¢¥âáâ¢¨¨ á ®á®¢®© â¥®à¥¬®©  «£¥¡àë, å à ªâ¥à¨áâ¨ç¥áª¨©

¯®«¨®¬ ¬ âà¨æë A 2Mn ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥ ¢ ¢¨¤¥

dA(�) = (�1)n(�� �1)(� � �2) . . . (� � �n); (3)

£¤¥ �1; . . . ; �n 	 ª®à¨ dA(�), ¢®®¡é¥ £®¢®àï, ª®¬¯«¥ªáë¥.

�®à¨ ¬®£®ç«¥  dA(�)  §ë¢ îâ á®¡áâ¢¥ë¬¨ § ç¥¨ï¬¨

¬ âà¨æë A. �à¥¤¨ ¨å ¬®£ãâ ¡ëâì á®¢¯ ¤ îé¨¥. � íâ®¬ á«ã-

ç ¥ ¯à¨¬¥ïîâ ¨ ¤àã£®© á¯®á®¡ ã¬¥à æ¨¨: ®¡®§ ç îâ ç¥à¥§

�1; . . . ; �p; p � n; ¢á¥ à §«¨çë¥ ª®à¨ dA(�),   ç¥à¥§ �1; . . . ; �p
¨å ªà â®áâ¨ (â ª  §ë¢ ¥¬ë¥  «£¥¡à ¨ç¥áª¨¥ ªà â®áâ¨). �®-

£¤ 

dA(�) = (�1)n(�� �1)
�1(� � �2)

�2 . . . (�� �p)
�p ;

�1 + �2 + . . . + �p = n:

�á«¨ �k = 1, â® á®¡áâ¢¥®¥ § ç¥¨¥ �k  §ë¢ îâ ¯à®áâë¬.

�®íää¨æ¨¥âë å à ªâ¥à¨áâ¨ç¥áª®£® ¬®£®ç«¥  ¬®¦® ¢ëà -

§¨âì ç¥à¥§ á®¡áâ¢¥ë¥ § ç¥¨ï. � ç áâ®áâ¨, ¨§ (3) á«¥¤ã¥â,

çâ® ª®íää¨æ¨¥â �n�1 ¯à¨ �n�1 à ¢¥ (�1)n�1
Pn

k=1 �k,   á¢®-

¡®¤ë© ç«¥ �0 à ¢¥
Qn

k=1 �k . �ç¨âë¢ ï (2), ¢¨¤¨¬, çâ®

TrA =

nX
k=1

�k ; detA =

nY
k=1

�k:

� ª á«¥¤áâ¢¨¥, ¯®«ãç ¥¬, çâ® ¬ âà¨æ  A 	 ¥®á®¡ ï ¢ â®¬

¨ â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  ¢á¥ ¥¥ á®¡áâ¢¥ë¥ § ç¥¨ï

®â«¨çë ®â ã«ï.
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�®¢®ªã¯®áâì á®¡áâ¢¥ëå § ç¥¨© �1; . . . ; �p ¬ âà¨æë A
(¢¬¥áâ¥ á ¨å ªà â®áâï¬¨ �1; . . . ; �p)  §ë¢ îâ á¯¥ªâà®¬ ¬ -

âà¨æë A. � ª¨¬ ®¡à §®¬, ¬ âà¨æ  A	 ¥®á®¡ ï â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  ç¨á«® 0 ¥ ¯à¨ ¤«¥¦¨â ¥¥ á¯¥ªâàã. �âëáª ¨¥

á¯¥ªâà  ¬ âà¨æë âà¥¡ã¥â à¥è¥¨ï  «£¥¡à ¨ç¥áª®£® ãà ¢¥-

¨ï dA(�) = 0 áâ¥¯¥¨ n. �®£¤  íâ  § ¤ ç  ã¯à®é ¥âáï. �

ç áâ®áâ¨, ¥á«¨ ¬ âà¨æ  A 	 âà¥ã£®«ì ï, â® ¥¥ á®¡áâ¢¥ë¥

§ ç¥¨ï á®¢¯ ¤ îâ á í«¥¬¥â ¬¨ £« ¢®© ¤¨ £® «¨. �â®

¢¨¤® ¥¯®áà¥¤áâ¢¥® ¨§ ®¯à¥¤¥«¥¨ï (1) ¤«ï dA.

3. �ãªæ¨¨ ®â ª¢ ¤à â®© ¬ âà¨æë. �® ®¯à¥¤¥«¥¨î

¯®«®¦¨¬ A2 = AA ; A3 = A2A ; . . . ; Am = Am�1A ; A0 = I: �á®,
çâ®

Am = Am�1A = Am�2AA = Am�2A2 = Am�3AA2 = Am�3A3 = � � � ;

  ¯®â®¬ã Am = ArAs, £¤¥ r+s = m. � ª¨¬ ®¡à §®¬, ArAs = AsAr,

¨ ç¥ £®¢®àï, áâ¥¯¥¨ ¬ âà¨æë ª®¬¬ãâ¨àãîâ ¬¥¦¤ã á®¡®©.

�¤¥áì m;r; s 	 ¥®âà¨æ â¥«ìë¥ æ¥«ë¥ ç¨á« .

�¯à¥¤¥«¥¨¥. �ãáâì ¤  ¯®«¨®¬ Pm(x) = p0 + p1x + � � � +
pmx

m. �®£¤  § ç¥¨¥¬ ¯®«¨®¬  Pm ®â ¬ âà¨ç®£®  à£ã¬¥â 

A  §ë¢ ¥âáï ¬ âà¨æ 

Pm(A) = p0I + p1A+ � � �+ pmA
m:

� á¨«ã ¯¥à¥áâ ®¢®ç®áâ¨ ¤àã£ á ¤àã£®¬ áâ¥¯¥¥© ¬ âà¨æë,

á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

(P +Q)(A) = P (A) +Q(A) ; (PQ)(A) = P (A)Q(A):

� «¥¥, ¥á«¨ A 	 ¥®á®¡ ï ¬ âà¨æ , â® ¬®¦® ¢¢¥áâ¨ ¢

à áá¬®âà¥¨¥ ®¡à âãî ¬ âà¨æã A�1. �®¤ ®âà¨æ â¥«ì®© áâ¥-

¯¥ìî ¬ âà¨æë A ¡ã¤¥¬ ¯®¨¬ âì ¯®«®¦¨â¥«ìãî áâ¥¯¥ì

®¡à â®© ¬ âà¨æë: A�m = (A�1)m. �â® ®¯à¥¤¥«¥¨¥ ¤ ¥â ¢®§-

¬®¦®áâì ¢¢¥áâ¨ ¢ à áá¬®âà¥¨¥ ¬ âà¨æë (A � �I)�m, ¥á«¨ �
¥ ¯à¨ ¤«¥¦¨â á¯¥ªâàã A.

�ãáâì â¥¯¥àì P (x), Q(x) 	 ¬®£®ç«¥ë, ¯à¨ç¥¬ ª®à¨

¯®«¨®¬  Q ¥ ¯à¨ ¤«¥¦ â á¯¥ªâàã A. � áá¬®âà¨¬ à -

æ¨® «ìãî äãªæ¨î R(x) = P (x)=Q(x) ¨ ¢®á¯®«ì§ã¥¬áï ¥¥
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à §«®¦¥¨¥¬   ¯à®áâ¥©è¨¥ ¤à®¡¨. �â® à §«®¦¥¨¥ (®®

ãáâ  ¢«¨¢ ¥âáï ¢ ªãàá¥   «¨§ ) ¤ ¥â ¤«ï R(x) ¯à¥¤áâ ¢«¥-
¨¥ ¢ ¢¨¤¥ «¨¥©®© ª®¬¡¨ æ¨¨ ¬®£®ç«¥  ¨  âãà «ìëå

áâ¥¯¥¥© äãªæ¨© (x � xk)
�1, £¤¥ xk 	 ª®à¨ ¬®£®ç«¥  Q.

�á®¢ë¢ ïáì   íâ®¬, ¬®¦® ®¯à¥¤¥«¨âì ¬ âà¨æã R(A). �¥£ª®
¢¨¤¥âì (¯à®¢¥àìâ¥!), çâ® ¤«ï ¤¢ãå à æ¨® «ìëå äãªæ¨© R1,

R2 ¢ë¯®«¥®

R1(A) + R2(A) = (R1 + R2)(A); R1(A)R2(A) = (R1R2)(A): (4)

� ç áâ®áâ¨, R1(A) ¨ R2(A) ¯¥à¥áâ ®¢®çë.
�«ï «î¡®© ¬ âà¨æë A 2 Mn ¬®¦® â ª¦¥ ®¯à¥¤¥«¨âì

f (A), ¥á«¨ äãªæ¨ï f(x) à §« £ ¥âáï ¢ áå®¤ïé¨©áï ¯à¨ «î¡®¬

x áâ¥¯¥®© àï¤ (àï¤ �¥©«®à )

f (x) =

1X
k=0

fkx
k ; fk =

f (k)(0)

k!
:

�®£¤  ¯® ®¯à¥¤¥«¥¨î

f (A) =

1X
k=0

fkA
k;

£¤¥ áå®¤¨¬®áâì àï¤  ¯®¨¬ ¥âáï ¯®í«¥¬¥â®: [f (A)]ij =P1
k=0 fk[A

k]ij ; i; j = 1; . . . ; n: �«ï äãªæ¨© f1(A), f2(A) á¯à ¢¥¤-
«¨¢   «®£ á®®â®è¥¨© (4):

f1(A) + f2(A) = (f1 + f2)(A); f1(A)f2(A) = (f1f2)(A):

�à¨¬¥àë. 1) �ãáâì A =

�
1 1
0 1

�
. �®£¤  Am =

�
1 m
0 1

�
.

�¥©áâ¢¨â¥«ì®, íâ® ¢¥à® ¯à¨ m = 0 ¨ m = 1,   ¤«ï ¯®á«¥¤ã-

îé¨å § ç¥¨© m ¯®«ãç ¥¬ ¯® ¨¤ãªæ¨¨:

Am = Am�1A =

�
1 m � 1
0 1

��
1 1
0 1

�
=

�
1 m
0 1

�
:
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�®£¤ 

exp(A) =

1X
k=0

1

k!

�
1 k
0 1

�
=

0BB@
1P
k=0

1
k!

1P
k=0

k
k!

0
1P
k=0

1
k!

1CCA =

�
e e
0 e

�
:

2) �ãáâì â¥¯¥àì A =

�
1 2
3 4

�
; f(x) = (x+ 1)=(x � 1): �®£¤ 

f (A) = (A+ I)(A� I)�1 =

�
2 2
3 5

��
0 2
3 3

��1

=

= �
1

6

�
2 2
3 5

��
3 �2
�3 0

�
= �

1

6

�
0 �4
�6 �6

�
=

�
0 2=3
1 1

�
:

� ¤àã£®© áâ®à®ë, â ª ª ª f (x) = 1 + 2(x � 1)�1, â® f (A) =
I + 2(A� I)�1:

f (A) = I + 2

�
0 2
3 3

��1
=

�
1 0
0 1

�
�

1

3

�
3 �2
�3 0

�
=

�
0 2=3
1 1

�
:

�¯à ¦¥¨ï. 1) �ãáâì A;B 	 ¤¢¥ ¥®á®¡ë¥ ¬ âà¨æë.

�à®¢¥àìâ¥, çâ®

B�1 � A�1 = B�1(A� B)A�1 = A�1(A� B)B�1:

2) �á«¨ A;B ¯¥à¥áâ ®¢®çë, â® ¯¥à¥áâ ®¢®çë «î¡ë¥

¨å  âãà «ìë¥ áâ¥¯¥¨. �á«¨ ¯à¨ íâ®¬ A;B 	 ¥®á®¡ë¥, â®

¯¥à¥áâ ®¢®çë «î¡ë¥ ¨å æ¥«ë¥ áâ¥¯¥¨. �à®¢¥àìâ¥.

4. �®¦¤¥áâ¢® �í«¨. � ª  §ë¢ ¥âáï á®®â®è¥¨¥, á®áâ -

¢«ïîé¥¥ á®¤¥à¦ ¨¥ á«¥¤ãîé¥© â¥®à¥¬ë.

�¥®à¥¬  1. �ãáâì A 2 Mn ¨ dA 	 å à ªâ¥à¨áâ¨ç¥áª¨©

¬®£®ç«¥ ¬ âà¨æë A. �®£¤ 

dA(A) = 0: (5)
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�®ª § â¥«ìáâ¢®. �ãáâì (A � �I)� 	 ¬ âà¨æ , ¯à¨á®¥¤¨-

¥ ï ª A� �I . � á¨«ã (7.8),

(A� �I)(A� �I)� = det (A� �I) I = dA(�)I: (6)

�«¥¬¥âë ¬ âà¨æë (A��I)�, á â®ç®áâìî ¤® § ª , á®¢¯ ¤ îâ

á ¬¨®à ¬¨ ¬ âà¨æë A � �I ¯®àï¤ª  n � 1,   á«¥¤®¢ â¥«ì®,

ï¢«ïîâáï ¯®«¨®¬ ¬¨ ®â � áâ¥¯¥¨ ¥ ¢ëè¥ n � 1. �¢¥¤¥¬

¬ âà¨æë B0;B1; . . . ;Bn�1, í«¥¬¥âë ª®â®àëå á®¢¯ ¤ îâ á ª®íä-

ä¨æ¨¥â ¬¨ íâ¨å ¯®«¨®¬®¢ ¯à¨ á®®â¢¥âáâ¢ãîé¨å áâ¥¯¥ïå

�:

[(A� �I)�]ij = b0;ij + b1;ij�+ � � �+ bn�1;ij�
n�1;

â® ¥áâì

(A� �I)� = B0 + B1�+ � � �+ Bn�1�
n�1:

� á®®â¢¥âáâ¢¨¨ á (6),

(A��I)(B0+B1�+� � �+Bn�1�
n�1) = dA(�)I = (�0+�1�+� � �+�n�

n)I:
(7)

�à¨à ¢¨¢ ï ¤àã£ ¤àã£ã ª®íää¨æ¨¥âë ¯à¨ ®¤¨ ª®¢ëå áâ¥-

¯¥ïå � ¢ ¯à ¢®© ¨ «¥¢®© ç áâïå (7),  å®¤¨¬:8>>>>><>>>>>:

AB0 = �0I
AB1 � B0 = �1I
AB2 � B1 = �2I
: : : : : : : : : : : : : : : : : : : : : :
ABn�1 � Bn�2 = �n�1I
�Bn�1 = �nI:

(8)

�¬®¦¨¬ â¥¯¥àì á«¥¢  k-®¥ à ¢¥áâ¢® ¢ (8)   Ak�1. �®£¤ 8>>>>><>>>>>:

AB0 = �0I
A2B1 � AB0 = �1A
A3B2 � A2B1 = �2A

2

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
AnBn�1 �An�1Bn�2 = �n�1A

n�1

�AnBn�1 = �nA
n:

(9)
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�«®¦¨¬ à ¢¥áâ¢  (9). �á¥ á« £ ¥¬ë¥ ¢ «¥¢®© ç áâ¨ á®ªà é -

îâáï,   ¯®â®¬ã

�0I + �1A+ � � �+ �nA
n = dA(A) = 0;

çâ® á®¢¯ ¤ ¥â á (5). �
�¤¨¬ ¨§ ¯®«¥§ëå á«¥¤áâ¢¨© â®¦¤¥áâ¢  �í«¨ ï¢«ï-

¥âáï â®, çâ® ¬ âà¨æ  An (  á«¥¤®¢ â¥«ì®, ¨ ¡®«¥¥ ¢ëá®-

ª¨¥ áâ¥¯¥¨ ¬ âà¨æë A) áãâì «¨¥©ë¥ ª®¬¡¨ æ¨¨ ¬ âà¨æ

I; A;A2; � � � ; An�1. �®íâ®¬ã ¢ëç¨á«¥¨¥ «î¡®£® ¯®«¨®¬  p(A)
¬®¦® á¢¥áâ¨ ª ¢ëç¨á«¥¨î ¯®«¨®¬  ®â A áâ¥¯¥¨ ¥ ¢ëè¥

n � 1. �¥©áâ¢¨â¥«ì®, p(x) = s(x)dA(x) + rn�1(x), £¤¥ s(x) 	

ç áâ®¥ ®â ¤¥«¥¨ï p   dA,   rn�1 	 ®áâ â®ª. �®íâ®¬ã

p(A) = s(A)dA(A) + rn�1(A) = rn�1(A):

�à¨¬¥à. A =

�
1 1

�2 4

�
. � ©¤¥¬ ¬ âà¨æã A10. �®áª®«ìªã

dA(�) =

���� 1� � 1
�2 4� �

���� = �2 � 5�+ 6 = (� � 2)(�� 3);

x10

(x � 2)(x� 3)
= x10

�
1

x � 3
�

1

x� 2

�
=

x10 � 310

x� 3
�
x10 � 210

x � 2
+

310

x� 3
�

210

x � 2
;

â® x10 = dA(x)s(x) + (310(x � 2) � 210(x � 3)); £¤¥ s(x) =
(x10 � 310)(x� 3)�1 � (x10 � 210)(x � 2)�1 	 ¯®«¨®¬ áâ¥¯¥¨ 9.

