
�ç¥¡­®-¬¥â®¤¨ç¥áª®¥ ¯®á®¡¨¥ ¤«ï áâã¤¥­â®¢ I ªãàá 

�¨­¥©­ ï  «£¥¡à  ¢®§­¨ª«  ª ª ­ ãª  ® à¥è¥­¨¨

á¨áâ¥¬ «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©. �¯®á«¥¤áâ¢¨¨

¯à¥¤¬¥â «¨­¥©­®©  «£¥¡àë à áè¨à¨«áï, ¨ á¥©ç á ®­ 

¢ áãé¥áâ¢¥­­®¬ ¯à¥¤áâ ¢«ï¥â á®¡®© â¥®à¨î «¨­¥©­ëå

¯à¥®¡à §®¢ ­¨© (®¯¥à â®à®¢) ¢ ª®­¥ç­®¬¥à­ëå ¢¥ªâ®à­ëå

¯à®áâà ­áâ¢ å. �®ç­ë© á¬ëá« áª § ­­®£® áâ ­¥â ïá¥­ ¯® ¬¥à¥

¯à®å®¦¤¥­¨ï ªãàá , ¨ ¬ë ­¥ ¡ã¤¥¬ ¢å®¤¨âì ¢ ¤ «ì­¥©è¨¥

¯®ïá­¥­¨ï.

�à¥¤« £ ¥¬®¥ ¯®á®¡¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ¯¥à¢ë© ¢ë¯ãáª

¯® ªãàáã «¨­¥©­®©  «£¥¡àë ¤«ï áâã¤¥­â®¢ ä¨§¨ç¥áª®£®

ä ªã«ìâ¥â  ��¡��. �â®â ¢ë¯ãáª á®¤¥à¦¨â ç áâì £« ¢ë 1

ªãàá  	 "� âà¨æë ¨ ®¯à¥¤¥«¨â¥«¨". �â®à®© ¢ë¯ãáª ¡ã¤¥â

á®¤¥à¦ âì ®áâ ¢èãîáï ç áâì £« ¢ë 1 ¨ £« ¢ã 2 ªãàá  	

"�¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©". �¢â®àë

­ ¤¥îâáï ¢¯®á«¥¤áâ¢¨¨ ¨§¤ âì ¤ «ì­¥©è¨¥ ¢ë¯ãáª¨ ¯®á®¡¨ï á

â¥¬, çâ®¡ë ®å¢ â¨âì ¢¥áì «¥ªæ¨®­­ë© ªãàá «¨­¥©­®©  «£¥¡àë.

�à¥¤¯®« £ ¥âáï, çâ® ­ áâ®ïé¥¥ ¯®á®¡¨¥ ¡ã¤¥â á«ã¦¨âì

«¨èì ¬ â¥à¨ «®¬ ¤«ï ¯®¢â®à¥­¨ï. � ¡®â  ­ ¤ ­¨¬ ­¥

¬®¦¥â § ¬¥­¨âì á¨áâ¥¬ â¨ç¥áª®£® á«ãè ­¨ï «¥ªæ¨®­­®£®

ªãàá . �®íâ®¬ã à §«¨ç­ë¥ ¯®ïá­¥­¨ï ¨ ¬®â¨¢¨à®¢ª¨ á¢¥¤¥­ë

¢ â¥ªáâ¥ ¤® ¬¨­¨¬ã¬ . �¢â®àë áç¨â îâ, çâ® áâà®£¨© ®â¡®à

¬ â¥à¨ «  ¨ áà ¢­¨â¥«ì­® ­¥¡®«ìè®© ®¡ê¥¬ ¯®á®¡¨ï á®§¤ áâ

ã¤®¡áâ¢  ¤«ï á«ãè â¥«¥© ªãàá  ¨ ¤«ï ç¨â â¥«¥©.

�¨¦¥ ®¡®§­ ç¥­¨¥ a := b ®§­ ç ¥â, çâ® "a ¯® ®¯à¥¤¥«¥­¨î
à ¢­® b". �­ ç®ª � ®§­ ç ¥â ª®­¥æ ¤®ª § â¥«ìáâ¢ .

�®¯®«­¨â¥«ì­ë© (­¥®¡ï§ â¥«ì­ë©) ¬ â¥à¨ « ¯®¬¥ç¥­ ¢¥àå­¨¬
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§­ çª®¬ �. � ª ¯à ¢¨«®, íâ®â ¬ â¥à¨ « ­¥ ¢å®¤¨â ¢

«¥ªæ¨®­­ë© ªãàá. �à¨ ááë«ª å ­  ä®à¬ã«ë, â¥®à¥¬ë ¨

¯ã­ªâë ¨§ ¤àã£®£® ¯ à £à ä  ¯à¨¬¥­ï¥âáï ¤¢®©­ ï ­ã¬¥à æ¨ï,

  ¨§ ¤àã£®© £« ¢ë 	 âà®©­ ï.

�« ¢  1. � âà¨æë ¨ ®¯à¥¤¥«¨â¥«¨

� íâ®© £« ¢¥ ¬ë ¯®§­ ª®¬¨¬áï á ä®à¬ «ì­ë¬

 ¯¯ à â®¬, ¨á¯®«ì§ã¥¬ë¬ ¢ «¨­¥©­®©  «£¥¡à¥, 	 á  «£¥¡à®©

¬ âà¨æ. �à¨ â ª®¬ "¯à¥¤¢ à¨â¥«ì­®¬" ¢¢¥¤¥­¨¨ ¯®­ïâ¨©

¬ âà¨ç­®©  «£¥¡àë ®¯à¥¤¥«¥­¨ï ¬®£ãâ ¢ë£«ï¤¥âì ­¥¤®áâ â®ç­®

¬®â¨¢¨à®¢ ­­ë¬¨. �¤­ ª® ¨å á¬ëá« ¯à®ïá­ï¥âáï ¢

¤ «ì­¥©è¥¬ ¨§«®¦¥­¨¨ ªãàá .