�«¥¤®¢ â¥«ì®, A10 = 310(A� 2I) � 210(A � 3I):

5. �®¤®¡¨¥ ¬ âà¨æ. �¤¥áì ¬ë ®¡áã¤¨¬ ¤¢  ¢ ¦ëå ¯®ï-

â¨ï 	 ¯®¤®¡¨¥ ¨ ¤¨ £® «¨§ã¥¬®áâì ¬ âà¨æ.

�¯à¥¤¥«¥¨¥. � âà¨æë A;B 2 Mn  §ë¢ îâáï ¯®¤®¡ë-

¬¨, ¥á«¨ áãé¥áâ¢ã¥â ¥®á®¡ ï ¬ âà¨æ  X 2 Mn â ª ï, çâ®

B = X�1AX (  â®£¤  ¨ A = XBX�1). �à¨ íâ®¬ X  §ë¢ ¥âáï

¬ âà¨æ¥©, ®áãé¥áâ¢«ïîé¥© ¯®¤®¡¨¥, ¨«¨  ää¨¨â¥â®¬.
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�â¬¥â¨¬ ®á®¢ë¥ á¢®©áâ¢  ¯®¤®¡¨ï.

1. � à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥ ( , á«¥¤®¢ â¥«ì®, ¨

®¯à¥¤¥«¨â¥«ì, á«¥¤, á¯¥ªâà) ã ¯®¤®¡ëå ¬ âà¨æ ®¤¨ ¨ â®â ¦¥.

�¥©áâ¢¨â¥«ì®, dB(�) = det (B��I) = det (X�1AX��X�1IX) =
det (X�1(A� �I)X) = detX�1 det (A� �I) detX = dA(�).

�â¬¥â¨¬, çâ® ¯®¤®¡ë¥ ¬ âà¨æë, ¢ á¨«ã à ¢¥áâ¢  ¨å

®¯à¥¤¥«¨â¥«¥©, ¬®£ãâ ¡ëâì ¥®á®¡ë¬¨ â®«ìª® ®¤®¢à¥¬¥®.

2. �á«¨ ¬ âà¨æë A ¨ B ¯®¤®¡ë, â® ¯®¤®¡ë ¨ ¨å áâ¥¯¥¨,

¯à¨ç¥¬ ¯®¤®¡¨¥ ®áãé¥áâ¢«ï¥âáï â®© ¦¥ ¬ âà¨æ¥©. �¥©áâ¢¨-

â¥«ì®, ¥á«¨ m 	  âãà «ì®¥ ç¨á«®, â®

Bm = (X�1AX)m = X�1AXX�1AX . . .X�1AX = X�1AmX:

� «¥¥, ¥á«¨ ¬ âà¨æë A ¨ B ¥®á®¡ë¥, â® B�1 = (X�1AX)�1 =
X�1A�1(X�1)�1 = X�1AX,   á«¥¤®¢ â¥«ì®, ¨ Bm = X�1AmX
¤«ï ¢á¥å m 2 Z. � ª á«¥¤áâ¢¨¥, «î¡ë¥ ¯®«¨®¬ë ¨«¨ à æ¨®-

 «ìë¥ äãªæ¨¨ ®â ¯®¤®¡ëå ¬ âà¨æ â ª¦¥ ¯®¤®¡ë á â¥¬

¦¥  ää¨¨â¥â®¬.

3. �á«¨ ¬ âà¨æë A ¨ B ¯®¤®¡ë, â® ¯®¤®¡ë â ª¦¥ ¨

¬ âà¨æë At ¨ Bt, A� ¨ B�. �¥©áâ¢¨â¥«ì®, Bt = (X�1AX)t =
X tAt(Xt)�1;B� = X�A�(X�)�1: �à¨ íâ®¬, ®¤ ª®,  ää¨¨â¥â

¬¥ï¥âáï.

�¯à¥¤¥«¥¨¥. � âà¨æ   §ë¢ ¥âáï ¤¨ £® «¨§ã¥¬®©, ¥á«¨

®  ¯®¤®¡  ¥ª®â®à®© ¤¨ £® «ì®© ¬ âà¨æ¥.

�®áª®«ìªã á¯¥ªâà ¤¨ £® «ì®© ¬ âà¨æë

A = diag fa11; a22; . . . ; anng

á®¢¯ ¤ ¥â á ç¨á« ¬¨ a11; a22; . . . ; ann; â® ¨ ¤«ï ¤¨ £® «¨§ã¥¬®©

¬ âà¨æë B = X�1AX ç¨á«  a11; . . . ; ann áãâì ¥¥ á®¡áâ¢¥ë¥

§ ç¥¨ï.

�¥ ¢á¥ ª¢ ¤à âë¥ ¬ âà¨æë ¤¨ £® «¨§ã¥¬ë. � ª ç¥áâ¢¥

¯à¨¬¥à  ¯à¨¢¥¤¥¬ ¬ âà¨æã A =

�
0 1
0 0

�
. �¥©áâ¢¨â¥«ì®, ¥¥

å à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥ dA(�) ¥áâì

dA(�) =

������ 1
0 ��

���� = �2:
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�¤¨áâ¢¥ ï ¤¨ £® «ì ï ¬ âà¨æ  á â ª¨¬ ¦¥ å à ªâ¥à¨-

áâ¨ç¥áª¨¬ ¬®£®ç«¥®¬ 	 ã«¥¢ ï. �¤ ª® ã«¥¢ ï ¬ âà¨æ 

¥ ¬®¦¥â ¡ëâì ¯®¤®¡  ¥ã«¥¢®©: ¥á«¨ A = X�10X , â® A = 0.

�§ à áá¬®âà¥®£® ¯à¨¬¥à  á«¥¤ã¥â â ª¦¥, çâ® á®¢¯ ¤¥¨¥

å à ªâ¥à¨áâ¨ç¥áª¨å ¬®£®ç«¥®¢ ¥ ï¢«ï¥âáï ¤®áâ â®çë¬ ( 

«¨èì ¥®¡å®¤¨¬ë¬) ãá«®¢¨¥¬ ¯®¤®¡¨ï ¬ âà¨æ.

�¬¥áâ¥ á â¥¬, "¡®«ìè¨áâ¢®" ¬ âà¨æ ¤¨ £® «¨§ã¥¬ë.

�à¨¢¥¤¥¬ §¤¥áì ¤®áâ â®çë¥ ãá«®¢¨ï ¤¨ £® «¨§ã¥¬®áâ¨, ª®-

â®àë¥ ¡ã¤ãâ ¤®ª § ë ¢ ¯®á«¥¤ãîé¨å £« ¢ å ªãàá . �¨ £® -

«¨§ã¥¬ë ¢á¥ ¬ âà¨æë á ¯à®áâë¬ á¯¥ªâà®¬, ¢á¥ íà¬¨â®¢ë ¨

¢á¥ ã¨â àë¥ (á¬. ¨¦¥ ¯. 9.4) ¬ âà¨æë. �â¨ ª« ááë ¤ ¦¥ ¢

á®¢®ªã¯®áâ¨ ¥ ¨áç¥à¯ë¢ îâ ¢á¥ ¬®¦¥áâ¢® ¤¨ £® «¨§ã¬ëå

¬ âà¨æ.

�¥£ª® ¯®ïâì, çâ® ¤«ï A = diag f�1; . . . ; �ng ¡ã¤¥â Am =
diag f�m1 ; . . . ; �

m
n g ¯à¨  âãà «ì®¬ m ¨ m = 0,   ¥á«¨ ¢á¥ �j

®â«¨çë ®â ã«ï, â® íâ® ¢¥à® ¨ ¤«ï «î¡ëå æ¥«ëå m. �®íâ®¬ã,
¥á«¨ R(x) 	 à æ¨® «ì ï äãªæ¨ï, â ª ï, çâ® R(A) ¨¬¥¥â

á¬ëá«, â® R(A) = diag fR(�1); . . . ; R(�n)g. �¥¯¥àì ¥áâ¥áâ¢¥®

¤«ï ¯à®¨§¢®«ì®© äãªæ¨¨ f (x) ¯à¨ïâì à ¢¥áâ¢®

f(A) = diag ff (�1); . . . ; f(�n)g

§  ®¯à¥¤¥«¥¨¥ äãªæ¨¨ f (A) ®â ¤¨ £® «ì®© ¬ âà¨æë A.
�â® ®¯à¥¤¥«¥¨¥ á®£« á®¢ ® á ®¯à¥¤¥«¥¨¥¬ à æ¨® «ì®©

äãªæ¨¨ ®â ¬ âà¨æë ¨ á ®¯à¥¤¥«¥¨¥¬ ç¥à¥§ àï¤ë. � ¬¥-

â¨¬ â ª¦¥, çâ® ¤«ï ¤¨ £® «ì®© ¬ âà¨æë â®¦¤¥áâ¢® �í«¨

®ç¥¢¨¤®, ¯®áª®«ìªã

dA(A) = diag fdA(�1); . . . ; dA(�n)g = diag f0; . . . ; 0g = 0:

�â® à ááã¦¤¥¨¥ ¯¥à¥®á¨âáï ¨   ¤¨ £® «¨§ã¥¬ë¥ ¬ âà¨æë.

�¥©áâ¢¨â¥«ì®, ¥á«¨ B = X�1AX, £¤¥ A = diag f�1; . . . ; �ng,
â® ¤«ï «î¡®£® ¯®«¨®¬  p(x) ¢¥à® p(B) = X�1p(A)X, ®âªã¤ 

dB(B) = dA(B) = X�1dA(A)X = 0. �®à¬ã«ã

f(B) = X�1diag ff (�1); . . . ; f(�n)gX

¥áâ¥áâ¢¥® ¯à¨ïâì §  ®¯à¥¤¥«¥¨¥ ¯à®¨§¢®«ì®© äãªæ¨¨

f (x) ®â ¤¨ £® «¨§ã¥¬®© ¬ âà¨æë B.
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± 9. �¯¥æ¨ «ìë¥ ª« ááë ª¢ ¤à âëå ¬ âà¨æ

1. �¨¬¬¥âà¨çë¥ ¨ ª®á®á¨¬¬¥âà¨çë¥ ¬ âà¨æë. � âà¨-

æ  A 2 Mn  §ë¢ ¥âáï á¨¬¬¥âà¨ç®©, ¥á«¨ At = A, ¬ âà¨æ 
B  §ë¢ ¥âáï ª®á®á¨¬¬¥âà¨ç®© (¨«¨  â¨á¨¬¬¥âà¨ç®©),

¥á«¨ Bt = �B.
�áïªãî ¬ âà¨æã C 2 Mn ¬®¦® ¥¤¨áâ¢¥ë¬ ®¡à §®¬

¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ C = A + B, £¤¥ A 	 á¨¬¬¥âà¨ç ï, B 	

ª®á®á¨¬¬¥âà¨ç ï ¬ âà¨æë. �¥©áâ¢¨â¥«ì®, 2C = (C + Ct) +
(C � Ct), ¨ ¬®¦® ¯®«®¦¨âì 2A = (C + Ct), 2B = (C � Ct).
�ç¥¢¨¤®, A = At, B = �Bt. � ¤àã£®© áâ®à®ë, ¥á«¨ C = A+B,
£¤¥ A = At ¨ B = �Bt, â® Ct = At + Bt = A � B . �¥¬ á ¬ë¬

2A = C + Ct, 2B = C � Ct, çâ® ¯®ª §ë¢ ¥â ¥¤¨áâ¢¥®áâì

¯à¥¤áâ ¢«¥¨ï.

�â¬¥â¨¬ ¥ª®â®àë¥ á¢®©áâ¢  á¨¬¬¥âà¨çëå ¨ ª®á®á¨¬¬¥-

âà¨çëå ¬ âà¨æ.

1. �á«¨ ¬ âà¨æ  A á¨¬¬¥âà¨ç  (ª®á®á¨¬¬¥âà¨ç ), â® ¨

¬ âà¨æ  cA â ª¦¥ á¨¬¬¥âà¨ç  (á®®â¢¥âáâ¢¥®, ª®á®á¨¬¬¥-

âà¨ç ).

2. �á«¨ ¤¢¥ á¨¬¬¥âà¨çë¥ ¬ âà¨æë ª®¬¬ãâ¨àãîâ, â® ¨å

¯à®¨§¢¥¤¥¨¥ á¨¬¬¥âà¨ç®: (A1A2)
t = At

2A
t
1 = A2A1 = A1A2.

3. �®¡áâ¢¥ë¥ § ç¥¨ï ¢¥é¥áâ¢¥®© á¨¬¬¥âà¨ç®© ¬ -

âà¨æë ¢¥é¥áâ¢¥ë,   á ¬¨ â ª¨¥ ¬ âà¨æë ¤¨ £® «¨§ã¥¬ë.

�â® ¡ã¤¥â ¤®ª § ® ¢ ®¤®© ¨§ ¯®á«¥¤ãîé¨å £« ¢.

4. �¨ £® «ìë¥ í«¥¬¥âë ª®á®á¨¬¬¥âà¨çëå ¬ âà¨æ

à ¢ë ã«î: bkj = �bjk,   ¯®â®¬ã bkk = 0.
5. �«ï å à ªâ¥à¨áâ¨ç¥áª®£® ¬®£®ç«¥  ª®á®á¨¬¬¥âà¨ç-

®© ¬ âà¨æë ¢¥à® á®®â®è¥¨¥ dB(�) = (�1)ndB(��). �¥©-

áâ¢¨â¥«ì®,

dB(�) = det (B � �I) = det (B � �I)t =

det (�B � �I) = (�1)ndet (B + �I):

�¥¬ á ¬ë¬, á¯¥ªâà ª®á®á¨¬¬¥âà¨ç®© ¬ âà¨æë á¨¬¬¥âà¨ç¥

®â®á¨â¥«ì® ã«ï: ¥á«¨ dB(�) = 0, â® ¨ dB(��) = 0. �à â®-
áâ¨ ¥ã«¥¢ëå á®¡áâ¢¥ëå § ç¥¨© � ¨ �� â ª¦¥ á®¢¯ ¤ îâ.
�á«¨ n ¥ç¥â®, â® detB = �detB, ¨ ã«ì ï¢«ï¥âáï á®¡áâ¢¥-

ë¬ § ç¥¨¥¬ ¬ âà¨æë B .
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�¯à ¦¥¨¥. �à®¢¥àìâ¥, çâ® ¯à®¨§¢¥¤¥¨¥ ª®¬¬ãâ¨àãî-

é¨å ª®á®á¨¬¬¥âà¨çëå ¬ âà¨æ ¥áâì á¨¬¬¥âà¨ç ï ¬ âà¨æ .

2. �à¬¨â®¢ë ¬ âà¨æë. � ¯®¬¨¬, çâ® á®¯àï¦¥®©1 ª

¬ âà¨æ¥ F  §ë¢ ¥âáï ¬ âà¨æ  F �, ¤«ï ª®â®à®© [F �]ij = fji . �®
®¯à¥¤¥«¥¨î, ¬ âà¨æ  F 2 Mn  §ë¢ ¥âáï íà¬¨â®¢®©, ¥á«¨

F = F �. �«ï ¢¥é¥áâ¢¥ëå ¬ âà¨æ ¯®ïâ¨ï á¨¬¬¥âà¨ç®áâ¨

¨ íà¬¨â®¢®áâ¨ á®¢¯ ¤ îâ, ¤«ï ª®¬¯«¥ªáëå íâ® ã¦¥ ¥ â ª. �

ç¨á«¥ ®á®¢ëå á¢®©áâ¢ íà¬¨â®¢ëå ¬ âà¨æ, ®â¬¥â¨¬ (¯®ª  ¡¥§

¤®ª § â¥«ìáâ¢ ), çâ® ¨å á®¡áâ¢¥ë¥ § ç¥¨ï ¢¥é¥áâ¢¥ë,  

á ¬¨ ®¨ ¤¨ £® «¨§ã¥¬ë. � ¬¥â¨¬ â ª¦¥, çâ® ¢áïª ï ¬ âà¨æ 

F 2 Mn (¥¤¨áâ¢¥ë¬ ®¡à §®¬) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ F = G +
iH , £¤¥ G ¨ H 	 íà¬¨â®¢ë ¬ âà¨æë. �®áâ â®ç® ¯®«®¦¨âì

2G = F + F �, 2iH = F � F �.

�«¥¤ãîé¨¥ á¢®©áâ¢  ¯à¥¤®áâ ¢«ï¥âáï ¯à®¢¥à¨âì ç¨â â¥-

«î ¢ ª ç¥áâ¢¥ ¯à®áâëå ã¯à ¦¥¨©.

�¯à ¦¥¨ï. 1) �®ª ¦¨â¥, çâ® ¤¨ £® «ìë¥ í«¥¬¥âë

íà¬¨â®¢ëå ¬ âà¨æ ¢¥é¥áâ¢¥ë.

2) �à®¢¥àìâ¥, çâ® ¬ âà¨æ , ®¡à â ï ª ¥®á®¡®© íà¬¨â®¢®©

¬ âà¨æ¥ 	 íà¬¨â®¢ .

3) �®ª ¦¨â¥, çâ® ¬ âà¨æ  iB, £¤¥ B 	 ¢¥é¥áâ¢¥ ï ª®-

á®á¨¬¬¥âà¨ç ï ¬ âà¨æ , íà¬¨â®¢ .

4) �®ª ¦¨â¥, çâ® ¯à®¨§¢¥¤¥¨¥ ª®¬¬ãâ¨àãîé¨å íà¬¨â®-

¢ëå ¬ âà¨æ 	 íà¬¨â®¢  ¬ âà¨æ .

3. �àâ®£® «ìë¥ ¬ âà¨æë. �¥é¥áâ¢¥ ï ¬ âà¨æ  V 2
Mn  §ë¢ ¥âáï ®àâ®£® «ì®©, ¥á«¨ ¢ë¯®«¥® «î¡®¥ ¨§ âà¥å

(  â®£¤  ¨ ¤¢  ®áâ «ìëå) à ¢®á¨«ìëå ¤àã£ ¤àã£ã ãá«®¢¨©

V tV = I; V V t = I; V �1 = V t:

� ¢®á¨«ì®áâì íâ¨å ãá«®¢¨© ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 7.1.

�â¬¥â¨¬, çâ® à ¢¥áâ¢® V tV = I ®§ ç ¥â ®àâ®£® «ì-

®áâì áâ®«¡æ®¢ ¬ âà¨æë V :

nX
k=1

vkivkj = �ij ; i; j = 1; . . . ; n;

1 �®£¤  ¨á¯®«ì§ãîâ à ¢®á¨«ìë© â¥à¬¨ "íà¬¨â®¢®-

á®¯àï¦¥ ï" ¬ âà¨æ .
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  à ¢¥áâ¢® V V t = I   «®£¨çë¬ ®¡à §®¬ ®§ ç ¥â ®àâ®£®-

 «ì®áâì áâà®ª ¬ âà¨æë V . � ª¨¬ ®¡à §®¬, ®àâ®£® «ì®áâì

¬ âà¨æë ¯® áâ®«¡æ ¬ (¯® áâà®ª ¬) ¢«¥ç¥â ¥¥ ®àâ®£® «ì®áâì

¯® áâà®ª ¬ (á®®â¢¥âáâ¢¥® ¯® áâ®«¡æ ¬).

�à¨¬¥à®¬ ®àâ®£® «ì®© ¬ âà¨æë ¯à¨ n = 2 ï¢«ï¥âáï

¬ âà¨æ 

V =

�
cos� sin�
� sin� cos�

�
;

®¯¨áë¢ îé ï ¯®¢®à®â ¯«®áª®áâ¨   ã£®« �.

�â¬¥â¨¬ á«¥¤ãîé¨¥ á¢®©áâ¢  ®àâ®£® «ìëå ¬ âà¨æ.

1. �¤¨¨ç ï ¬ âà¨æ  ®àâ®£® «ì , â ª ª ª I t = I = I�1.

2. � âà¨æ , ®¡à â ï ª ®àâ®£® «ì®©, ®àâ®£® «ì . �¥©-

áâ¢¨â¥«ì®,

(V �1)tV �1 = (V t)tV t = V V t = I:

3. �à®¨§¢¥¤¥¨¥ ®àâ®£® «ìëå ¬ âà¨æ ®àâ®£® «ì® :

(V1V2)
t(V1V2) = (V t

2 V
t
1 )(V1V2) = V t

2 (V
t
1 V1)V2 = V t

2 IV2 = I:

(�¢®©áâ¢  1�3 ®§ ç îâ, çâ® ®àâ®£® «ìë¥ ¬ âà¨æë ®¡à §ãîâ

£àã¯¯ã ®â®á¨â¥«ì® ¬ âà¨ç®£® ã¬®¦¥¨ï; á¬. ¨¦¥ ¯. 5).

4. �¯à¥¤¥«¨â¥«ì ®àâ®£® «ì®© ¬ âà¨æë à ¢¥ «¨¡® 1,
«¨¡® �1. �¥©áâ¢¨â¥«ì®,

1 = det (V tV ) = detV detV t = (detV )2:

5. �á¥ á®¡áâ¢¥ë¥ § ç¥¨ï ®àâ®£® «ìëå ¬ âà¨æ ¯®

¬®¤ã«î à ¢ë 1 (®¨, ®¤ ª®, ¥ ®¡ï§ â¥«ì® ¢¥é¥áâ¢¥ë).

�â® á¢®©áâ¢® ¯®ª  ®áâ ¢«ï¥¬ ¡¥§ ¤®ª § â¥«ìáâ¢ .

�àâ®£® «ìë¥ ¬ âà¨æë á ®¯à¥¤¥«¨â¥«¥¬, à ¢ë¬ 1,  -

§ë¢ îâ á®¡áâ¢¥® ®àâ®£® «ìë¬¨.

� ¯à®áâà áâ¢¥ R3 ®àâ®£® «ìë¥ ¬ âà¨æë ®¯¨áë¢ îâ § -

¬¥ë ¤¥ª àâ®¢ëå á¨áâ¥¬ ª®®à¤¨ â ¯à¨ á®åà ¥¨¨  ç « 

ª®®à¤¨ â. �¥©áâ¢¨â¥«ì®, ¯ãáâì v1, v2, v3 	 ®¢ ï âà®©ª 

®àâ®¢ ¢ R3. � áá¬®âà¨¬ ¬ âà¨æã, á®áâ ¢«¥ãî ¨§ áâ®«¡æ®¢

ª®®à¤¨ â v1, v2, v3 ®â®á¨â¥«ì® ¨áå®¤ëå ®àâ®¢. �â  ¬ âà¨-

æ , ®ç¥¢¨¤®, ®àâ®£® «ì  ¯® áâ®«¡æ ¬. �á«®¢¨¥, çâ® ¬ âà¨æ 
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á®¡áâ¢¥® ®àâ®£® «ì , ®§ ç ¥â, çâ® âà®©ª  ¢¥ªâ®à®¢ v1, v2,

v3 ®à¨¥â¨à®¢   â ª ¦¥, ª ª ¨áå®¤ ï âà®©ª  ®àâ®¢.

4. �¨â àë¥ ¬ âà¨æë. �®¬¯«¥ªáë¬   «®£®¬ ®àâ®-

£® «ìëå ¬ âà¨æ ï¢«ïîâáï ¬ âà¨æë ã¨â àë¥. � âà¨æ 

U 2Mn  §ë¢ ¥âáï ã¨â à®©, ¥á«¨ ¢ë¯®«¥® «î¡®¥ ¨§ âà¥å

à ¢®á¨«ìëå ãá«®¢¨©:

U�U = I; UU� = I; U�1 = U�:

�áïª ï ®àâ®£® «ì ï ¬ âà¨æ  ï¢«ï¥âáï ã¨â à®©, ¯®áª®«ìªã

¤«ï ¢¥é¥áâ¢¥ëå ¬ âà¨æ V t = V �.

�â¬¥â¨¬ ®á®¢ë¥ á¢®©áâ¢  ã¨â àëå ¬ âà¨æ.

1. �â®«¡æë (áâà®ª¨) ã¨â à®© ¬ âà¨æë ®àâ®£® «ìë ª ª

ª®¬¯«¥ªáë¥ ¢¥ªâ®àë:

nX
k=1

ukiukj =

nX
k=1

uikujk = �ij; i; j = 1; . . . ; n:

2. �¤¨¨ç ï ¬ âà¨æ  ã¨â à .

3. � âà¨æ , ®¡à â ï ª ã¨â à®©, ã¨â à .

4. �à®¨§¢¥¤¥¨¥ ã¨â àëå ¬ âà¨æ 	 ã¨â à ï ¬ âà¨-

æ .

�¢®©áâ¢  2�4 ¯à®¢¥àïîâáï â ª ¦¥, ª ª   «®£¨çë¥ á¢®©-

áâ¢  ®àâ®£® «ìëå ¬ âà¨æ. �ë ¯à¥¤®áâ ¢«ï¥¬ á¤¥« âì íâ®

ç¨â â¥«î á ¬®áâ®ïâ¥«ì®.

5. �¯à¥¤¥«¨â¥«ì ã¨â à®© ¬ âà¨æë ¯® ¬®¤ã«î à ¢¥ 1,
¯®áª®«ìªã

1 = det (U�U) = detU detU� = detU detU:

�¨â àë¥ ¬ âà¨æë, ®¯à¥¤¥«¨â¥«ì ª®â®àëå à ¢¥ 1,  §ë¢ -

îâáï á®¡áâ¢¥® ã¨â àë¬¨.

6. C®¡áâ¢¥ë¥ § ç¥¨ï ã¨â àëå ¬ âà¨æ ¯® ¬®¤ã«î

à ¢ë 1,   á ¬¨ íâ¨ ¬ âà¨æë ¤¨ £® «¨§ã¥¬ë. �â® á¢®©áâ¢®

¡ã¤¥â ¤®ª § ® ¢ ®¤®© ¨§ ¯®á«¥¤ãîé¨å £« ¢.

5. �àã¯¯ë ¬ âà¨æ. �à¨¢¥¤¥¬ ®¯à¥¤¥«¥¨¥ £àã¯¯ë.

�¯à¥¤¥«¥¨¥. �®¦¥áâ¢® G  §ë¢ ¥âáï £àã¯¯®©, ¥á«¨
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1. �  G § ¤   ¡¨ à ï ®¯¥à æ¨ï G �G ! G ( §ë¢ ¥-

¬ ï ®¡ëç® ã¬®¦¥¨¥¬), ª®â®à ï  áá®æ¨ â¨¢ : ¤«ï «î¡ëå

a; b; c 2 G ¢ë¯®«¥® a(bc) = (ab)c:
2. �ãé¥áâ¢ã¥â ¥©âà «ìë© í«¥¬¥â (¥¤¨¨æ ) e 2 G,

â ª®© çâ® ae = ea = a ¤«ï ¢á¥å a 2 G.
3. �«ï «î¡®£® í«¥¬¥â  a 2 G áãé¥áâ¢ã¥â ®¡à âë©

í«¥¬¥â a�1: a�1a = aa�1 = e.
�¬®¦¥¨¥ ª¢ ¤à âëå ¬ âà¨æ  áá®æ¨ â¨¢® ¨ áãé¥áâ¢ã-

¥â ¥©âà «ìë© í«¥¬¥â 	 ¥¤¨¨ç ï ¬ âà¨æ . � ª®¥-«¨¡®

¬®¦¥áâ¢® ¬ âà¨æ ¡ã¤¥â ®¡à §®¢ë¢ âì £àã¯¯ã ¢ â®¬ ¨ â®«ì-

ª® ¢ â®¬ á«ãç ¥, ª®£¤  ®® § ¬ªãâ® ®â®á¨â¥«ì® ã¬®¦¥¨ï

¨ ¢¬¥áâ¥ á ª ¦¤®© ¬ âà¨æ¥© A á®¤¥à¦¨â ®¡à âãî ¬ âà¨æã

A�1. �á®, çâ® ¢á¥ ¬ âà¨æë, ¢å®¤ïé¨¥ ¢ £àã¯¯ã, ¤®«¦ë ¡ëâì

¥®á®¡ë¬¨.

� ª ç¥áâ¢¥ ¯à¨¬¥à®¢ ãª ¦¥¬ á«¥¤ãîé¨¥ £àã¯¯ë ¬ âà¨æ.

1. GL(n) 	 £àã¯¯  ¢á¥å ¥®á®¡ëå ¬ âà¨æ ¯®àï¤ª  n.
2. SL(n) 	 £àã¯¯  ¬ âà¨æ ¯®àï¤ª  n á ®¯à¥¤¥«¨â¥«¥¬,

à ¢ë¬ 1.
3. O(n) 	 £àã¯¯  ®àâ®£® «ìëå ¬ âà¨æ ¯®àï¤ª  n.
4. SO(n) 	 £àã¯¯  á®¡áâ¢¥® ®àâ®£® «ìëå ¬ âà¨æ ¯®-

àï¤ª  n.
5. U(n) 	 £àã¯¯  ã¨â àëå ¬ âà¨æ ¯®àï¤ª  n.
6. SU(n) 	 £àã¯¯  á®¡áâ¢¥® ã¨â àëå ¬ âà¨æ ¯®àï¤ª 

n.
7. �àã¯¯  ¥®á®¡ëå ¢¥àå¥âà¥ã£®«ìëå (¨¦¥âà¥ã£®«ì-

ëå) ¬ âà¨æ.

�à®¢¥àª  â®£®, çâ® ¢ ª ¦¤®¬ ¨§ ¯¥à¥ç¨á«¥ëå á«ãç ¥¢

ãª § ®¥ ¬®¦¥áâ¢® ¬ âà¨æ ¤¥©áâ¢¨â¥«ì® ®¡à §ã¥â £àã¯¯ã,

¥ ¤®«¦® ¢ë§¢ âì ã ç¨â â¥«ï § âàã¤¥¨©. �â¬¥â¨¬, çâ®

¨á¯®«ì§®¢ ë¥ ¢ ¯à¨¬¥à å 1�6 ®¡®§ ç¥¨ï ï¢«ïîâáï áâ -

¤ àâë¬¨.
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�« ¢  2. �¨áâ¥¬ë «¨¥©ëå

 «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©

± 1. � £ ¯àï¬®ã£®«ì®© ¬ âà¨æë.

�¥®à¥¬  ® à £¥

� â¥à¨ « íâ®£® ¯ à £à ä  ®â®á¨âáï ª â¥®à¨¨ ¬ âà¨æ. �

¯®¬¥é¥, ®¤ ª®, ¢  áâ®ïéãî £« ¢ã, ¯®áª®«ìªã ¯®ïâ¨¥ à £ 

¬ âà¨æë ¨¬¥¥â ®á®¢®¥ § ç¥¨¥ ¯à¨ ¨áá«¥¤®¢ ¨¨ «¨¥©ëå

 «£¥¡à ¨ç¥áª¨å á¨áâ¥¬. �ë ¤ ¤¨¬ âà¨ à §«¨çëå ®¯à¥¤¥«¥-

¨ï à £  ¬ âà¨æë,   § â¥¬ ¤®ª ¦¥¬, çâ® ¢á¥ âà¨ ®¯à¥¤¥«¥-

¨ï íª¢¨¢ «¥âë. �â® ãâ¢¥à¦¤¥¨¥ ¨ á®áâ ¢«ï¥â á®¤¥à¦ ¨¥

â¥®à¥¬ë ® à £¥. � ª ç¥áâ¢¥ ®á®¢®£® ¢ à¨ â  ¬ë ¡ã¤¥¬

à áá¬ âà¨¢ âì ª®¬¯«¥ªáë© ¢ à¨ â â¥®à¨¨. �®®â¢¥âáâ¢ãî-

é¨¥ ãâ¢¥à¦¤¥¨ï ¤«ï ¢¥é¥áâ¢¥ëå ¬ âà¨æ ¨ ¢¥ªâ®à®¢ ¯àï¬®

á«¥¤ãîâ ¨§ "ª®¬¯«¥ªáëå" à áá¬®âà¥¨©.

1. �¨®àë. �¥à¢®¥ ®¯à¥¤¥«¥¨¥ à £  ¬ âà¨æë. �«ï

(m�n)-¬ âà¨æ ¢¢¥¤¥¬ ¯®ïâ¨¥ ¬¨®à  ¯®àï¤ª  r � min(m;n).
�â¨¬ ¡ã¤¥â ®¡®¡é¥® ¯®ïâ¨¥ ¬¨®à  (¯®àï¤ª  n�1), ¢¢¥¤¥®¥
¤«ï ª¢ ¤à âëå ¬ âà¨æ ¢ ± 5 £« ¢ë 1. �ãáâì A 2 Mm;n ¨

¯ãáâì ã A ¢ëç¥àªãâ® (m�r) ª ª¨å-«¨¡® áâà®ª ¨ (n�r) ª ª¨å-
«¨¡® áâ®«¡æ®¢. �áâ ¥âáï ª¢ ¤à â ï ¬ âà¨æ  ¯®àï¤ª  r. �¥
®¯à¥¤¥«¨â¥«ì  §ë¢ ¥âáï ¬¨®à®¬ ¯®àï¤ª  r ¬ âà¨æë A.