± 1. �¥©áâ¢¨ï ­ ¤ ¬ âà¨æ ¬¨

1. �¯à¥¤¥«¥­¨¥ ¬ âà¨æë. � âà¨æ¥©

­ §ë¢ îâ ¯àï¬®ã£®«ì­ãî â ¡«¨æã ç¨á¥« (¢¥é¥áâ¢¥­­ëå ¨«¨

ª®¬¯«¥ªá­ëå). �â¨ ç¨á« 1 ­ §ë¢ îâ í«¥¬¥­â ¬¨ ¬ âà¨æë.

� âà¨æã ¡ã¤¥¬ § ¯¨áë¢ âì á«¥¤ãîé¨¬ á¯®á®¡®¬

A =

0
BB@

a11 a12 � � � a1n
a21 a22 � � � a2n
...

...
. . .

...

am1 am2 � � � amn

1
CCA : (1)

�«¥¬¥­âë aij ­ã¬¥àãîâáï ¤¢ã¬ï ¨­¤¥ªá ¬¨; ¯¥à¢ë© ¨§ ­¨å

¥áâì ­®¬¥à áâà®ª¨ ¨ ¬¥­ï¥âáï ¢¤®«ì áâ®«¡æ , ¢â®à®© 	

­®¬¥à áâ®«¡æ , ª®â®àë© ¬¥­ï¥âáï ¢¤®«ì áâà®ª¨. �«ï ¬ âà¨æë

(1) ã¯®âà¥¡«ï¥âáï â ª¦¥ ªà âª®¥ ®¡®§­ ç¥­¨¥, ª®â®à®¥ ï¢­®

ãª §ë¢ ¥â ­  ¥¥ à §¬¥àë:

A = faijg
j=1;...;n
i=1;...;m: (2)

� âà¨æ , á®áâ ¢«¥­­ ï ¨§ m áâà®ª ¨ n áâ®«¡æ®¢, ­ §ë¢ ¥âáï

(m � n)-¬ âà¨æ¥©. � ª ï ¬ âà¨æ  ¢®§­¨ª­¥â, ­ ¯à¨¬¥à,

1 �­®£¤  à áá¬ âà¨¢ îâ ¬ âà¨æë, á®áâ ¢«¥­­ë¥ ­¥ ¨§

ç¨á¥«,   ¨§ í«¥¬¥­â®¢ ¤àã£®© ¯à¨à®¤ë.
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¯à¨ ¯®á«¥¤®¢ â¥«ì­®¬ ¢ë¯¨áë¢ ­¨¨ ª®íää¨æ¨¥­â®¢ ¯à¨

­¥¨§¢¥áâ­ëå ¢ á¨áâ¥¬¥ ¨§ m «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å

ãà ¢­¥­¨© á n ­¥¨§¢¥áâ­ë¬¨. �­®¦¥áâ¢® ¢á¥å (m � n)-
¬ âà¨æ ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§Mm;n. � ª®­¥æ, ãá«®¢¨¬áï ¤«ï

í«¥¬¥­â  aij ¬ âà¨æë A ¢ ­¥ª®â®àëå á«ãç ïå ¨á¯®«ì§®¢ âì

®¡®§­ ç¥­¨¥ [A]ij:

aij = [A]ij ; i = 1; . . . ;m; j = 1; . . . ; n:

2. �¨­¥©­ë¥ ¤¥©áâ¢¨ï ­ ¤ ¬ âà¨æ ¬¨. �¢¥¤¥¬ «¨­¥©­ë¥

¤¥©áâ¢¨ï ­ ¤ ¬ âà¨æ ¬¨ 	 á«®¦¥­¨¥ ¬ âà¨æ ¨ ã¬­®¦¥­¨¥

¬ âà¨æë ­  ç¨á«®.

�«®¦¥­¨¥ ¬ âà¨æ ®¯à¥¤¥«ï¥âáï â®«ìª® ¤«ï ¬ âà¨æ

á®¢¯ ¤ îé¨å à §¬¥à®¢: ¥á«¨ A 2 Mm;n, B 2 Mm;n, â®

A +B 2Mm;n, £¤¥

[A+ B]ij = [A]ij + [B]ij; i = 1; . . . ;m; j = 1; . . . ; n: (3)

� ª¨¬ ®¡à §®¬, á«®¦¥­¨¥ ¬ âà¨æ á®áâ®¨â ¢ ¯®í«¥¬¥­â­®¬

á«®¦¥­¨¨.

�¬­®¦¥­¨¥ ¬ âà¨æë ­  ç¨á«® á®áâ®¨â ¢ ã¬­®¦¥­¨¨ ­ 

íâ® ç¨á«® ª ¦¤®£® í«¥¬¥­â  ¬ âà¨æë. �«ï ¯à®¨§¢¥¤¥­¨ï

¬ âà¨æë A ­  ç¨á«® � ¨á¯®«ì§ã¥âáï ª ª ®¡®§­ ç¥­¨¥ �A, â ª
¨ ®¡®§­ ç¥­¨¥ A�. � ª¨¬ ®¡à §®¬,

[�A]ij = [A�]ij = �[A]ij ; i = 1; . . . ;m; j = 1; . . . ; n: (4)

�á­®, çâ® �A 2 Mm;n, ¥á«¨ A 2 Mm;n . � ¯®¤à®¡­ëå

®¡®§­ ç¥­¨ïå

�A = A� =

0
BB@

�a11 �a12 � � � �a1n
�a21 �a22 � � � �a2n
...

...
. . .

...

�am1 �am2 � � � �amn

1
CCA :

�à¨ íâ®¬ ¯à¥¤¯®« £ ¥âáï, çâ® ¢ á«ãç ¥ ¢¥é¥áâ¢¥­­ëå ¬ âà¨æ

¨å ¬®¦­® ã¬­®¦ âì ­  ¢¥é¥áâ¢¥­­ë¥ ¬­®¦¨â¥«¨. �
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ª« áá¥ ª®¬¯«¥ªá­ëå ¬ âà¨æ ¯®¤à §ã¬¥¢ ¥âáï ã¬­®¦¥­¨¥ ­ 

ª®¬¯«¥ªá­ë¥ ç¨á« .

�¥à¥ç¨á«¨¬ á¢®©áâ¢  «¨­¥©­ëå ®¯¥à æ¨© ¢ ª« áá¥ ¬ âà¨æ

Mm;n.