�¯à¥¤¥«¥¨¥ 1. �¨á«® r = rA  §ë¢ ¥âáï à £®¬ ¬ âà¨-

æë A, ¥á«¨ å®âï ¡ë ®¤¨ ¥¥ ¬¨®à ¯®àï¤ª  r ®â«¨ç¥ ®â

ã«ï,   ¢á¥ ¬¨®àë ¯®àï¤ª  r + 1 à ¢ë ã«î.

�«ï ¥®á®¡®© ª¢ ¤à â®© ¬ âà¨æë A 2 Mn à £ à ¢¥ ¥¥

¯®àï¤ªã rA = n. �á«¨ r = rA = min(m;n), â® ¬¨®à®¢ ¯®àï¤ª 

r + 1 ¥â; ¢ íâ®¬ á«ãç ¥ ¤®áâ â®ç® ã¡¥¤¨âìáï, çâ® ¥áâì ¬¨®à

¯®àï¤ª  r, ®â«¨çë© ®â ã«ï.

�á«¨ r = rA < min(m;n), â® ¥ â®«ìª® ¬¨®àë ¯®àï¤ª 

r+1, ® ¨ ¢á¥ ¬¨®àë ¡®«¥¥ ¢ëá®ª¨å ¯®àï¤ª®¢ (¥á«¨ ®¨ ¥áâì)

à ¢ë ã«î. � ¯à¨¬¥à, ¤«ï ¬¨®à®¢ ¯®àï¤ª  r+ 2 íâ® ¢¨¤®,
¥á«¨ ª ¦¤ë© ¨§ ¨å à §«®¦¨âì ¯® í«¥¬¥â ¬ ª ª®©-«¨¡® áâà®-

ª¨; á®®â¢¥âáâ¢ãîé¨¥  «£¥¡à ¨ç¥áª¨¥ ¤®¯®«¥¨ï ¢ëà ¦ îâáï

ç¥à¥§ ¬¨®àë ¯®àï¤ª  r + 1. � â¥¬ â ª ¦¥ ã¡¥¦¤ ¥¬áï, çâ®

à ¢ë ã«î ¢á¥ ¬¨®àë ¯®àï¤ª  r + 3 ¨ â. ¤. � ª¨¬ ®¡à §®¬,
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à £ rA ¥áâì  ¨¢ëáè¨© ¯®àï¤®ª ®â«¨çëå ®â ã«ï ¬¨®à®¢

¬ âà¨æë A.
�ç¨âë¢ ï á¢®©áâ¢  ®¯à¥¤¥«¨â¥«¥© ¨ ®¯à¥¤¥«¥¨¥ 1 à £ 

¬ âà¨æë, ®â¬¥â¨¬, çâ® ®¯¥à æ¨ï âà á¯®¨à®¢ ¨ï,   â ª¦¥

ª ª ï-«¨¡® ¯¥à¥áâ ®¢ª  ¬¥áâ ¬¨ áâà®ª («¨¡® ¯¥à¥áâ ®¢ª 

áâ®«¡æ®¢) ¥ ¬¥ïîâ ¢¥«¨ç¨ë rA .

2. �¨¥© ï § ¢¨á¨¬®áâì ¨ ¥§ ¢¨á¨¬®áâì áâ®«¡æ®¢

(áâà®ª). �â®à®¥ ¨ âà¥âì¥ ®¯à¥¤¥«¥¨ï à £  ¬ âà¨æë. � -

¤¨¬ ¯®ïâ¨¥ «¨¥©®© ¥§ ¢¨á¨¬®áâ¨ á¨áâ¥¬ë ¢¥ªâ®à®¢ ¢ Cm.

�ãáâì xk 2 C
m, k = 1; . . . ; s; ç¨á«® s  §®¢¥¬ ¤«¨®© íâ®© á¨áâ¥-

¬ë ( ¡®à ) ¢¥ªâ®à®¢. �¨áâ¥¬  ¢¥ªâ®à®¢ x1; . . . ;xs,  §ë¢ ¥âáï

«¨¥©® § ¢¨á¨¬®©, ¥á«¨  ©¤¥âáï  ¡®à ç¨á¥« c1; . . . ; cs; ¥ ¢á¥
¨§ ª®â®àëå ã«¨, â ª®© çâ®

c1x1 + c2x2 + . . . + csxs = 0;

sX
k=1

jckj
2 6= 0:

�¨áâ¥¬  ¢¥ªâ®à®¢ x1; . . . ;xs  §ë¢ ¥âáï «¨¥©® ¥§ ¢¨á¨¬®©,

¥á«¨ ®  ¥ ï¢«ï¥âáï «¨¥©® § ¢¨á¨¬®©. � ç¥ £®¢®àï, á¨-

áâ¥¬  x1; . . . ;xs «¨¥©® ¥§ ¢¨á¨¬ , ¥á«¨ ¨§ à ¢¥áâ¢ 

c1x1 + c2x2 + . . . + csxs = 0

á«¥¤ã¥â, çâ® c1 = c2 = . . . = cs = 0.
�ã¤¥¬ à áá¬ âà¨¢ âì áâ®«¡æë ¬ âà¨æë A ª ª ¢¥ªâ®àë ¨§

C
m. � £®¬ ¬ âà¨æë A  §®¢¥¬  ¨¡®«ìèãî ¨§ ¤«¨ «¨¥©®

¥§ ¢¨á¨¬ëå  ¡®à®¢, á®áâ ¢«¥ëå ¨§ áâ®«¡æ®¢ ¬ âà¨æë A.
�®¢®àï ¡®«¥¥ ªà âª®, ¬ë ¯à¨¨¬ ¥¬ á«¥¤ãîé¥¥

�¯à¥¤¥«¥¨¥ 2. � £®¬ ¬ âà¨æë A  §ë¢ ¥âáï ¬ ªá¨-

¬ «ì®¥ ç¨á«® «¨¥©® ¥§ ¢¨á¨¬ëå áâ®«¡æ®¢ ¬ âà¨æë A.
� £ ¯® áâ®«¡æ ¬ (¢ á¬ëá«¥ ¢â®à®£® ®¯à¥¤¥«¥¨ï) ®¡®§ -

ç¨¬ ç¥à¥§ e� = e�A.
�®¤®¡ë¬ ¦¥ ®¡à §®¬ ¡ã¤¥¬ à áá¬ âà¨¢ âì «¨¥©® ¥-

§ ¢¨á¨¬ë¥  ¡®àë áâà®ª ¬ âà¨æë A. �à¨¬¥¬
�¯à¥¤¥«¥¨¥ 3. � £®¬ ¬ âà¨æë A  §ë¢ ¥âáï ¬ ªá¨-

¬ «ì®¥ ç¨á«® «¨¥©® ¥§ ¢¨á¨¬ëå áâà®ª ¬ âà¨æë A.
� £ ¯® áâà®ª ¬ (¢ á¬ëá«¥ âà¥âì¥£® ®¯à¥¤¥«¥¨ï) ®¡®§ -

ç¨¬ ç¥à¥§ � = �A. �à §ã ¦¥ ïá®, çâ® �A = e�At .
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�ç¥¢¨¤®, çâ® ª ª ï-«¨¡® ¯¥à¥áâ ®¢ª  áâà®ª ¬¥áâ ¬¨ ¥

¬¥ï¥â ¬ ªá¨¬ «ì®£® ç¨á«  «¨¥©® ¥§ ¢¨á¨¬ëå áâà®ª �A.
�á«¨ ¦¥ ¯¥à¥áâ ¢¨âì ¬¥áâ ¬¨,  ¯à¨¬¥à, i-ë© ¨ j-ë© áâ®«¡æë

¬ âà¨æë A, â® íâ® ¯à¨¢¥¤¥â ª ®¤®¢à¥¬¥®© ¯¥à¥áâ ®¢ª¥ i-£®
¨ j-£® í«¥¬¥â®¢ ¢ ª ¦¤®© áâà®ª¥ ¬ âà¨æë A. �á®, çâ® ¯à¨

íâ®¬ ¬ ªá¨¬ «ì®¥ ç¨á«® �A «¨¥©® ¥§ ¢¨á¨¬ëå áâà®ª ¥

¨§¬¥¨âáï. �®®¡é¥, ª ª ï-«¨¡® ¯¥à¥áâ ®¢ª  ¬¥áâ ¬¨ áâà®ª

(áâ®«¡æ®¢) ¥ ¬¥ï¥â ¨ à £  ¯® áâà®ª ¬ �A, ¨ à £  ¯®

áâ®«¡æ ¬ e�A . �ë ã¦¥ ®â¬¥ç «¨, çâ® ¯à¨ íâ®¬ ¥ ¨§¬¥ï¥âáï

â ª¦¥ rA .

3. �¥®à¥¬  ® à £¥ (ä®à¬ã«¨à®¢ª ). �«¥¤áâ¢¨ï. �®¤¥à-

¦ â¥«ì®áâì ¯®ïâ¨î à £  ¬ âà¨æë ¯à¨¤ ¥â á«¥¤ãîé ï

�¥®à¥¬  1 (® à £¥). �á¥ âà¨ ®¯à¥¤¥«¥¨ï à £  ¬ âà¨æë

à ¢®á¨«ìë.

�ë ¤®ª ¦¥¬ íâã â¥®à¥¬ã ¢ ¯. 4,   á¥©ç á ®¡áã¤¨¬ ¥¥

á«¥¤áâ¢¨ï. � ¨¡®«¥¥ ¢ ¦ë¬ ï¢«ï¥âáï

�«¥¤áâ¢¨¥ 2. � ¢áïª®© ¬ âà¨æë ¬ ªá¨¬ «ì®¥ ç¨á«® ¥¥

«¨¥©® ¥§ ¢¨á¨¬ëå áâà®ª à ¢® ¬ ªá¨¬ «ì®¬ã ç¨á«ã ¥¥

«¨¥©® ¥§ ¢¨á¨¬ëå áâ®«¡æ®¢.

� ç¥ £®¢®àï, ®¯à¥¤¥«¥¨ï 2 ¨ 3 à ¢®á¨«ìë. �â® á¨«ì-

®¥ ãâ¢¥à¦¤¥¨¥, ª®â®à®¥ áà ¢¨â¥«ì® âàã¤® ¯®«ãç¨âì ¯àï-

¬®. �® ¯à®é¥ ¢á¥£® ¯®«ãç ¥âáï §  áç¥â â®£®, çâ® ®¡  íâ¨

®¯à¥¤¥«¥¨ï íª¢¨¢ «¥âë ®¯à¥¤¥«¥¨î 1.

�«¥¤áâ¢¨¥ 3. �¯à¥¤¥«¨â¥«ì ¬ âà¨æë A 2Mn à ¢¥ ã«î

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¬¥¦¤ã ¥¥ áâà®ª ¬¨,   â ª¦¥

¬¥¦¤ã ¥¥ áâ®«¡æ ¬¨ ¥áâì «¨¥© ï § ¢¨á¨¬®áâì.

�¥©áâ¢¨â¥«ì®, ª ¦¤®¥ ¨§ íâ¨å âà¥å ãâ¢¥à¦¤¥¨© ®§ ç -

¥â (¢ á¬ëá«¥ ®¤®£® ¨§ âà¥å à ¢®á¨«ìëå ®¯à¥¤¥«¥¨©), çâ®

à £ ¬ âà¨æë A ¬¥ìè¥ n.

�«¥¤áâ¢¨¥ 4. � ª®®à¤¨ â®¬ ¯à®áâà áâ¢¥ Cm ¢áïª¨©

«¨¥©® ¥§ ¢¨á¨¬ë©  ¡®à á®¤¥à¦¨â ¥ ¡®«¥¥ m ¢¥ªâ®à®¢.

�®ª § â¥«ìáâ¢®. �ãáâì x1; . . . ;xm;xm+1 2 C
m. �®áâ ¢¨¬

¨§ íâ¨å áâ®«¡æ®¢ ¬ âà¨æã X = (x1; . . . ;xm;xm+1) 2Mm;m+1. �¥

à £ ¥ ¯à¥¢®áå®¤¨â ç¨á«  ¥¥ áâà®ª m. �®íâ®¬ã ¨ ç¨á«® «¨¥©-
® ¥§ ¢¨á¨¬ëå áâ®«¡æ®¢ ¥ ¯à¥¢®áå®¤¨â m, çâ® ¨ âà¥¡®¢ «®áì.
�

�«¥¤áâ¢¨¥ 5. � Cm § ¢¥¤®¬® áãé¥áâ¢ãîâ «¨¥©® ¥§ ¢¨-
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á¨¬ë¥  ¡®àë ¨§ m ¢¥ªâ®à®¢. �å ®¡à §ãîâ áâ®«¡æë «î¡®©

¥®á®¡®© ¬ âà¨æë A 2Mm.

� ¯à®â¨¢, ¢ë¯¨áë¢ ï ¯®¤àï¤m «¨¥©® ¥§ ¢¨á¨¬ëå ¢¥ª-

â®à®¢ (áâ®«¡æ®¢) ¨§ Cm, ¬ë ¯®«ãç¨¬ ¥®á®¡ãî ¬ âà¨æã ª« áá 

Mm. � ç áâ®áâ¨, ¥¤¨¨ç®© ¬ âà¨æ¥ I á®®â¢¥âáâ¢ã¥â «¨¥©®
¥§ ¢¨á¨¬ë©  ¡®à "áâ ¤ àâëå ®àâ®¢"

e1 =

0BBBB@
1
0
0
...

0

1CCCCA ; e2 =

0BBBB@
0
1
0
...

0

1CCCCA ; . . . ; em =

0BBBB@
0
0
0
...

1

1CCCCA :

�àã£®© ¯à¨¬¥à: ¥á«¨ ¬ âà¨æ  A	 âà¥ã£®«ì ï ¨   ¥¥ £« ¢®©

¤¨ £® «¨ ¥â ã«¥©, â® ¥¥ áâ®«¡æë «¨¥©® ¥§ ¢¨á¨¬ë.

� "¢¥é¥áâ¢¥®¬" ¢ à¨ â¥ ¯à¨ m = 3 á«¥¤áâ¢¨¥ 5 á®®â-

¢¥âáâ¢ã¥â â®¬ã, çâ® âà¨ ¢¥ªâ®à  ¢ R
3 ¥ª®¬¯«  àë â®£¤ 

¨ â®«ìª® â®£¤ , ª®£¤  ¨å á¬¥è ®¥ ¯à®¨§¢¥¤¥¨¥ ®â«¨ç® ®â

ã«ï.

4. �®ª § â¥«ìáâ¢® â¥®à¥¬ë ® à £¥ ¯®âà¥¡ã¥â ¥áª®«ìª®

è £®¢. �®ª ¦¥¬ íª¢¨¢ «¥â®áâì ®¯à¥¤¥«¥¨© 1 ¨ 3, â® ¥áâì

à ¢¥áâ¢® rA = �A.
�¥¬¬  6. �¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

rA � �A: (1)

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ª ª®©-«¨¡® ¬¨®à ¯®àï¤ª 

�+1 (§¤¥áì � = �A) ¨ ®¡®§ ç¨¬ áâà®ª¨ ¬ âà¨æë A, ¢å®¤ïé¨¥ ¢
íâ®â ¬¨®à, ç¥à¥§ !1; . . . ; !�; !�+1. �â¨ áâà®ª¨ ®¡ï§ â¥«ì® «¨-

¥©® § ¢¨á¨¬ë:  ©¤¥âáï ¥ã«¥¢®©  ¡®à ç¨á¥« c1; . . . ; c�+1,

â ª®© çâ®

c1!1 + c2!2 + . . . + c�!� + c�+1!�+1 = 0: (2)

�ãáâì ¯à¨ íâ®¬ cs 6= 0 (â ª®© ®¬¥à s ®¡ï§ â¥«ì®  ©¤¥âáï).

�à¨¡ ¢¨¬ ª áâà®ª¥ !s ®áâ «ìë¥ áâà®ª¨, ã¬®¦¥ë¥   ç¨á« 

ck(cs)
�1. �á«¥¤áâ¢¨¥ á¢®©áâ¢ ®¯à¥¤¥«¨â¥«¥©, íâ® ¥ ¨§¬¥¨â
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¬¨®à. �à¨ íâ®¬ ¢ á¨«ã (2) ¢ s-®© áâà®ª¥ ®ª ¦ãâáï ®¤¨ ã«¨,

¨ ¬¨®à à ¢¥ ã«î. �âáî¤  á«¥¤ã¥â (1). �

�¡à â®¥ ¥à ¢¥áâ¢® ¤®ª §ë¢ ¥âáï á«®¦¥¥. � §®¢¥¬

¬¨®à ¬ âà¨æë A ¯®àï¤ª  r = rA ¡ §®¢ë¬, ¥á«¨ íâ®â ¬¨®à ¥

à ¢¥ ã«î.