1. �®¬¬ãâ â¨¢­®áâì á«®¦¥­¨ï:

A+ B = B + A:

2. �áá®æ¨ â¨¢­®áâì á«®¦¥­¨ï:

(A+ B) + C = A+ (B + C):

3. �ãé¥áâ¢®¢ ­¨¥ ­ã«ï. �ãé¥áâ¢ã¥â ¬ âà¨æ  0 2 Mm;n,

­ §ë¢ ¥¬ ï ­ã«¥¢®© ¬ âà¨æ¥©, â ª ï, çâ®

A+ 0 = A; 8A 2Mm;n:

�â® ¬ âà¨æ , ¢á¥ í«¥¬¥­âë ª®â®à®© à ¢­ë ­ã«î [0]ij = 0.
4. �ãé¥áâ¢®¢ ­¨¥ ¯à®â¨¢®¯®«®¦­®© ¬ âà¨æë. �«ï «î¡®©

¬ âà¨æë A 2Mm;n áãé¥áâ¢ã¥â ¬ âà¨æ  �A 2Mm;n â ª ï, çâ®

A+ �A = 0:

� âà¨æ  �A, ­ §ë¢ ¥¬ ï ¯à®â¨¢®¯®«®¦­®© ª ¬ âà¨æ¥ A,
®¡®§­ ç ¥âáï �A. �à¨ íâ®¬ [ �A]ij = [�A]ij = �[A]ij .

5. �¨áâà¨¡ãâ¨¢­®áâì ã¬­®¦¥­¨ï ­  ç¨á«® ®â­®á¨â¥«ì­®

á«®¦¥­¨ï ¬ âà¨æ:

�(A+ B) = �A+ �B:

6. �¨áâà¨¡ãâ¨¢­®áâì ã¬­®¦¥­¨ï ­  ¬ âà¨æã ®â­®á¨â¥«ì­®

á«®¦¥­¨ï ç¨á¥«:

(� + �)A = �A+ �A:

7. �áá®æ¨ â¨¢­®áâì ®â­®á¨â¥«ì­® ç¨á«®¢ëå ¬­®¦¨â¥«¥©:

(��)A = �(�A):
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8. �á®¡ ï à®«ì ç¨á«®¢®£® ¬­®¦¨â¥«ï 1:

1 �A = A; 8A 2Mm;n:

�à®¢¥àª  íâ¨å á¢®©áâ¢ ­¥ ¯à¥¤áâ ¢«ï¥â âàã¤ , ¥á«¨

¨á¯®«ì§®¢ âì  ­ «®£¨ç­ë¥ á¢®©áâ¢  ¤«ï ®â¤¥«ì­ëå í«¥¬¥­â®¢

¬ âà¨æë, â® ¥áâì ¤«ï ç¨á¥«. �â¬¥â¨¬, çâ® ¨¬¥­­® íâ¨ ¢®á¥¬ì

á¢®©áâ¢ «¨­¥©­ëå ®¯¥à æ¨© ¢ ¤ «ì­¥©è¥¬ ª« ¤ãâáï ¢ ®á­®¢ã

 ¡áâà ªâ­®£® ¯®­ïâ¨ï «¨­¥©­®£® ¯à®áâà ­áâ¢ .

� §­®áâì ¬ âà¨æ A ¨ B ®¯à¥¤¥«ï¥âáï ª ª áã¬¬  A ¨ �B:

A� B := A+ (�B):

3. �¥©áâ¢¨ï âà ­á¯®­¨à®¢ ­¨ï

¨ á®¯àï¦¥­¨ï. �à ­á¯®­¨à®¢ ­­ ï ¬ âà¨æ  ¯®«ãç ¥âáï ¨§

¤ ­­®© ¬ âà¨æë A, ¥á«¨ áâà®ª¨ ¨ áâ®«¡æë ¯®¬¥­ïâì à®«ï¬¨.

�à ­á¯®­¨à®¢ ­­ãî ¬ âà¨æã ®¡®§­ ç îâ ç¥à¥§ At. �á«¨

A 2Mm;n, â® At 2Mn;m, ¯à¨ç¥¬

[At]ij = [A]ji; i = 1; . . . ; n; j = 1; . . . ;m: (5)

�â¬¥â¨¬ á¢®©áâ¢® «¨­¥©­®áâ¨ ®¯¥à æ¨¨ âà ­á¯®­¨à®¢ ­¨ï:

¤«ï «î¡ëå ¬ âà¨æ A 2Mm;n, B 2Mm;n ¨ «î¡ëå ç¨á¥« �, �,

(�A+ �B)t = �At + �Bt: (6)

�á­® â ª¦¥, çâ® (At)t = A.
�«ï ¬ âà¨æ á ª®¬¯«¥ªá­ë¬¨ ç«¥­ ¬¨ ¢¢®¤¨âáï ¯®­ïâ¨¥

á®¯àï¦¥­­®© ¬ âà¨æë. �®¯àï¦¥­­ ï ¬ âà¨æ  A� ¤«ï ¤ ­­®©

¬ âà¨æë A ¯®«ãç ¥âáï ¨§ âà ­á¯®­¨à®¢ ­­®© ¬ âà¨æë At, ¥á«¨

¢á¥ ¥¥ í«¥¬¥­âë § ¬¥­¨âì ª®¬¯«¥ªá­® á®¯àï¦¥­­ë¬¨ ç¨á« ¬¨.

� ª¨¬ ®¡à §®¬, ¥á«¨ A 2Mm;n, â® A� 2Mn;m, ¯à¨ç¥¬

[A�]ij = aji; i = 1; . . . ; n; j = 1; . . . ;m: (7)

�ç¥¢¨¤­®, ¤«ï ¢¥é¥áâ¢¥­­ëå ¬ âà¨æ âà ­á¯®­¨à®¢ ­­ ï ¨

á®¯àï¦¥­­ ï ¬ âà¨æë á®¢¯ ¤ îâ. �¯¥à æ¨ï á®¯àï¦¥­¨ï
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®¡« ¤ ¥â á¢®©áâ¢®¬  ­â¨«¨­¥©­®áâ¨: ¤«ï «î¡ëå ¬ âà¨æ

A 2Mm;n, B 2Mm;n ¨ «î¡ëå ç¨á¥« � 2 C, � 2 C,

(�A+ �B)� = �A� + �B�: (8)

�â¬¥â¨¬ â ª¦¥, çâ® A�� := (A�)� = A.