�¥¬¬  7 (® ¡ §®¢®¬ ¬¨®à¥). �âà®ª¨ ¬ âà¨æë A, ¥
¢å®¤ïé¨¥ ¢ ¡ §®¢ë© ¬¨®à, «¨¥©® § ¢¨áïâ ®â áâà®ª, ¢å®-

¤ïé¨å ¢ ¡ §®¢ë© ¬¨®à.

�®ª § â¥«ìáâ¢®. �ë¤¥«¨¬ ¡ §®¢ë© ¬¨®à, â® ¥áâì ª ª®©-

«¨¡® ¬¨®à ¯®àï¤ª  r = rA, ®â«¨çë© ®â ã«ï. �¥à¥áâ ¢¨¬

á ç «  áâà®ª¨,   § â¥¬ áâ®«¡æë ¬ âà¨æë A â ª, çâ®¡ë íâ®â

¬¨®à à á¯®« £ «áï ¢ «¥¢®¬ ¢¥àå¥¬ ã£«ã. �à¨ íâ®¬ ®¡ 

ç¨á«  rA ¨ �A ¥ ¨§¬¥ïâáï. �ë¯¨è¥¬ ¯®«ãç¨¢èãîáï ¬ âà¨æã,

á®åà ïï ¤«ï ¥¥ ¯à¥¦¥¥ ®¡®§ ç¥¨¥ A

A =

0BBBBBBBBBBBBBBBBBBB@

a11 a12 � � � a1r

???? a1;r+1 � � � a1n

a21 a22 � � � a2r

???? a2;r+1 � � � a2n

: : : : : : : : : : : : : : : : : : : : : : : : : :

???? : : : : : : : : : : : : : : : : : : : : :
ar1 ar2 � � � arr

???? ar;r+1 � � � arn

ar+1;1 ar+1;2 � � � ar+1;r ar+1;r+1 � � � ar+1;n

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

am1 am2 � � � amr am;r+1 � � � amn

1CCCCCCCCCCCCCCCCCCCA
� âà¨æã, ®âç¥àªãâãî ¢ «¥¢®¬ ¢¥àå¥¬ ã£«ã, ®¡®§ ç¨¬ ç¥-

à¥§ A0. �® ¯®áâà®¥¨î A0 2 M r ¨ detA0 6= 0. � «¥¥,  ¡®à

!1; . . . ; !r ¯¥à¢ëå r áâà®ª «¨¥©® ¥§ ¢¨á¨¬, â ª ª ª ¨ ç¥

¡ë«® ¡ë detA0 = 0. �®ª ¦¥¬, çâ® ¤®¡ ¢«ïï ª íâ®¬ã  ¡®àã ¥é¥
®¤ã áâà®ªã ¬ âà¨æë A, ¯®«ãç¨¬ «¨¥©®-§ ¢¨á¨¬ë©  ¡®à.

�ãáâì íâ® áâà®ª  !r+1 (¨ ç¥ ®¯ïâì ¯¥à¥áâ ¢¨«¨ ¡ë áâà®ª¨).

�®¯®«¨¬ ¬ âà¨æã A0 í«¥¬¥â ¬¨ (r + 1)-®© áâà®ª¨ á¨§ã ¨

s-£® áâ®«¡æ  á¯à ¢ , ¯à¨ç¥¬ s = 1; . . . ; n. �®«ãç¥ãî ¬ âà¨æã
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®¡®§ ç¨¬ ç¥à¥§ As 2M r+1:

As =

0BBBBBBBBBBBBBB@

a11 a12 � � � a1r

???? a1s

a21 a22 � � � a2r

???? a2s

: : : : : : : : : : : : : : : : : : : : : : : : : :

???? � � �

ar1 ar2 � � � arr

???? ars

ar+1;1 ar+1;2 � � � ar+1;r ar+1;s

1CCCCCCCCCCCCCCA
� ¬¥â¨¬, çâ® detAs = 0. �¥©áâ¢¨â¥«ì®, ¥á«¨ s � r, â® As

á®¤¥à¦¨â ¤¢  ®¤¨ ª®¢ëå áâ®«¡æ . �á«¨ ¦¥ s > r, â® detAs

	 ®¤¨ ¨§ ¬¨®à®¢ ¯®àï¤ª  r + 1 ¬ âà¨æë A,   ¯®â®¬ã ®

à ¢¥ ã«î ¯® ®¯à¥¤¥«¥¨î ç¨á«  r = rA . � §«®¦¨¬ detAs

¯® ¯®á«¥¤¥¬ã áâ®«¡æã, ¯à¨ç¥¬ § ¬¥â¨¬, çâ®  «£¥¡à ¨ç¥áª¨¥

¤®¯®«¥¨ï í«¥¬¥â®¢ íâ®£® áâ®«¡æ  ¥ § ¢¨áïâ ®â ®¬¥à  s.
�¡®§ ç¨¬ ¨å ç¥à¥§ c1; . . . ; cr+1. � ¬¥â¨¬ â ª¦¥, çâ®

cr+1 = detA0 6= 0: (3)

�á«®¢¨¥ detAs = 0 â¥¯¥àì § ¯¨è¥âáï ¢ ¢¨¤¥

detAs =

r+1X
k=1

ckaks = 0; s = 1; . . . ; n: (4)

�®¢®ªã¯®áâì à ¢¥áâ¢ (4) ¥áâì à §¢¥àãâ ï ä®à¬  á®®â®è¥-

¨ï

c1!1 + . . . + cr!r + cr+1!r+1 = 0; (5)

¯à¨ç¥¬, ¢ á¨«ã (3),  ¡®à ç¨á¥« c1; c2; . . . ; cr+1 	 ¥ã«¥¢®©.

�â ª, ¬¥¦¤ã áâà®ª ¬¨ !1; . . . ; !r; !r+1 ¥áâì «¨¥© ï § ¢¨á¨-

¬®áâì. �®«¥¥ â®£®, áâà®ª  !r+1 «¨¥©® ¢ëà ¦ ¥âáï ç¥à¥§

áâà®ª¨ !1; . . . ; !r . �
�¥¬¬  8. �¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

�A � rA: (6)
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�®ª § â¥«ìáâ¢®. �à¥¡ã¥âáï ¤®ª § âì, çâ® «î¡®©  ¡®à ¨§

r + 1 áâà®ª ¬ âà¨æë A 	 «¨¥©® § ¢¨á¨¬ë©. �®áâ ¢¨¬ ¨§

¢ë¤¥«¥ëå r+1 áâà®ª ¬ âà¨æã B 2M r+1;n. �á®, çâ® rB � rA.
�ë¤¥«ïï §¤¥áì ¥ã«¥¢®© ¬¨®à ¯®àï¤ª  rB , § ª«îç ¥¬, çâ®
¥ª®â®àë¥ rB + 1 áâà®ª ¨§ B «¨¥©® § ¢¨á¨¬ë (íâ® á«¥¤ã¥â

¨§ «¥¬¬ë 2 ¢ ¯à¨¬¥¥¨¨ ª B). �¥¬ ¡®«¥¥ «¨¥©® § ¢¨á¨¬

¢¥áì  ¡®à áâà®ª ¬ âà¨æë B, çâ® ¨ âà¥¡®¢ «®áì. �

�¥¯¥àì «¥£ª® § ¢¥àè¨âì ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë ® à £¥.

�§ (1) ¨ (6) á«¥¤ã¥â à ¢¥áâ¢® �A = rA . �«ï ¤®ª § â¥«ìáâ¢ 

íª¢¨¢ «¥â®áâ¨ ®¯à¥¤¥«¥¨© 1 ¨ 2 ¯¥à¥©¤¥¬ ®â A ª âà á¯®-

¨à®¢ ®© ¬ âà¨æ¥ At. �à¨ íâ®¬ rA = rAt ¨ e�A = �At . �® ã¦¥

¤®ª § ®¬ã á¢®©áâ¢ã (¢ ¯à¨¬¥¥¨¨ ª At) rAt = �At . �«¥¤®¢ -

â¥«ì®, rA = e�A . �¥®à¥¬  ® à £¥ ¤®ª §  . �

5. � ¢ëç¨á«¥¨¨ à £  ¬ âà¨æë. � £ ¬ âà¨æë ¥

¬¥ï¥âáï ¯à¨ á«¥¤ãîé¨å í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨ïå:

1) âà á¯®¨à®¢ ¨¥; 2) ª ª ï-«¨¡® ¯¥à¥áâ ®¢ª  áâà®ª (¨«¨

áâ®«¡æ®¢) ¬¥áâ ¬¨; 3) ã¬®¦¥¨¥ áâà®ª (¨«¨ áâ®«¡æ®¢)   ¥-

ã«¥¢ë¥ ¬®¦¨â¥«¨; 4) ¤®¡ ¢«¥¨¥ ª í«¥¬¥â ¬ ª ª®©-«¨¡®

áâà®ª¨ á®®â¢¥âáâ¢ãîé¨å í«¥¬¥â®¢ ¤àã£®© áâà®ª¨ (â® ¦¥ ¤«ï

áâ®«¡æ®¢). �â¬¥â¨¬, çâ® ¢ ¯. 1.7.4 ¢¢®¤¨«®áì ¯®ïâ¨¥ ¤®-

¯ãáâ¨¬ëå ¯à¥®¡à §®¢ ¨© ¬ âà¨æë. � ¡®à í«¥¬¥â àëå

¯à¥®¡à §®¢ ¨© ¥áª®«ìª® è¨à¥.

� á¨«ã â¥®à¥¬ë ® à £¥ ª ¦¤®¥ ¨§ íâ¨å á¢®©áâ¢ ¤®áâ â®ç®

¯à®¢¥à¨âì ¤«ï ª ª®£®-«¨¡® ®¤®£® ®¯à¥¤¥«¥¨ï à £ . �ë ã¦¥

®â¬¥ç «¨ ¢ëè¥, çâ® rA ¥ ¬¥ï¥âáï ¯à¨ âà á¯®¨à®¢ ¨¨

¨ çâ® à £ (¢ á¬ëá«¥ «î¡®£® ¨§ ®¯à¥¤¥«¥¨©) ¥ ¬¥ï¥âáï

¯à¨ ¯à¥®¡à §®¢ ¨¨ 2). �ç¥¢¨¤®, çâ® �A ¥ ¬¥ï¥âáï ¯à¨

¯à¥®¡à §®¢ ¨ïå 3) ¨ 4) ®â®á¨â¥«ì® áâà®ª,   e�A ¥ ¬¥ï¥âáï

¯à¨ ¯à¥®¡à §®¢ ¨ïå 3) ¨ 4) ®â®á¨â¥«ì® áâ®«¡æ®¢.

�à¨ ¢ëç¨á«¥¨¨ à £  ¬ âà¨æë ¯®«¥§® ¯à¨¬¥ïâì ª ¥©

í«¥¬¥â àë¥ ¯à¥®¡à §®¢ ¨ï.

�à¨¬¥à. �ëç¨á«¨¬ à £ ¬ âà¨æë

A =

0B@
1 4 3 2 1
0 1 �1 �2 2
2 9 5 2 4
2 7 7 6 0

1CA :
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�ëçâ¥¬ ¨§ âà¥âì¥© áâà®ª¨ ç¥â¢¥àâãî,   ¨§ ç¥â¢¥àâ®© ã¤¢®¥-

ãî ¯¥à¢ãî. �®£¤  ¬ âà¨æ  A ¯¥à¥©¤¥â ¢0B@
1 4 3 2 1
0 1 �1 �2 2
0 2 �2 �4 4
0 �1 1 2 �2

1CA :

�¥¯¥àì ¯à¨¡ ¢¨¬ ª ¯®á«¥¤¥© áâà®ª¥ ¢â®àãî,   ª âà¥âì¥©

áâà®ª¥ ¯à¨¡ ¢¨¬ ã¤¢®¥ãî ç¥â¢¥àâãî:0B@
1 4 3 2 1
0 1 �1 �2 2
0 0 0 0 0
0 0 0 0 0

1CA :

�ç¥¢¨¤®, ¯®á«¥¤ïï ¬ âà¨æ  ¨¬¥¥â ¤¢¥ «¨¥©® ¥§ ¢¨á¨¬ë¥

áâà®ª¨. �®áª®«ìªã à £ ¯à¨ á¤¥« ëå ¯à¥®¡à §®¢ ¨ïå ¥

¨§¬¥¨«áï, rA = 2.
�à¨ ¢ëç¨á«¥¨¨ à £  ¬ âà¨æë ¯®«¥§¥ â ª¦¥ á«¥¤ãî-

é¨© ¯à¨¥¬. �ãáâì  ©¤¥ ¥ã«¥¢®© ¬¨®à ¯®àï¤ª  l. � á-

á¬®âà¨¬ â®«ìª® â¥ ¬¨®àë ¯®àï¤ª  l + 1, ª®â®àë¥ á®¤¥à¦ â

íâ®â ¬¨®à "¢ãâà¨ á¥¡ï". �á«¨ ¢á¥ íâ¨ ¬¨®àë à ¢ë ã«î,

â® ¨ ¢®®¡é¥ ¢á¥ ¬¨®àë ¯®àï¤ª  l + 1 à ¢ë ã«î, ¨ rA = l.
�®ç¥¬ã íâ® â ª? �á¯®¬¨¬ ¤®ª § â¥«ìáâ¢® «¥¬¬ë ® ¡ §®¢®¬

¬¨®à¥. � ªâ¨ç¥áª¨ ¬ë ¨á¯®«ì§®¢ «¨ â ¬ «¨èì â®, çâ® ¢á¥

¬¨®àë ¯®àï¤ª  r + 1, "á®¤¥à¦ é¨¥ A0 ¢ãâà¨ á¥¡ï", à ¢ë

ã«î. �§ íâ®£® ¬ë ¢ë¢¥«¨, çâ® «î¡ë¥ r + 1 áâà®ª «¨¥©®

§ ¢¨á¨¬ë. � à áá¬ âà¨¢ ¥¬®© á¥©ç á á¨âã æ¨¨ íâ® ®§ ç ¥â,

çâ® «î¡ë¥ l+1 áâà®ª ¬ âà¨æë A «¨¥©® § ¢¨á¨¬ë,   ¯®â®¬ã

«î¡®© ¬¨®à ¯®àï¤ª  l + 1 à ¢¥ ã«î.

± 2. �¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨å

ãà ¢¥¨©. �¡é¨¥ á¢®©áâ¢ 

� áá¬®âà¨¬ á¨áâ¥¬ã m ãà ¢¥¨© á n ¥¨§¢¥áâë¬¨8><>:
a11x1 + a12x2 + � � �+ a1nxn = f1
a21x1 + a22x2 + � � �+ a2nxn = f2
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
am1x1 + am2x2 + � � �+ amnxn = fm:

(1)
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�ã¤¥¬ à áá¬ âà¨¢ âì x1; . . . ; xn ª ª ª®®à¤¨ âë ¥¨§¢¥áâ®£®

¢¥ªâ®à  x 2 Cn, f1; . . . ; fm 	 ª ª ª®®à¤¨ âë ¨§¢¥áâ®£® ¢¥ªâ®-

à  f 2 Cm. �ãáâì A = faikg
k=1;...;n
i=1;...;m 	 ¬ âà¨æ  ª®íää¨æ¨¥â®¢;

ïá®, çâ® A 2Mm;n . �®£¤  á¨áâ¥¬ã (1) ¬®¦® (¨ ã¤®¡®) § ¯¨-

á âì ¢ ¢¨¤¥ ®¤®£® ãà ¢¥¨ï

Ax = f (2)

®â®á¨â¥«ì® ¢¥ªâ®à  x. � âà¨æ  A § ¤ ¥â «¨¥©®¥ ®â®¡à -

¦¥¨¥ A : Cn ! C
m. �¥è¨âì á¨áâ¥¬ã 	 § ç¨â ¤«ï § ¤ ®£®

¢¥ªâ®à  f 2 C
m  ©â¨ ¢¥ªâ®à x 2 C

n, ã¤®¢«¥â¢®àïîé¨© (2).

�ë¬¨ á«®¢ ¬¨, ¥®¡å®¤¨¬®  ©â¨ ¯à®®¡à § ¢¥ªâ®à  f ¯à¨

®â®¡à ¦¥¨¨ A. �¨áâ¥¬  (2) à §à¥è¨¬  â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  â ª®© ¯à®®¡à § (å®âï ¡ë ®¤¨) áãé¥áâ¢ã¥â.