4. �¬­®¦¥­¨¥ ¬ âà¨æ. �¬­®¦¥­¨¥ ¬ âà¨æ ¢¢®¤¨âáï «¨èì

¤«ï ¬ âà¨æ á®£« á®¢ ­­ëå ¯®àï¤ª®¢: ç¨á«® áâ®«¡æ®¢ ¯¥à¢®©

¬ âà¨æë ¤®«¦­® á®¢¯ ¤ âì á ç¨á«®¬ áâà®ª ¢â®à®© ¬ âà¨æë.

�® ®¯à¥¤¥«¥­¨î, ¤«ï A 2 Mm;n ¨ B 2 Mn;p, ¨å ¯à®¨§¢¥¤¥­¨¥

C = AB 2Mm;p ¥áâì ¬ âà¨æ  á í«¥¬¥­â ¬¨

cij = [AB]ij =

nX
k=1

aikbkj ; i = 1; . . . ;m; j = 1; . . . ; p: (9)

�ã¬¬¨à®¢ ­¨¥2 ¢¥¤¥âáï ¯® ¢â®à®¬ã §­ çªã ¤«ï í«¥¬¥­â®¢ A
¨ ¯® ¯¥à¢®¬ã ¤«ï í«¥¬¥­â®¢ B; á®£« á®¢ ­­®áâì ¯®àï¤ª®¢

áª §ë¢ ¥âáï ¢ â®¬, çâ® ®¡  íâ¨ §­ çª  ¬¥­ïîâáï ®â 1 ¤® n.
� ¬ âà¨æë C m áâà®ª (áâ®«ìª®, áª®«ìª® ã A) ¨ p áâ®«¡æ®¢

(áâ®«ìª®, áª®«ìª® ã B). �®à¬ã«ë (9) ­ §ë¢ îâ "¯à ¢¨«®¬

ã¬­®¦¥­¨ï áâà®ª¨ ­  áâ®«¡¥æ". �¬¥­­®, ¤«ï ¯®«ãç¥­¨ï

í«¥¬¥­â  cij , áâ®ïé¥£® ¢ i-®© áâà®ª¥ ¨ j-®¬ áâ®«¡æ¥ ¬ âà¨æë

C, ã¬­®¦ îâ k-ë© í«¥¬¥­â i-®© áâà®ª¨ ¬ âà¨æë A ­  k-
ë© í«¥¬¥­â j-£® áâ®«¡æ  ¬ âà¨æë B, ¨ íâ¨ ¯à®¨§¢¥¤¥­¨ï

áã¬¬¨àãîâ 3 ¯® k ®â 1 ¤® n.
�à¨¬¥à: m = 3; n = 2; p = 3;

A =

0
@ a11 a12
a21 a22
a31 a32

1
A ; B =

�
b11 b12 b13
b21 b22 b23

�
:

2 � ¦­® ¯®¬­¨âì, çâ® áã¬¬  ­¥ § ¢¨á¨â ®â ®¡®§­ ç¥­¨ï

¨­¤¥ªá  (§­ çª ) áã¬¬¨à®¢ ­¨ï. �­ çª¨ áã¬¬¨à®¢ ­¨ï ¨­®£¤ 

­ §ë¢ îâ ¯®íâ®¬ã "­¥¬ë¬¨". � ­ è¥¬ á«ãç ¥ ­¥¬ë¬ §­ çª®¬

ï¢«ï¥âáï k.
3 �ã¬¬ë (9) ®¡à §ãîâáï ¯® ¯à ¢¨«ã, ª®â®à®¥ ¯à¨ n = 3

ä®à¬ «ì­® á®¢¯ ¤ ¥â á ¢ëà ¦¥­¨¥¬ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï

¤¢ãå ¢¥ªâ®à®¢ ç¥à¥§ ¨å ¤¥ª àâ®¢ë ª®®à¤¨­ âë.
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C = AB =

0
@ a11b11 + a12b21 a11b12 + a12b22 a11b13 + a12b23
a21b11 + a22b21 a21b12 + a22b22 a21b13 + a22b23
a31b11 + a32b21 a31b12 + a32b22 a31b13 + a32b23

1
A :

�à®¨§¢¥¤¥­¨¥ C = AB ¥áâì (3� 3)-¬ âà¨æ .
�¯à ¦­¥­¨¥. �®áâ ¢ìâ¥ (2� 2)-¬ âà¨æã D = BA.
�¬­®¦¥­¨¥ ¬ âà¨æ ­¥ ª®¬¬ãâ â¨¢­® ¤ ¦¥ ¤«ï (2 � 2)-

¬ âà¨æ. � ¯à¨¬¥à, ¯à¨

A =

�
0 1
0 0

�
; B =

�
0 0
0 1

�
;

AB =

�
0 1
0 0

��
0 0
0 1

�
=

�
0 1
0 0

�
;

BA =

�
0 0
0 1

��
0 1
0 0

�
=

�
0 0
0 0

�
= 0:

�â®â ¦¥ ¯à¨¬¥à ¯®ª §ë¢ ¥â áãé¥áâ¢®¢ ­¨¥ "¤¥«¨â¥«¥© ­ã«ï"

¤«ï ¬ âà¨æ. �¥©áâ¢¨â¥«ì­®, A 6= 0; B 6= 0, ­® BA = 0.

�áå®¤ï ¨§ ®¯à¥¤¥«¥­¨© (3)�(5), (7), (9) ¬®¦­® ¯à®¢¥à¨âì

á¯à ¢¥¤«¨¢®áâì á«¥¤ãîé¨å á¢®©áâ¢, ¢ ä®à¬ã«¨à®¢ª¥ ª®â®àëå

¯®àï¤ª¨ ¬ âà¨æ ¯à¥¤¯®« £ îâáï á®£« á®¢ ­­ë¬¨.