�á«¨ f = 0, â® á¨áâ¥¬  (2)  §ë¢ ¥âáï ®¤®à®¤®©; ¥á«¨

¦¥ f 6= 0, â® á¨áâ¥¬  (2)  §ë¢ ¥âáï ¥®¤®à®¤®©. �ã¤¥¬

¨â¥à¥á®¢ âìáï ®¡é¨¬¨ ¢®¯à®á ¬¨ à §à¥è¨¬®áâ¨ á¨áâ¥¬ë: 1)

áãé¥áâ¢ã¥â «¨ à¥è¥¨¥; 2) ¥á«¨ à¥è¥¨¥ áãé¥áâ¢ã¥â, â® ¥¤¨-

áâ¢¥® «¨ ®®. �«ï ®¤®à®¤®© á¨áâ¥¬ë ®â¢¥â   ¯¥à¢ë©

¢®¯à®á ¢á¥£¤  ¯®«®¦¨â¥«ìë©: ®¤®à®¤ ï á¨áâ¥¬ 

Az = 0 (3)

¢á¥£¤  ¨¬¥¥â âà¨¢¨ «ì®¥ à¥è¥¨¥ z = 0. �®§¨ª ¥â ¢®¯à®á

3) áãé¥áâ¢ã¥â «¨ ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ (z 6= 0) ®¤®à®¤®©
á¨áâ¥¬ë (3). �ª §ë¢ ¥âáï, ¢®¯à®á 2) ¤«ï ¥®¤®à®¤®© á¨áâ¥¬ë

(2) à ¢®á¨«¥ ¢®¯à®áã 3) ¤«ï ®¤®à®¤®© á¨áâ¥¬ë (3).

�à¥¤«®¦¥¨¥ 1. �ãáâì x0 2 C
n 	 ¥ª®â®à®¥ à¥è¥¨¥

á¨áâ¥¬ë (2), z 2 C
n 	 ¯à®¨§¢®«ì®¥ à¥è¥¨¥ á¨áâ¥¬ë (3).

�®£¤  x0 + z â ª¦¥ ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë (2).
�®ª § â¥«ìáâ¢®. �§ Ax0 = f ¨ Az = 0 á«¥¤ã¥â A(x0+z) = f.

�
�à¥¤«®¦¥¨¥ 2. �ãáâì x0 ¨ x1 	 ¥ª®â®àë¥ à¥è¥¨ï

á¨áâ¥¬ë (2). �®£¤  x1 = x0 + z, £¤¥ z ï¢«ï¥âáï à¥è¥¨¥¬

á¨áâ¥¬ë (3).
�®ª § â¥«ìáâ¢®. �§ Ax1 = f ¨ Ax0 = f á«¥¤ã¥â A(x1�x0) =

0 ¨ (3) ¢ë¯®«¥® ¤«ï z = x1 � x0. �
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�¡é¨¬ à¥è¥¨¥¬ á¨áâ¥¬ë (2) (¨«¨ (3))  §ë¢ ¥âáï á®¢®-

ªã¯®áâì ¢á¥å ¥¥ à¥è¥¨©, ç áâë¬ à¥è¥¨¥¬  §ë¢ ¥âáï

ª ª®¥-«¨¡® ä¨ªá¨à®¢ ®¥ à¥è¥¨¥. �§ ¯à¥¤«®¦¥¨© 1 ¨ 2

¢ëâ¥ª ¥â

�¥®à¥¬  3. �¡é¥¥ à¥è¥¨¥ x ¥®¤®à®¤®© á¨áâ¥¬ë (2)
¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ áã¬¬ë ç áâ®£® à¥è¥¨ï x0 ¥®¤®à®¤®©

á¨áâ¥¬ë (2) ¨ ®¡é¥£® à¥è¥¨ï z ®¤®à®¤®© á¨áâ¥¬ë (3):
x = x0 + z:

�§ â¥®à¥¬ë 3 ¢ëâ¥ª ¥â á«¥¤áâ¢¨¥, ª®â®à®¥ ¨ ®§ ç ¥â, çâ®

¢®¯à®áë 2) ¨ 3) à ¢®á¨«ìë.

�«¥¤áâ¢¨¥ 4. �ãáâì ¥®¤®à®¤ ï á¨áâ¥¬  (2) ¨¬¥¥â

à¥è¥¨¥ x0. �â® à¥è¥¨¥ ¥¤¨áâ¢¥® â®£¤  ¨ â®«ìª® â®-

£¤ , ª®£¤  ®¤®à®¤ ï á¨áâ¥¬  (3) ¨¬¥¥â «¨èì âà¨¢¨ «ì®¥

à¥è¥¨¥.

�¥è¥¨ï ®¤®à®¤®© á¨áâ¥¬ë ®¡« ¤ îâ á«¥¤ãîé¨¬ á¢®©-

áâ¢®¬ «¨¥©®áâ¨.

�à¥¤«®¦¥¨¥ 5. �ãáâì z1; . . . ; zp 	 ¥ª®â®àë¥ à¥è¥¨ï

á¨áâ¥¬ë (3). �®£¤  ¨å «¨¥© ï ª®¬¡¨ æ¨ï z = c1z1+. . .+cpzp
(á ¯à®¨§¢®«ìë¬¨ ¯®áâ®ïë¬¨ c1; . . . ; cp) â ª¦¥ ï¢«ï¥âáï

à¥è¥¨¥¬ á¨áâ¥¬ë (3).
�®ª § â¥«ìáâ¢®. �§ à ¢¥áâ¢ Azj = 0, j = 1; . . . ; p, ¯àï¬®

á«¥¤ã¥â Az = 0. �
�«¥¤ãîé¥¥ ¯à¥¤«®¦¥¨¥ (¯à¨æ¨¯ áã¯¥à¯®§¨æ¨¨) ®âà -

¦ ¥â á¢®©áâ¢® «¨¥©®áâ¨ ®â®¡à ¦¥¨ï A : Cn ! C
m, § ¤ -

®£® ¬ âà¨æ¥© A. �® ¯®§¢®«ï¥â  å®¤¨âì à¥è¥¨¥ á¨áâ¥¬ë

á ¯à ¢®© ç áâìî, à ¢®© «¨¥©®© ª®¬¡¨ æ¨¨ ¢¥ªâ®à®¢ fj ,

j = 1; . . . ; p, ¥á«¨ ¨§¢¥áâ® à¥è¥¨¥ á¨áâ¥¬ë ¤«ï ª ¦¤®© ¯à -

¢®© ç áâ¨ fj .

�à¥¤«®¦¥¨¥ 6. �ãáâì xj ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë

Axj = fj , j = 1; . . . ; p. �®£¤  «¨¥© ï ª®¬¡¨ æ¨ï x = c1x1 +
. . .+cpxp ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë Ax = f á ¯à ¢®© ç áâìî

f = c1f1 + . . . + cpfp.
�®ª § â¥«ìáâ¢®. �®«ì§ãïáì á¢®©áâ¢®¬ «¨¥©®áâ¨ ®â®¡à -

¦¥¨ï A, ¨¬¥¥¬

Ax = A(c1x1+. . .+cpxp) = c1Ax1+. . .+cpAxp = c1f1+. . .+cpfp = f: �
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± 3. �¤®à®¤ë¥ á¨áâ¥¬ë «¨¥©ëå

 «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©

1. �à¨â¥à¨© áãé¥áâ¢®¢ ¨ï ¥âà¨¢¨ «ì®£® à¥è¥¨ï.

� áá¬®âà¨¬ ®¤®à®¤ãî á¨áâ¥¬ã

Az = 0: (1)

�à¨â¥à¨© áãé¥áâ¢®¢ ¨ï ¥âà¨¢¨ «ì®£® à¥è¥¨ï ¤ ¥â á«¥-

¤ãîé ï â¥®à¥¬ .

�¥®à¥¬  1. �¤®à®¤ ï á¨áâ¥¬  (1) ¨¬¥¥â ¥âà¨¢¨ «ì®¥

à¥è¥¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  à £ ¬ âà¨æëA ¬¥ìè¥

ç¨á«  ¥¨§¢¥áâëå n:

rA < n: (2)

�®ª § â¥«ìáâ¢®. �¨áâ¥¬ã (1) § ¯¨è¥¬ ¢ ¢¨¤¥

z1a1 + z2a2 + . . . + znan = 0; (3)

£¤¥ ak 	 áâ®«¡æë ¬ âà¨æë A,

ak =

0BB@
a1k
a2k
...

amk

1CCA ; k = 1; . . . ; n: (4)

�á«¨ z 	 ¥âà¨¢¨ «ì®¥ à¥è¥¨¥, â® å®âï ¡ë ®¤® ¨§ ç¨á¥«

zj ¥ã«¥¢®¥. �®íâ®¬ã áãé¥áâ¢®¢ ¨¥ ¥âà¨¢¨ «ì®£® à¥è¥-

¨ï á¨áâ¥¬ë (1) à ¢®á¨«ì® «¨¥©®© § ¢¨á¨¬®áâ¨ áâ®«¡æ®¢

¬ âà¨æë A, çâ®, ¢ á¢®î ®ç¥à¥¤ì, à ¢®á¨«ì® ¥à ¢¥áâ¢ã (2).

�

�«¥¤áâ¢¨¥ 2. �¤®à®¤ ï á¨áâ¥¬  n ãà ¢¥¨© á n ¥-

¨§¢¥áâë¬¨ ¨¬¥¥â ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë A à ¢¥ ã«î: detA = 0.

�«¥¤áâ¢¨¥ 3. �¤®à®¤ ï á¨áâ¥¬  m ãà ¢¥¨© á n ¥¨§-

¢¥áâë¬¨ ¯à¨ m < n ¢á¥£¤  ¨¬¥¥â ¥âà¨¢¨ «ì®¥ à¥è¥¨¥.

�¥©áâ¢¨â¥«ì®, â®£¤  rA � m < n.
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2. �âàãªâãà  ®¡é¥£® à¥è¥¨ï. �â ª, ¯ãáâì ¢ë¯®«¥®

ãá«®¢¨¥ (2). �®£¤  áãé¥áâ¢ãîâ ¥âà¨¢¨ «ìë¥ à¥è¥¨ï á¨-

áâ¥¬ë (1). �¯¨è¥¬ ®¡é¥¥ à¥è¥¨¥. �ãáâì r = rA. �¥à¥áâ ¢¨¬
ãà ¢¥¨ï â ª, çâ®¡ë ¯¥à¢ë¥ r áâà®ª ¬ âà¨æë A ¡ë«¨ «¨¥©-

® ¥§ ¢¨á¨¬ë¬¨. �áâ «ìë¥ m� r áâà®ª «¨¥©® § ¢¨áïâ ®â

¯¥à¢ëå r áâà®ª. �®íâ®¬ã ®áâ ¢è¨¥áï m � r ãà ¢¥¨© ¬®¦®

®â¡à®á¨âì: ®¨ ï¢«ïîâáï á«¥¤áâ¢¨¥¬ ¯¥à¢ëå r ãà ¢¥¨©. � -
â¥¬ á®£« á®¢ ® ¯¥à¥áâ ¢¨¬ á« £ ¥¬ë¥ ¢ ª ¦¤®¬ ãà ¢¥¨¨

â ª, çâ®¡ë ¢ «¥¢®¬ ¢¥àå¥¬ ã£«ã ¬ âà¨æë ®ª § «áï ¡ §®¢ë©

¬¨®à; â ª ï ¯¥à¥áâ ®¢ª  ®â¢¥ç ¥â ¯¥à¥ã¬¥à æ¨¨ ¥¨§¢¥áâ-

ëå. � âà¨æã ¯®«ãç¨¢è¥©áï á¨áâ¥¬ë á®¢  ®¡®§ ç¨¬ ç¥à¥§

A 2M r;n. �¨áâ¥¬  â¥¯¥àì ¯à¨¨¬ ¥â ¢¨¤8<:
a11z1 + . . . + a1rzr + a1;r+1zr+1 + . . . + a1nzn = 0
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
ar1z1 + . . . + arrzr + ar;r+1zr+1 + . . . + arnzn = 0:

(5)

�á¯®«ì§ã¥¬ ®¡®§ ç¥¨ï

A0 =

0@ a11 . . . a1r
: : : : : : : : : : : :
ar1 . . . arr

1A ; C =

0@ a1;r+1 . . . a1n
: : : : : : : : : : : : : : :
ar;r+1 . . . arn

1A :

� âà¨æ  A0 á®®â¢¥âáâ¢ã¥â ¡ §®¢®¬ã ¬¨®àã ¬ âà¨æë A, ¯®-
íâ®¬ã detA0 6= 0. �¥ªâ®à ¥¨§¢¥áâëå z 2 Cn à §¤¥«¨¬   "¤¢¥

ç áâ¨" ez 2 Cr, bz 2 Cn�r:

ez =

0@ z1
...

zr

1A ; bz =

0B@ zr+1

...

zn

1CA :

�®£¤  á¨áâ¥¬ã (5) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

A0ez+ Cbz = 0: (6)

�®áª®«ìªã ¬ âà¨æ  A0 ®¡à â¨¬ , â® "§ ¢¨á¨¬ë¥" ¯¥à¥¬¥ë¥ez ¢ëà ¦ îâáï ç¥à¥§ "á¢®¡®¤ë¥" ¯¥à¥¬¥ë¥ bz:
ez = �A�1

0 Cbz: (7)
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�¥ªâ®à á¢®¡®¤ëå ¯¥à¥¬¥ëå bz 2 C
n�r ¬®¦¥â ¡ëâì ¢ë¡à 

¯à®¨§¢®«ì®. � ª¨¬ ®¡à §®¬, ®¡é¥¥ à¥è¥¨¥ ®¤®à®¤®© á¨-

áâ¥¬ë ¨¬¥¥â á«¥¤ãîéãî áâàãªâãàã

z =

�
�A�1

0 Cbzbz
�
; bz 2 Cs; s = n� r: (8)

�ë ¢¨¤¨¬, çâ® ¯à¨ ãá«®¢¨¨ (2) áãé¥áâ¢ã¥â ¡¥áª®¥ç® ¬®£®

¥âà¨¢¨ «ìëå à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë. �å ¬®¦¥áâ¢®

¯ à ¬¥âà¨§ã¥âáï s-¬¥àë¬ ¢¥ªâ®à®¬ á¢®¡®¤ëå ¥¨§¢¥áâëå.

3. �ã¤ ¬¥â «ì ï á¨áâ¥¬  à¥è¥¨©. � ªá¨¬ «ìë©

 ¡®à «¨¥©® ¥§ ¢¨á¨¬ëå à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë  -

§ë¢ ¥âáï äã¤ ¬¥â «ì®© á¨áâ¥¬®© à¥è¥¨©. �®áâà®¨¬

áâ ¤ àâãî äã¤ ¬¥â «ìãî á¨áâ¥¬ã à¥è¥¨©. �ãáâì

e1 =

0BB@
1
0
...

0

1CCA ; e2 =

0BB@
0
1
...

0

1CCA ; . . . ;es =

0BB@
0
0
...

1

1CCA (9)

	 áâ ¤ àâë©  ¡®à ®àâ®¢ ¢ Cs. �®¤áâ ¢«ïï bz = ek ¢ (8),

¯®«ãç¨¬ s à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë

zk =

�
�A�1

0 Cek
ek

�
; k = 1; . . . ; s: (10)

�ç¥¢¨¤®, ¢¥ªâ®àë z1; . . . ; zs «¨¥©® ¥§ ¢¨á¨¬ë. �â®«¡¥æ bz
¬®¦® § ¯¨á âì ¢ ¢¨¤¥

bz = c1e1 + . . . + cses; (11)

£¤¥ c1; . . . ; cs 	 ª®®à¤¨ âë bz ¢ ¡ §¨á¥ (9). �§ (8) ¨ (10) â®£¤ 

¯®«ãç ¥¬, çâ® ®¡é¥¥ à¥è¥¨¥ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

z = c1z1 + . . . + cszs; c1; . . . ; cs 2 C: (12)

�â® à ¢¥áâ¢® ¨ ®§ ç ¥â, çâ® à¥è¥¨ï (10) ®¡à §ãîâ äã-

¤ ¬¥â «ìãî á¨áâ¥¬ã à¥è¥¨© ( §ë¢ ¥¬ãî "áâ ¤ àâ®©")
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á¨áâ¥¬ë (1). �¡é¥¥ à¥è¥¨¥ (12) ¥áâì ¯à®¨§¢®«ì ï «¨¥© ï

ª®¬¡¨ æ¨ï à¥è¥¨© ¨§ äã¤ ¬¥â «ì®© á¨áâ¥¬ë.

�á«¨ ¢¬¥áâ® áâ ¤ àâ®£® ¡ §¨á  (9) ¨á¯®«ì§®¢ âì ª ª®©-

«¨¡® ¤àã£®© ¡ §¨á ¢ Cs (â.¥. s «¨¥©® ¥§ ¢¨á¨¬ëå ¢¥ªâ®à®¢

¨§ C
s), â®   «®£ ä®à¬ã« (10) ¯à¨¢¥¤¥â  á ª ¤àã£®© äã-

¤ ¬¥â «ì®© á¨áâ¥¬¥ à¥è¥¨©. �¥à¥§ íâã á¨áâ¥¬ã â ª¦¥

¬®¦® § ¯¨á âì ®¡é¥¥ à¥è¥¨¥ z. �¬¥® ®¡é¥¥ à¥è¥¨¥

ï¢«ï¥âáï ¨¢ à¨ â®¬, ¥ § ¢¨áïé¨¬ ®â ª®ªà¥â®£® ¢ë¡®à 

äã¤ ¬¥â «ì®© á¨áâ¥¬ë. �â¬¥â¨¬, çâ® ¤ ¦¥ áâ ¤ àâ ï

äã¤ ¬¥â «ì ï á¨áâ¥¬  ¥ ¨¢ à¨ â , ¯®áª®«ìªã ¢ ¢ë¡®à¥

á¢®¡®¤ëå ¯¥à¥¬¥ëå ¥áâì ¯à®¨§¢®«.

�à¨¬¥à. � áá¬®âà¨¬ ®¤®à®¤ãî á¨áâ¥¬ã8<:
z1 � z2 + z3 � z4 = 0
z1 + z2 + 2z3 + 3z4 = 0

2z1 + 4z2 + 5z3 + 10z4 = 0:

�â  á¨áâ¥¬  § ¢¥¤®¬® ¨¬¥¥â ¥âà¨¢¨ «ìë¥ à¥è¥¨ï, ¯®áª®«ì-

ªã 4 = n > m = 3. � ©¤¥¬ à £ ¬ âà¨æë

A =

0@ 1 �1 1 �1
1 1 2 3
2 4 5 10

1A :

�ëç¨â ï ¨§ ¢â®à®© áâà®ª¨ ¯¥à¢ãî,   ¨§ âà¥âì¥© ã¤¢®¥ãî

¢â®àãî, ¯®«ãç ¥¬ ¬ âà¨æã0@ 1 �1 1 �1
0 2 1 4
0 2 1 4

1A
á ¤¢ã¬ï ®¤¨ ª®¢ë¬¨ áâà®ª ¬¨. �ç¥¢¨¤®, rA = 2. �áå®¤ ï
á¨áâ¥¬  à ¢®á¨«ì  á¨áâ¥¬¥ ¨§ ¤¢ãå ãà ¢¥¨©�

z1 � z2 + z3 � z4 = 0
2z2 + z3 + 4z4 = 0:

�¨á«® á¢®¡®¤ëå ¯¥à¥¬¥ëå s = n � r = 2. �¥à¥¬¥ë¥ z3 ¨
z4 ¬®¦® ¯à¨ïâì §  á¢®¡®¤ë¥; z1 ¨ z2 ç¥à¥§ ¨å ¢ëà ¦ îâáï:

z1 = �
3

2
z3 � z4; z2 = �

1

2
z3 � 2z4:
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� ©¤¥¬ áâ ¤ àâãî äã¤ ¬¥â «ìãî á¨áâ¥¬ã à¥è¥¨©. �®-

« £ ï z3 = 1, z4 = 0, ¯®«ãç¨¬ z1 = �3=2, z2 = �1=2. �®« £ ï

¦¥ z3 = 0, z4 = 1, ¯®«ãç¨¬ z1 = �1, z2 = �2. � ª¨¬ ®¡à §®¬,

áâ ¤ àâ ï äã¤ ¬¥â «ì ï á¨áâ¥¬  à¥è¥¨© ¥áâì

z1 =

0B@
�3=2
�1=2
1
0

1CA ; z2 =

0B@
�1
�2
0
1

1CA :

�¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë ¨¬¥¥â ¢¨¤

z = c1z1 + c2z2 = c1

0B@
�3=2
�1=2
1
0

1CA+ c2

0B@
�1
�2
0
1

1CA ; c1; c2 2 C:

± 4. �¥®¤®à®¤ë¥ á¨áâ¥¬ë «¨¥©ëå

 «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©

1. �à¨â¥à¨© áãé¥áâ¢®¢ ¨ï à¥è¥¨ï ¥®¤®à®¤®© á¨-

áâ¥¬ë. �§ãç¨¬ â¥¯¥àì à §à¥è¨¬®áâì ¥®¤®à®¤®© á¨áâ¥¬ë

Ax = f, ª®â®àãî § ¯¨è¥¬ ¢ à §¢¥àãâ®¬ ¢¨¤¥:8><>:
a11x1 + a12x2 + � � �+ a1nxn = f1
a21x1 + a22x2 + � � �+ a2nxn = f2
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
am1x1 + am2x2 + � � �+ amnxn = fm:

(1)

� á¨áâ¥¬®© (1) á¢ï§ë¢ ¥¬ ¬ âà¨æã á¨áâ¥¬ë A 2 Mm;n ¨ à á-

è¨à¥ãî ¬ âà¨æã (Ajf) 2Mm;n+1 á¨áâ¥¬ë, â. ¥. ¬ âà¨æã

(Ajf) =

0B@
a11 . . . a1n
a21 . . . a2n
: : : : : : : : : : : : :
am1 . . . amn

�������
f1
f2
: :
fm

1CA :

�«¥¤ãîé ï â¥®à¥¬  ¤ ¥â ªà¨â¥à¨© áãé¥áâ¢®¢ ¨ï à¥è¥¨ï

á¨áâ¥¬ë (1).
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�¥®à¥¬  1 (�à®¥ª¥à  	 � ¯¥««¨). �«ï áãé¥áâ¢®¢ ¨ï

à¥è¥¨ï ¥®¤®à®¤®© á¨áâ¥¬ë (1) ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç-

®, çâ®¡ë à £ à áè¨à¥®© ¬ âà¨æë (Ajf) ¡ë« à ¢¥ à £ã

¬ âà¨æë A:
r(Ajf) = rA: (2)

�®ª § â¥«ìáâ¢®. �«ï áâ®«¡æ®¢ ¬ âà¨æë A ¨á¯®«ì§ã¥¬

®¡®§ ç¥¨ï (3.4). �®£¤  á¨áâ¥¬ã (1) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

x1a1 + x2a2 + . . . + xnan = f; (3)

¯à¨ç¥¬ ª®íää¨æ¨¥âë xk; k = 1; . . . ; n; ¢ (3) á®¢¯ ¤ îâ á ª®®à-
¤¨ â ¬¨ à¥è¥¨ï x. � ª¨¬ ®¡à §®¬, áãé¥áâ¢®¢ ¨¥ à¥è¥¨ï

ã á¨áâ¥¬ë Ax = f à ¢®á¨«ì® â®¬ã, çâ® áâ®«¡¥æ f «¨¥©®

¢ëà ¦ ¥âáï ç¥à¥§ áâ®«¡æë (3.4) ¬ âà¨æë A. �®á«¥¤¥¥ ®§ -

ç ¥â, çâ® ¤®¯¨áë¢ ï ª ¬ âà¨æ¥ A áâ®«¡¥æ f, ¬ë ¥ ¨§¬¥ï¥¬

à £  (¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 1.2), â. ¥. ¢ë¯®«¥® (2). �
�¥®à¥¬  �à®¥ª¥à  	 � ¯¥««¨ ¤ ¥â "¨¤¨¢¨¤ã «ìë©"

ªà¨â¥à¨© áãé¥áâ¢®¢ ¨ï à¥è¥¨ï ¤«ï § ¤ ®© ¯à ¢®© ç áâ¨

f. �«¥¤ãîé ï â¥®à¥¬  ¤ ¥â ªà¨â¥à¨© à §à¥è¨¬®áâ¨ á¨áâ¥¬ë

¯à¨ «î¡®© ¯à ¢®© ç áâ¨.

�¥®à¥¬  2. �«ï â®£®, çâ®¡ë ¯à¨ «î¡®¬ f 2 C
m áãé¥-

áâ¢®¢ «® à¥è¥¨¥ ¥®¤®à®¤®© á¨áâ¥¬ë (1) ¥®¡å®¤¨¬® ¨

¤®áâ â®ç®, çâ®¡ë à £ ¬ âà¨æë A ¡ë« à ¢¥ ç¨á«ã ãà ¢-

¥¨© m:
rA = m: (4)

�®ª § â¥«ìáâ¢® á¢®¤¨âáï ª ¯àï¬®© ááë«ª¥   ¯à¥¤«®¦¥-

¨¥ 3, ª®â®à®¥ ãáâ  ¢«¨¢ ¥âáï ¨¦¥.

2. �á«®¢¨ï à §à¥è¨¬®áâ¨. �ëïá¨¬, ª ª¨¬ ãá«®¢¨ï¬

 ¤® ¯®¤ç¨¨âì ¯à ¢ãî ç áâì f, çâ®¡ë ¢ë¯®«ï«®áì ãá«®¢¨¥ (2)

¨ á¨áâ¥¬  ¨¬¥«  à¥è¥¨¥. �«ï áâà®ª ¬ âà¨æë A ¨á¯®«ì§ã¥¬

®¡®§ ç¥¨ï (áà. ± 1)

!j = ( aj1 aj2 . . . ajn ) ; j = 1; . . . ;m:

�ãáâì r = rA. �¥à¥áâ ¢«ïï ãà ¢¥¨ï ¢ á¨áâ¥¬¥, ¬®¦® áç¨-

â âì, çâ® ¯¥à¢ë¥ r áâà®ª ¬ âà¨æë A «¨¥©® ¥§ ¢¨á¨¬ë,  
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®áâ «ìë¥ áâà®ª¨ «¨¥©® § ¢¨áïâ ®â ¨å. �¨áâ¥¬ã (1), ®ç¥-

¢¨¤®, ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ á®¢®ªã¯®áâ¨ à ¢¥áâ¢

!1x = f1; . . . ; !rx = fr; !r+1x = fr+1; . . . ; !mx = fm: (5)

�âà®ª¨ !r+i ¯à¨ i = 1; . . . ;m � r «¨¥©® § ¢¨áïâ ®â ¯¥à¢ëå r
áâà®ª, â® ¥áâì  ©¤ãâáï â ª¨¥ ç¨á«  ij , çâ®

!r+i =

rX
j=1

ij!j; i = 1; . . . ;m � r: (6)

�à¥¤«®¦¥¨¥ 3. �ãáâì rA = r, ¯¥à¢ë¥ r áâà®ª ¬ âà¨æë

A «¨¥©® ¥§ ¢¨á¨¬ë, ¨ ¢ë¯®«¥ë á®®â®è¥¨ï (6). �®£¤ 
¤«ï áãé¥áâ¢®¢ ¨ï à¥è¥¨ï á¨áâ¥¬ë (1) ¥®¡å®¤¨¬® ¨ ¤®-

áâ â®ç®, çâ®¡ë ¯à ¢ ï ç áâì f ã¤®¢«¥â¢®àï«  � = m � r
ãá«®¢¨ï¬ à §à¥è¨¬®áâ¨

fr+i =

rX
j=1

ijfj; i = 1; . . . ; �: (7)

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì áãé¥áâ¢ã¥â à¥-

è¥¨¥ x. �®£¤  ¢ë¯®«¥® (5). � ãç¥â®¬ (6) ¨¬¥¥¬

fr+i = !r+ix =

 
rX

j=1

ij!j

!
x =

rX
j=1

ijfj; i = 1; . . . ; �:

�®áâ â®ç®áâì. �ãáâì ¢ë¯®«¥ë á®®â®è¥¨ï (7).

�¬¥áâ¥ á (6) íâ® ®§ ç ¥â, çâ® áâà®ª¨ à áè¨à¥®© ¬ âà¨æë

(Ajf) á ®¬¥à ¬¨ r+1; . . . ;m «¨¥©® § ¢¨áïâ ®â ¯¥à¢ëå r áâà®ª.
�«¥¤®¢ â¥«ì®, r(Ajf) = rA, ¨, ¢ á¨«ã â¥®à¥¬ë 1, áãé¥áâ¢ã¥â

à¥è¥¨¥ á¨áâ¥¬ë. �

�á®, çâ® â¥®à¥¬  2 á«¥¤ã¥â ¨§ ¯à¥¤«®¦¥¨ï 3 ¯à¨ � =
0. � ¬¥â¨¬ â ª¦¥, çâ® ¥á«¨ ç¨á«® ãà ¢¥¨© ¡®«ìè¥ ç¨á« 

¥¨§¢¥áâëå m > n, â® § ¢¥¤®¬® m > r ¨ ¢®§¨ª îâ ãá«®¢¨ï

à §à¥è¨¬®áâ¨.
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3. �âàãªâãà  ®¡é¥£® à¥è¥¨ï. �â ª, ¯ãáâì ¢ë¯®«¥ë

á®®â®è¥¨ï (6) ¨ ãá«®¢¨ï à §à¥è¨¬®áâ¨ (7). �®£¤  ¨áå®¤ ï

á¨áâ¥¬  (1) à ¢®á¨«ì  á¨áâ¥¬¥ ¨§ ¯¥à¢ëå r ãà ¢¥¨©8><>:
a11x1 + a12x2 + � � �+ a1nxn = f1
a21x1 + a22x2 + � � �+ a2nxn = f2
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
ar1x1 + ar2x2 + � � �+ arnxn = fr:

(8)

�¥¯¥àì á®£« á®¢ ® ¯¥à¥áâ ¢¨¬ á« £ ¥¬ë¥ (§  áç¥â ¯¥à¥ã-

¬¥à æ¨¨ ¥¨§¢¥áâëå) ¢ ª ¦¤®¬ ãà ¢¥¨¨ â ª, çâ®¡ë ¬¨®à,

®â¢¥ç îé¨© ¬ âà¨æ¥

A0 =

0@ a11 . . . a1r
: : : : : : : : : : : :
ar1 . . . arr

1A ;

¡ë« ¡ §®¢ë¬, â® ¥áâì detA0 6= 0. � ©¤¥¬ ç áâ®¥ à¥è¥¨¥ x0

á¨áâ¥¬ë, ¯®« £ ï

xr+1 = . . . = xn = 0: (9)

�®£¤  ¥¨§¢¥áâë¥ x1; . . . ; xr  ©¤ãâáï ¨§ á¨áâ¥¬ë r ãà ¢¥¨©
á ¥®á®¡®© ¬ âà¨æ¥© A0:0BB@

x1
x2
...

xr

1CCA = A�1
0

0BB@
f1
f2
...

fr

1CCA :

� á¨«ã â¥®à¥¬ë 2.3, ®¡é¥¥ à¥è¥¨¥ x ¥®¤®à®¤®© á¨áâ¥¬ë

¥áâì áã¬¬  ç áâ®£® à¥è¥¨ï x0 ¨ ®¡é¥£® à¥è¥¨ï z ®¤®à®¤-

®© á¨áâ¥¬ë (á¬. (3.12))

x = x0 +

sX
k=1

ckzk; s = n� r; c1; . . . ; cs 2 C: (10)

�â ª, ¤«ï à §à¥è¨¬®áâ¨ á¨áâ¥¬ë Ax = f ¨§ m ãà ¢¥¨©

á n ¥¨§¢¥áâë¬¨ ¯à ¢ ï ç áâì f ¤®«¦  ¡ëâì ¯®¤ç¨¥ 
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� = m� r ãá«®¢¨ï¬ à §à¥è¨¬®áâ¨; ¯à¨ íâ®¬ ®¡é¥¥ à¥è¥¨¥

§ ¢¨á¨â ®â s = n� r ¯à®¨§¢®«ìëå ¯®áâ®ïëå.

�ë ¥ ª á ¥¬áï §¤¥áì ¢ëç¨á«¨â¥«ìëå áå¥¬ ¤«ï à¥è¥¨ï

á¨áâ¥¬ ®¡é¥£® ¢¨¤ . �â¬¥â¨¬ «¨èì, çâ® ¬¥â®¤ � ãáá , ®¯¨á -

ë© ¢ ± 1.7 ¤«ï á¨áâ¥¬ á ª¢ ¤à â®© ¥®á®¡®© ¬ âà¨æ¥©, ¬®¦¥â

¡ëâì ¯¥à¥¥á¥ ¨   ®¡é¨© á«ãç ©.