1. �¨áâà¨¡ãâ¨¢­®áâì ã¬­®¦¥­¨ï ®â­®á¨â¥«ì­® á«®¦¥­¨ï:

(A+ B)C = AC +BC; A(C +D) = AC + AD: (10)

2. �áá®æ¨ â¨¢­®áâì ®â­®á¨â¥«ì­® ã¬­®¦¥­¨ï ­  ç¨á«®:

(�A)C = �(AC); A(�C) = �(AC): (11)

�¢®©áâ¢  (10) ¨ (11) ¢¬¥áâ¥ ®§­ ç îâ «¨­¥©­®áâì ¯à®¨§¢¥¤¥­¨ï

¬ âà¨æ ¯® ª ¦¤®¬ã ¨§ á®¬­®¦¨â¥«¥©:

(�A+ �B)C = �(AC) + �(BC); A(�C + �D) = �(AC) + �(AD):
(12)

3. �áá®æ¨ â¨¢­®áâì ã¬­®¦¥­¨ï ¬ âà¨æ:

A(BC) = (AB)C: (13)
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4. �à ¢¨«® âà ­á¯®­¨à®¢ ­¨ï ¯à®¨§¢¥¤¥­¨ï ¬ âà¨æ:

(AB)t = BtAt: (14)

5. �à ¢¨«® á®¯àï¦¥­¨ï ¯à®¨§¢¥¤¥­¨ï ¬ âà¨æ:

(AB)� = B�A�: (15)

�®ª ¦¥¬ á¢®©áâ¢  (13) ¨ (14). �¢®©áâ¢  (10), (11) ¨ (15)

¤®ª ¦¨â¥ á ¬®áâ®ïâ¥«ì­® ¢ ª ç¥áâ¢¥ ã¯à ¦­¥­¨ï.

�®ª § â¥«ìáâ¢®  áá®æ¨ â¨¢­®áâ¨ ã¬­®¦¥­¨ï ¬ âà¨æ.

�ãáâì A 2 Mm;n; B 2 Mn;p; C 2 M p;r . �á­®, çâ® â®£¤ 

A(BC) 2 Mm;r, (AB)C 2 Mm;r . �ëç¨á«¨¬ á­ ç «  ¬ âà¨æã

A(BC). �¬¥¥¬:

[BC]ik =

pX
j=1

bijcjk; i = 1; . . . ; n; k = 1; . . . ; r;

[A(BC)]lk =

nX
i=1

ali[BC]ik =

nX
i=1

pX
j=1

alibijcjk;

�
l = 1; . . . ;m;
k = 1; . . . ; r:

�
(16)

�¥¯¥àì ¢ëç¨á«¨¬ (AB)C:

[AB]lj =

nX
i=1

alibij ; l = 1; . . . ;m; j = 1; . . . ; p;

[(AB)C]lk =

pX
j=1

[AB]ljcjk =

pX
j=1

nX
i=1

alibijcjk;

�
l = 1; . . . ;m;
k = 1; . . . ; r:

�
(17)

�ë ¢¨¤¨¬, çâ® ¢ (16), (17) ¯à ¢ë¥ ç áâ¨ ®â«¨ç îâáï

«¨èì ¯®àï¤ª®¬ áã¬¬¨à®¢ ­¨ï. �¤­ ª®, ¯®áª®«ìªã §­ çª¨

áã¬¬¨à®¢ ­¨ï i; j ¬¥­ïîâáï ­¥§ ¢¨á¨¬® ¤àã£ ®â ¤àã£ , ¯®àï¤®ª
áã¬¬¨à®¢ ­¨ï ¡¥§à §«¨ç¥­. �â ª, ¬ âà¨æë A(BC) ¨ (AB)C
¯®í«¥¬¥­â­® á®¢¯ ¤ îâ. �

�®ª § â¥«ìáâ¢® ¯à ¢¨«  âà ­á¯®­¨à®¢ ­¨ï ¯à®¨§¢¥¤¥­¨ï

¬ âà¨æ. �à¨ A 2 Mm;n ¨ B 2 Mn;p ¡ã¤¥â C = AB 2 Mm;p,

Ct 2Mp;m. �¬¥¥¬:

[Ct]ij = [C]ji =
Pn

k=1[A]jk[B]ki =
Pn

k=1[B
t]ik[A

t]kj = [BtAt]ij ;
i = 1; . . . ; p; j = 1; . . . ;m:

�â® ¨ ®§­ ç ¥â á¯à ¢¥¤«¨¢®áâì (14). �
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± 2. �¢ ¤à â­ë¥ ¬ âà¨æë. �«¥¤ ¬ âà¨æë

1. �« áá ª¢ ¤à â­ëå ¬ âà¨æ. � áá¬®âà¨¬ ¬ âà¨æë ª« áá 

Mn;n (íâ®â ª« áá ¡ã¤¥¬ ¡®«¥¥ ª®à®âª® ®¡®§­ ç âì ç¥à¥§ Mn),

â® ¥áâì ª¢ ¤à â­ë¥ (n � n)-¬ âà¨æë. � â ª¨¬ ¬ âà¨æ ¬

¯à¨¬¥­¨¬ë ¢á¥ ¢¢¥¤¥­­ë¥ ¢ëè¥ ¤¥©áâ¢¨ï ­ ¤ ¬ âà¨æ ¬¨,

¯à¨ç¥¬ ¢ à¥§ã«ìâ â¥ á­®¢  ¯®«ãç îâáï ¬ âà¨æë ª« áá  Mn.

�á®¡ãî à®«ì ¢ ª« áá¥ Mn ¨£à îâ ­ã«¥¢ ï ¬ âà¨æ  0 ¨

¥¤¨­¨ç­ ï ¬ âà¨æ 

I =

0
BB@

1 0 � � � 0
0 1 � � � 0
...

...
. . .

...

0 0 � � � 1

1
CCA :

�­®£¤  ¤«ï I ¡ã¤¥¬ ¯®«ì§®¢ âìáï ®¡®§­ ç¥­¨¥¬ I = In,
ãª §ë¢ ï â¥¬ á ¬ë¬, çâ® I 2 Mn. �  £« ¢­®© ¤¨ £®­ «¨

¥¤¨­¨ç­®© ¬ âà¨æë áâ®ïâ ¥¤¨­¨æë,   ¢á¥ ®áâ «ì­ë¥ í«¥¬¥­âë

à ¢­ë ­ã«î. �«¥¬¥­âë ¥¤¨­¨ç­®© ¬ âà¨æë á®¢¯ ¤ îâ á

á¨¬¢®«®¬ �à®­¥ª¥à , ª®â®àë© ®¯à¥¤¥«ï¥âáï ä®à¬ã« ¬¨

�ik =

�
1 ¯à¨ i = k
0 ¯à¨ i 6= k

:

�¬¥¥¬: [I]ik = �ik . �à¨ «î¡ëå A 2Mn ¢ë¯®«­¥­®

0A = A0 = 0;

IA = AI = A:

� ¯à¨¬¥à,

[IA]ik =

nX
j=1

�ijajk = aik = [A]ik:

� âà¨æ 

�I =

0
BB@
� 0 � � � 0
0 � � � � 0
...

...
. . .

...

0 0 � � � �

1
CCA
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ª« áá  Mn ­ §ë¢ ¥âáï ªà â­®© ¥¤¨­¨ç­®©.

�¯à ¦­¥­¨ï.

1. �ãáâì I 	 ¥¤¨­¨ç­ ï ¬ âà¨æ  ¢ Mn. �à®¢¥à¨âì, çâ®

¯à¨ «î¡®¬ m ¢ë¯®«­¥­® à ¢¥­áâ¢® IA = A ¤«ï ¢á¥å A 2Mn;m

¨ BI = B ¤«ï ¢á¥å B 2Mm;n:
2�. �ãáâì A 2M2 	 ¯à®¨§¢®«ì­ ï (2� 2)�¬ âà¨æ , A2 :=

AA, � = a11+a22, � = a11a22�a12a21. �à®¢¥àìâ¥ á¯à ¢¥¤«¨¢®áâì
â®¦¤¥áâ¢ 4

A2 � �A+ �I = 0:

2. �®¬¬ãâ â®à ¨  ­â¨ª®¬¬ãâ â®à. �â¬¥â¨¬, çâ®

¬ âà¨æ  ¢¨¤  �I (¢ â®¬ ç¨á«¥, ¥¤¨­¨ç­ ï ¨ ­ã«¥¢ ï ¬ âà¨æë)

ª®¬¬ãâ¨àã¥â á «î¡®© ¬ âà¨æ¥© A 2Mn. � ª ã¦¥ ®â¬¥ç «®áì,

¤¢¥ ¯à®¨§¢®«ì­ë¥ ¬ âà¨æë A 2 Mn, B 2 Mn, ¢®®¡é¥ £®¢®àï,

­¥ ª®¬¬ãâ¨àãîâ. �®¬¬ãâ â®à®¬ ¬ âà¨æ A ¨ B ­ §ë¢ ¥âáï

¬ âà¨æ 

[A;B] := AB � BA:

� ¢¥­áâ¢® [A;B] = 0 ®§­ ç ¥â, çâ® ¬ âà¨æë A ¨ B
ª®¬¬ãâ¨àãîâ.

�¯à ¦­¥­¨¥�. �á«¨ ¬ âà¨æ  A 2Mn ª®¬¬ãâ¨àã¥â á «î¡®©

¬ âà¨æ¥© B 2Mn, â® ¬ âà¨æ  A ªà â­  ¥¤¨­¨ç­®©. �à®¢¥àìâ¥.

�¢®¤ïâ â ª¦¥ ¯®­ïâ¨¥  ­â¨ª®¬¬ãâ â®à  ¬ âà¨æ A ¨

B 	 íâ® ¬ âà¨æ  fA;Bg := AB + BA. �á«¨ fA;Bg = 0, â®

£®¢®àïâ, çâ® ¬ âà¨æë A ¨ B  ­â¨ª®¬¬ãâ¨àãîâ. �â¬¥â¨¬,

çâ® ª®¬¬ãâ â®à ¨  ­â¨ª®¬¬ãâ â®à «¨­¥©­ë ¯® ª ¦¤®¬ã

 à£ã¬¥­âã:

[�A+ 
C;B] = �[A;B] + 
[C;B];

[A; �B + 
C] = �[A;B] + 
[A;C];

f�A+ 
C;Bg = �fA;Bg+ 
fC;Bg;

fA; �B + 
Cg = �fA;Bg+ 
fA;Cg:

4 � ¢ë¯ãáª¥ 2 (á¬. ¯. 8.4) ¡ã¤¥â ãáâ ­®¢«¥­® ¡®«¥¥ ®¡é¥¥

â®¦¤¥áâ¢® �í«¨, á¯à ¢¥¤«¨¢®¥ ¤«ï ¬ âà¨æ ª« áá  Mn; n � 2.
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3. �à¥ã£®«ì­ë¥ ¨ ¤¨ £®­ «ì­ë¥ ¬ âà¨æë. �à¬¨â®¢ë

¬ âà¨æë. � ª« áá¥ ª¢ ¤à â­ëå ¬ âà¨æ Mn ¢ë¤¥«ïîâ

âà¥ã£®«ì­ë¥ ¬ âà¨æë ¨ ¤¨ £®­ «ì­ë¥ ¬ âà¨æë. � âà¨æã

A 2 Mn ­ §ë¢ îâ ¢¥àå­¥âà¥ã£®«ì­®©, ¥á«¨ aij = 0 ¯à¨ i > j.
�¨¦¥ £« ¢­®© ¤¨ £®­ «¨ ¢ ¢¥àå­¥âà¥ã£®«ì­®© ¬ âà¨æ¥ áâ®ïâ

­ã«¨. � ¯®¤à®¡­®© § ¯¨á¨ â ª ï ¬ âà¨æ  ¨¬¥¥â ¢¨¤

A =

0
BBBB@
a11 a12 a13 � � � a1n
0 a22 a23 � � � a2n
0 0 a33 � � � a3n
...

...
...