�à¨¬¥à. � áá¬®âà¨¬ ¥®¤®à®¤ãî á¨áâ¥¬ã8<:
x1 � x2 + x3 � x4 = 4
x1 + x2 + 2x3 + 3x4 = 8

2x1 + 4x2 + 5x3 + 10x4 = 20:

�®®â¢¥âáâ¢ãîé ï ®¤®à®¤ ï á¨áâ¥¬  ¡ë«  à áá¬®âà¥  ¢ ª®-

æ¥ ± 3. �¤¥áì r = 2, s = 2, � = 1. �à¥âìï áâà®ª  ¬ âà¨æë á¨áâ¥-

¬ë ¥áâì «¨¥© ï ª®¬¡¨ æ¨ï ¯¥à¢ëå ¤¢ãå: !3 = �!1 + 3!2:
�á«®¢¨¥ à §à¥è¨¬®áâ¨ f3 = �f1 + 3f2, ®ç¥¢¨¤®, ¢ë¯®«¥®.
�¨áâ¥¬  à ¢®á¨«ì  á¨áâ¥¬¥ ¤¢ãå ãà ¢¥¨©�

x1 � x2 + x3 � x4 = 4
2x2 + x3 + 4x4 = 4:

�®« £ ï §¤¥áì x3 = x4 = 0,  å®¤¨¬ x1 = 6; x2 = 2. �¥¬ á ¬ë¬

 ©¤¥® ç áâ®¥ à¥è¥¨¥

x0 =

0B@
6
2
0
0

1CA :

�¡é¥¥ à¥è¥¨¥ ¥áâì

x = x0+ c1z1+ c2z2 =

0B@
6
2
0
0

1CA+ c1

0B@
�3=2
�1=2
1
0

1CA+ c2

0B@
�1
�2
0
1

1CA ; c1; c2 2 C:
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± 5. �¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨å

ãà ¢¥¨© á ª¢ ¤à â®© ¬ âà¨æ¥©

�ãáâì m = n, â® ¥áâì ç¨á«® ãà ¢¥¨© à ¢® ç¨á«ã ¥¨§-

¢¥áâëå. �®£¤  ç¨á«  � = m � r ¨ s = n� r á®¢¯ ¤ îâ: s = �.
�¢®©áâ¢  à §à¥è¨¬®áâ¨ á¨áâ¥¬ë Ax = f § ¢¨áïâ ®â â®£®, ï¢«ï-

¥âáï «¨ ¬ âà¨æ  A ®á®¡®© ¨«¨ ¥â. �¬¥®, ¥áâì á«¥¤ãîé¨¥

¤¢¥ ¢§ ¨¬®¨áª«îç îé¨¥ ¢®§¬®¦®áâ¨ ( «ìâ¥à â¨¢ ).

1. �ãáâì detA 6= 0. �®£¤  r = m = n; s = � = 0. �ãé¥áâ¢ã-
¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x = A�1

f á¨áâ¥¬ë Ax = f ¯à¨ «î¡®©

¯à ¢®© ç áâ¨ f. �¤®à®¤ ï á¨áâ¥¬  Az = 0 ¨¬¥¥â â®«ìª®

âà¨¢¨ «ì®¥ à¥è¥¨¥ z = 0.
2. �ãáâì detA = 0. �®£¤  r < n = m; s = � > 0. �¤®à®¤-

 ï á¨áâ¥¬  ¨¬¥¥â ¥âà¨¢¨ «ìë¥ à¥è¥¨ï. �¨á«® «¨¥©®

¥§ ¢¨á¨¬ëå à¥è¥¨© à ¢® s. �¥®¤®à®¤ ï á¨áâ¥¬  ¨¬¥¥â

à¥è¥¨ï, ¥á«¨ ¢ë¯®«¥® s ãá«®¢¨© à §à¥è¨¬®áâ¨,  ª« ¤ë-

¢ ¥¬ëå   f. �à¨ íâ®¬ ¥¥ à¥è¥¨¥ ¥ ¥¤¨áâ¢¥®: ®® § ¢¨á¨â

®â s ¯à®¨§¢®«ìëå ¯®áâ®ïëå.

�¡ëç® ¯à®â¨¢®¯®áâ ¢«¥¨¥ íâ¨å ¤¢ãå ¢®§¬®¦®áâ¥© ä®à-

¬ã«¨àãîâ ¢ á«¥¤ãîé¥© "®áâà®©" ä®à¬¥.

�«ìâ¥à â¨¢  �à¥¤£®«ì¬ 2 . �«ï á¨áâ¥¬ë á ª¢ ¤à â®©

¬ âà¨æ¥© «¨¡® à¥è¥¨¥ ¥®¤®à®¤®© á¨áâ¥¬ë áãé¥áâ¢ã¥â

¯à¨ «î¡®© ¯à ¢®© ç áâ¨, «¨¡® áãé¥áâ¢ã¥â ¥âà¨¢¨ «ì®¥

à¥è¥¨¥ ®¤®à®¤®© á¨áâ¥¬ë.

± 6�. �¤®áâ®à®ïï ®¡à â¨¬®áâì ¬ âà¨æ

1. �¤®áâ®à®ïï ®¡à â¨¬®áâì ¨ ¥¥ á¢ï§ì á à §à¥è¨-

¬®áâìî «¨¥©ëå á¨áâ¥¬. � ¯®¬¨¬ (á¬. ¯. 1.7.1), çâ® ¤«ï

A 2Mm;n ¬ âà¨æ  B 2Mn;m  §ë¢ ¥âáï «¥¢®© ®¡à â®©, ¥á«¨

BA = In . � âà¨æ  C 2 Mn;m  §ë¢ ¥âáï ¯à ¢®© ®¡à â®©,

¥á«¨ AC = Im. �¡áã¤¨¬ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï ®¤®áâ®à®-

¨å ®¡à âëå ¬ âà¨æ ¨ á¢ï¦¥¬ íâ¨ ãá«®¢¨ï á® á¢®©áâ¢ ¬¨

ãà ¢¥¨© (2.2) ¨ (2.3).

2 �.�à¥¤£®«ì¬, è¢¥¤áª¨© ¬ â¥¬ â¨ª, áä®à¬ã«¨à®¢ « ¯®-

¤®¡ãî  «ìâ¥à â¨¢ã   áãé¥áâ¢¥® ¡®«¥¥ á«®¦®¬ ¬ â¥à¨-

 «¥ ¨â¥£à «ìëå ãà ¢¥¨©.
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�à¥¤«®¦¥¨¥ 1. �á«¨ ¬ âà¨æ  A ¨¬¥¥â «¥¢ãî ®¡à â-

ãî, â® ®¤®à®¤ ï á¨áâ¥¬  (2:3) ¨¬¥¥â â®«ìª® âà¨¢¨ «ì®¥

à¥è¥¨¥.

�®ª § â¥«ìáâ¢®. �á«¨ BA = I , â® ¨§ (2.3) á«¥¤ã¥â (BA)z =
0,   ¯®â®¬ã z = 0. �

�à¥¤«®¦¥¨¥ 2. �á«¨ ¬ âà¨æ  A ¨¬¥¥â ¯à ¢ãî ®¡à â-

ãî, â® ¥®¤®à®¤ ï á¨áâ¥¬  (2:2) à §à¥è¨¬  ¯à¨ «î¡®©

¯à ¢®© ç áâ¨.

�®ª § â¥«ìáâ¢®. �ãáâì AC = I . �®£¤  ¢¥ªâ®à x = Cf ¤ ¥â
à¥è¥¨¥ á¨áâ¥¬ë (2.2): Ax = (AC)f = If = f. �

�®ª § ë¥ ¯à¥¤«®¦¥¨ï ¯®ª §ë¢ îâ, çâ® ¯à ¢ ï ®¡à â-

 ï ¬ âà¨æ  "®â¢¥ç ¥â" §  áãé¥áâ¢®¢ ¨¥ (¯à¨ «î¡®¬ f) à¥-

è¥¨ï á¨áâ¥¬ë Ax = f,   «¥¢ ï ®¡à â ï 	 §  ¥¤¨áâ¢¥®áâì

à¥è¥¨ï, ª®«ì áª®à® ®® ¥áâì. �®¯®áâ ¢«ïï ¯à¥¤«®¦¥¨¥ 1 á

â¥®à¥¬®© 3.1, ¯®«ãç ¥¬

�à¥¤«®¦¥¨¥ 3. �á«¨ ¬ âà¨æ  A 2 Mm;n ¨¬¥¥â «¥¢ãî

®¡à âãî, â®

rA = n: (1)

�®ç® â ª ¦¥, ¯à¥¤«®¦¥¨¥ 2 ¢¬¥áâ¥ á â¥®à¥¬®© 4.2 ¢«¥ç¥â

�à¥¤«®¦¥¨¥ 4. �á«¨ ¬ âà¨æ  A 2 Mm;n ¨¬¥¥â ¯à ¢ãî

®¡à âãî, â®

rA = m: (2)

�§ (1) ¨ (2) ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 5. �¢ãáâ®à®ïï ®¡à â¨¬®áâì ¢®§¬®¦ 

â®«ìª® ¤«ï ª¢ ¤à âëå ¬ âà¨æ.

2. �à¨â¥à¨© ®¤®áâ®à®¥© ®¡à â¨¬®áâ¨. �«ï ª¢ ¤à â-

ëå ¬ âà¨æ ¢®¯à®áë ®¡à â¨¬®áâ¨ ¯®«®áâìî à¥è îâáï â¥®à¥-

¬®© 1.7.1. �®íâ®¬ã ¤®áâ â®ç® à áá¬®âà¥âì á«ãç © A 2 Mm;n

¯à¨ m 6= n (å®âï ä®à¬ «ì®© ¥®¡å®¤¨¬®áâ¨ ¢ ¯®á«¥¤¥¬ ãá«®-

¢¨¨ ¥â). � è  æ¥«ì á®áâ®¨â ¢ ®¡à é¥¨¨ ¯à¥¤«®¦¥¨© 3 ¨

4.

�à¥¤«®¦¥¨¥ 6. �à¨ ãá«®¢¨¨ (1) ¬ âà¨æ  A 2 Mm;n

®¡à â¨¬  á«¥¢ ,   ¯à¨ ãá«®¢¨¨ (2) ®¡à â¨¬  á¯à ¢ .

�®ª § â¥«ìáâ¢®. �¡áã¤¨¬ ãá«®¢¨¥ (1), áç¨â ï n < m. � ¤®
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¯®áâà®¨âì ¬ âà¨æã B 2Mn;m â ª, çâ®¡ë ¡ë«®

mX
j=1

bijajk = �ik; i; k = 1; . . . ; n: (3)

�ë¡¥à¥¬ ª ª¨¥-«¨¡® n «¨¥©® ¥§ ¢¨á¨¬ëå áâà®ª ¬ âà¨æë

A. �ãáâì ¨å ®¬¥à  (¢ ¯®àï¤ª¥ ¢®§à áâ ¨ï) j1; . . . ; jn. �®-

áâ ¢«¥ ï ¨§ íâ¨å áâà®ª ¬ âà¨æ  ª« áá  Mn, ®ç¥¢¨¤®, ®¡à -

â¨¬ . �®áâà®¨¬ ®¡à âãî ª ¥© ¬ âà¨æã. �®á«¥¤®¢ â¥«ìë¥

áâ®«¡æë ®¡à â®© ¬ âà¨æë ¯à¨¬¥¬ §  áâ®«¡æë ¬ âà¨æë B á

®¬¥à ¬¨ j1; . . . ; jn. �áâ «ìë¥ m� n áâ®«¡æ®¢ ¬ âà¨æë B ¡ã-

¤¥¬ áç¨â âì ã«¥¢ë¬¨. �¥£ª® ¯®ïâì, çâ® â®£¤  ¢á¥ à ¢¥áâ¢ 

(3) ¢ë¯®«¥ë.

� áá¬®âà¨¬ â¥¯¥àì á«ãç © ãá«®¢¨ï (2). �®£¤  ¤«ï ¬ âà¨æë

At à ¢¥áâ¢® rAt = m ¨£à ¥â à®«ì ãá«®¢¨ï (1). �«¥¤®¢ â¥«ì®,

 ©¤¥âáï ¬ âà¨æ  eB 2 Mm;n, â ª ï çâ® eBAt = Im. �¥à¥å®¤ï

ª âà á¯®¨à®¢ ë¬ ¬ âà¨æ ¬, ¯®«ãç¨¬ à ¢¥áâ¢® AC = Im
¯à¨ C = eBt. �

3. �¯¨á ¨¥ ¬®¦¥áâ¢  ®¤®áâ®à®¨å ®¡à âëå. �á«¨

rA = m < n, â® ¯à ¢ ï ®¡à â ï ¬ âà¨æ  § ¢¥¤®¬® ¥ ¥¤¨-

áâ¢¥ . �® ¦¥ ¢¥à® ¤«ï «¥¢®© ®¡à â®© ¯à¨ ãá«®¢¨¨

rA = n < m. �¤¥áì ¬ë ¯à¨¢¥¤¥¬ ¯®«®¥ ®¯¨á ¨¥ ¬®¦¥áâ¢ ®¤-

®áâ®à®¨å ®¡à âëå ¬ âà¨æ. �à¨ ¢ë¢®¤¥ á®®â¢¥âáâ¢ãîé¨å

ä®à¬ã« ¬ë ãª ¦¥¬ «¨èì áå¥¬ã ¤®ª § â¥«ìáâ¢ . �¨â â¥«î

à¥ª®¬¥¤ã¥âáï ¢®á¯®«¨âì ¯®¤à®¡®áâ¨ ¢ ª ç¥áâ¢¥ ã¯à ¦¥-

¨ï.

� ç¥¬ á® á«ãç ï rA = m < n. �á«¨ C0 	 ª ª ï-«¨¡®

¯à ¢ ï ®¡à â ï ¬ âà¨æ  ¤«ï A 2 Mm;n, â® C = C0 + G, £¤¥
G 2Mn;m 	 ¯à®¨§¢®«ì®¥ à¥è¥¨¥ ¬ âà¨ç®£® ãà ¢¥¨ï

AG = 0: (4)

�¯¨è¥¬ ¬®¦¥áâ¢® íâ¨å à¥è¥¨©. �¥©ç á s = n�rA = n�m >
0,   ¯®â®¬ã ®¤®à®¤®¥ ãà ¢¥¨¥ (2.3) ¨¬¥¥â ¥âà¨¢¨ «ìë¥

à¥è¥¨ï. �ãáâì áâ®«¡æë z1; . . . ;zs á®áâ ¢«ïîâ ª ªãî-«¨¡®

äã¤ ¬¥â «ìãî á¨áâ¥¬ã à¥è¥¨© ãà ¢¥¨ï (2.3) ¨ ¯ãáâì

Z := (z1; . . . ;zs) 2Mn;s:
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�®£¤  ®¡é¥¥ à¥è¥¨¥ G ãà ¢¥¨ï (4) ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥

G = ZÈ; È 2M s;m; (5)

£¤¥ ¬ âà¨æ  È ¯à®¨§¢®«ì .

�ãáâì â¥¯¥àì rA = n < m ¨ � = m � n. �á«¨ B0A =
I , â® ¬®¦¥áâ¢® ¢á¥å «¥¢ëå ®¡à âëå ¬ âà¨æ B ¨¬¥¥â ¢¨¤

B = B0 + D, £¤¥ D 2 Mn;m 	 à¥è¥¨¥ ¬ âà¨ç®£® ãà ¢¥¨ï

DA = 0. �®á«¥¤¥¥ à ¢®á¨«ì® ãà ¢¥¨î AtDt = 0, ª®â®à®¥

¨¬¥¥â ¢¨¤ (4). �®íâ®¬ã ¤«ï Dt á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥,

  «®£¨ç®¥ (5). � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª à ¢¥áâ¢ã

D = eÈ eZt;

£¤¥ ¬ âà¨æ  eZ 2Mm;� á®áâ ¢«¥  ¨§ áâ®«¡æ®¢ äã¤ ¬¥â «ì-

®© á¨áâ¥¬ë à¥è¥¨© ¤«ï "âà á¯®¨à®¢ ®£®" ®¤®à®¤®£®

ãà ¢¥¨ï Atez = 0,   eÈ 2Mn;� 	 ¯à®¨§¢®«ì ï ¬ âà¨æ .

�¯à ¦¥¨¥. �à®¢¥àìâ¥, çâ® ¢áïª ï «¥¢ ï ®¡à â ï ¬ -

âà¨æ  ª ¬ âà¨æ¥

A =

0@ 1 2
3 4
5 6

1A
¨¬¥¥â ¢¨¤

B =

�
�2 1 0
3=2 �1=2 0

�
+

�
c1 �2c1 c1
c2 �2c2 c2

�
; c1; c2 2 C:
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