. . .
...

0 0 0 � � � ann

1
CCCCA :

� âà¨æã A 2 Mn ­ §ë¢ îâ ­¨¦­¥âà¥ã£®«ì­®©, ¥á«¨

aij = 0 ¯à¨ i < j. �á«¨ A 2 Mn ¨ B 2
Mn 	 ¤¢¥ ¢¥àå­¥âà¥ã£®«ì­ëå ¬ âà¨æë, â® �A + �B
¨ AB â ª¦¥ ï¢«ïîâï ¢¥àå­¥âà¥ã£®«ì­ë¬¨ ¬ âà¨æ ¬¨.

�®ª ¦¨â¥ íâ® á ¬®áâ®ïâ¥«ì­® ¢ ª ç¥áâ¢¥ ã¯à ¦­¥­¨ï.

�­ «®£¨ç­ë© ä ªâ ¢¥à¥­ ¨ ¤«ï ­¨¦­¥âà¥ã£®«ì­ëå ¬ âà¨æ.

�¯¥à æ¨¨ âà ­á¯®­¨à®¢ ­¨ï ¨ á®¯àï¦¥­¨ï ¯¥à¥¢®¤ïâ

¢¥àå­¥âà¥ã£®«ì­ë¥ ¬ âà¨æë ¢ ­¨¦­¥âà¥ã£®«ì­ë¥ ¨ ­ ®¡®à®â.

� âà¨æ 

A, ª®â®à ï ®¤­®¢à¥¬¥­­® ï¢«ï¥âáï ¨ ¢¥àå­¥âà¥ã£®«ì­®©

¨ ­¨¦­¥âà¥ã£®«ì­®©, ­ §ë¢ ¥âáï ¤¨ £®­ «ì­®©. � â ª®©

¬ âà¨æë ¢á¥ í«¥¬¥­âë ¢­¥ £« ¢­®© ¤¨ £®­ «¨ à ¢­ë ­ã«î:

A =

0
BB@
a11 0 � � � 0
0 a22 � � � 0
...

...
. . .

...

0 0 � � � ann

1
CCA :

�«ï ¤¨ £®­ «ì­®© ¬ âà¨æë ¨á¯®«ì§ãîâ ªà âª®¥ ®¡®§­ ç¥­¨¥

A = diag fa11; a22; � � � ; anng:

� âà¨æ  �I ï¢«ï¥âáï ¤¨ £®­ «ì­®©. �á«¨ A 2 Mn, B 2 Mn

	 ¤¨ £®­ «ì­ë¥ ¬ âà¨æë, â® �A + �B, AB, At, A� 	 â ª¦¥
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¤¨ £®­ «ì­ë¥ ¬ âà¨æë. �®«¥¥ â®£®, At = A. �à®¢¥àìâ¥,

çâ® ¯à¨ ã¬­®¦¥­¨¨ ¤¨ £®­ «ì­ëå ¬ âà¨æ á®®â¢¥âáâ¢ãîé¨¥

í«¥¬¥­âë ­  £« ¢­®© ¤¨ £®­ «¨ ¯¥à¥¬­®¦ îâáï:

[AB]ii = aiibii:

�âáî¤  áà §ã á«¥¤ã¥â, çâ® ¤¢¥ ¤¨ £®­ «ì­ë¥ ¬ âà¨æë ¢á¥£¤ 

ª®¬¬ãâ¨àãîâ.

�é¥ ®¤¨­ ¢ ¦­ë© ª« áá ª¢ ¤à â­ëå ¬ âà¨æ 	 íà¬¨â®¢ë5

¬ âà¨æë. � âà¨æ  A 2 Mn ­ §ë¢ ¥âáï íà¬¨â®¢®© ¨«¨

á ¬®á®¯àï¦¥­­®©, ¥á«¨ A� = A. �§ ®¯à¥¤¥«¥­¨ï A�

á«¥¤ã¥â, çâ® í«¥¬¥­âë íà¬¨â®¢®© ¬ âà¨æë ã¤®¢«¥â¢®àïîâ

á®®â­®è¥­¨ï¬ aij = aji, i; j = 1; . . . ; n. �â® ®§­ ç ¥â, çâ®

í«¥¬¥­âë ­  £« ¢­®© ¤¨ £®­ «¨ 	 ¢¥é¥áâ¢¥­­ë¥,   í«¥¬¥­âë,

à á¯®«®¦¥­­ë¥ á¨¬¬¥âà¨ç­® ®â­®á¨â¥«ì­® £« ¢­®© ¤¨ £®­ «¨,

ª®¬¯«¥ªá­® á®¯àï¦¥­ë. �«ï (2 � 2)-¬ âà¨æ ®¡é¨© ¢¨¤

íà¬¨â®¢®© ¬ âà¨æë â ª®¢

A =

�
� �
� 


�
; �; 
 2 R; � 2 C: (1)

4. �«¥¤. � ¦¤®© ¬ âà¨æ¥ A 2 Mn á®¯®áâ ¢«ïîâ ¥¥

á«¥¤ 	 ç¨á«®, à ¢­®¥ áã¬¬¥ í«¥¬¥­â®¢ [A]ii £« ¢­®© ¤¨ £®­ «¨

¬ âà¨æë A. �¡®§­ ç¥­¨¥:

TrA =

nX
i=1

[A]ii =

nX
i=1

aii; A 2Mn: (2)

(�¨¬¢®« Tr ¯à®¨áå®¤¨â ®â  ­£«¨©áª®£® á«®¢  trace 	 á«¥¤;

¨­®£¤  ¨á¯®«ì§ãîâ ®¡®§­ ç¥­¨¥ Sp 	 ®â ­¥¬¥æª®£® Spur).

�«¥¤ ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨.

1. �¨­¥©­®áâì á«¥¤ :

Tr (�A+ �B) = �TrA+ � TrB: (3)

5 � à«ì �à¬¨â 	 §­ ¬¥­¨âë© äà ­æã§áª¨© ¬ â¥¬ â¨ª 19

¢¥ª .

14



2. �à¨ âà ­á¯®­¨à®¢ ­¨¨ á«¥¤ ­¥ ¬¥­ï¥âáï:

TrAt = TrA: (4)

�â¨ á¢®©áâ¢  ®ç¥¢¨¤­ë. �á­® â ª¦¥, çâ® TrA� = TrA. �¥­¥¥

®ç¥¢¨¤­ë¬ ï¢«ï¥âáï á«¥¤ãîé¥¥ ¢ ¦­®¥ á¢®©áâ¢®.

3. �«¥¤ ¯à®¨§¢¥¤¥­¨ï ­¥ § ¢¨á¨â ®â ¯®àï¤ª 

á®¬­®¦¨â¥«¥©:

TrAB = TrBA; A 2Mm;n; B 2Mn;m: (5)

�®ª § â¥«ìáâ¢® ä®à¬ã«ë (5). �ëç¨á«¨¬ á­ ç «  á«¥¤

¬ âà¨æë AB 2Mm.

[AB]ij =

nX
k=1

aikbkj; i; j = 1; . . . ;m;

TrAB =

mX
i=1

[AB]ii =

mX
i=1

nX
k=1

aikbki: (6)

�­ «®£¨ç­® ¤«ï ¬ âà¨æë BA 2Mn ¨¬¥¥¬:

[BA]ij =

mX
k=1

bikakj; i; j = 1; . . . ; n;

TrBA =

nX
i=1

mX
k=1

bikaki =

mX
k=1

nX
i=1

akibik: (7)

�­¤¥ªáë i; k ¢ (7) 	 ­¥¬ë¥, ¯®íâ®¬ã ¨å ¬®¦­® § ¬¥­¨âì

«î¡ë¬¨ ¤àã£¨¬¨ (­® à §­ë¬¨) ¡ãª¢ ¬¨ ¨, ¢ ç áâ­®áâ¨,

¯®¬¥­ïâì ¨­¤¥ªáë ¬¥áâ ¬¨: TrBA =
Pm

i=1

Pn

k=1 aikbki, çâ®

á®¢¯ ¤ ¥â á (6). �
�¯à ¦­¥­¨ï. 1) �ãáâì A 2 Mm;n. �à®¢¥àìâ¥, çâ® á«¥¤

¬ âà¨æë AtA (¨ á«¥¤ ¬ âà¨æë AAt) ¥áâì áã¬¬  ª¢ ¤à â®¢ ¢á¥å

í«¥¬¥­â®¢ ¬ âà¨æë A:

TrAtA = TrAAt =

mX
i=1

nX
k=1

a2ik:

15



�­ «®£¨ç­®,

TrA�A = TrAA� =

mX
i=1

nX
k=1

jaikj
2:

2) �ãáâì A;B 2 Mn ¨ [A;B] = �I . �®ª ¦¨â¥, çâ® â®£¤  � = 0.
�ª § ­¨¥: ¢ëç¨á«¨â¥ á«¥¤ ®â ®¡¥¨å ç áâ¥© à ¢¥­áâ¢ .

�®­ïâ¨¥ á«¥¤  ¡ã¤¥â ­¥®¤­®ªà â­® ¢áâà¥ç âìáï ¢

¤ «ì­¥©è¨å à §¤¥« å ªãàá .

5�. � âà¨æë � ã«¨. � áá¬®âà¨¬ ª®¬¯«¥ªá­ë¥ (2 � 2)-
¬ âà¨æë

�1 =

�
0 1
1 0

�
; �2 =

�
0 �i
i 0

�
; �3 =

�
1 0
0 �1

�
: (8)

�â¨ ¬ âà¨æë ­®áïâ ­ §¢ ­¨¥ ¬ âà¨æ � ã«¨6 . �á«®¢¨¬áï

­ã¬¥à®¢ âì ¬ âà¨æë (8) ¨­¤¥ªá®¬ s "¯® ¬®¤ã«î 3". � ª¨¬

®¡à §®¬, �4 = �1, �5 = �2 ¨ â. ¯. ¯® ®¯à¥¤¥«¥­¨î.

�¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àïîâáï á¢®©áâ¢ 

�s = ��s ; s = 1; 2; 3; (9)

â® ¥áâì ¬ âà¨æë � ã«¨ íà¬¨â®¢ë;

�2
s = I; s = 1; 2;3; (10)

�s�s+1 = i�s+2; s = 1; 2;3: (11)

�§ (9)�(11) ¢¨¤­®, çâ®

f�s; �tg = 2�stI; s; t = 1; 2; 3: (12)

� ç áâ­®áâ¨, «î¡ë¥ ¤¢¥ à §«¨ç­ë¥ ¬ âà¨æë (8)

 ­â¨ª®¬¬ãâ¨àãîâ. �§ (10), (11) á«¥¤ã¥â â ª¦¥, çâ®

�1�2�3 = iI: (13)

6 �®«ìä£ ­£ � ã«¨ 	 §­ ¬¥­¨âë© è¢¥©æ àáª¨© ä¨§¨ª-

â¥®à¥â¨ª. � âà¨æë (8) ¡ë«¨ ¢¢¥¤¥­ë ¨¬ ¤«ï ­ã¦¤ ª¢ ­â®¢®©

¬¥å ­¨ª¨. � ¨å ¯®¬®éìî � ã«¨ ®¯¨á « ¢§ ¨¬®¤¥©áâ¢¨¥

¢­¥è­¥£® ¬ £­¨â­®£® ¯®«ï á® á¯¨­®¬ í«¥ªâà®­ .
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� âà¨æë (8) ®¡à §ãîâ ¯®«­ë© ­ ¡®à íà¬¨â®¢ëå ¬ âà¨æ á®

á¢®©áâ¢®¬ (12). �®«¥¥ â®ç­®, á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥

�à¥¤«®¦¥­¨¥. �¥ áãé¥áâ¢ã¥â ¬ âà¨æë � 2 M 2 á®

á¢®©áâ¢ ¬¨

� = ��; (14)

�2 = I; (15)

f�; �sg = 0; s = 1; 2;3: (16)

�®ª § â¥«ìáâ¢®. � á¨«ã (14) (á¬. â ª¦¥ (1)),

� =

�
� �
� 


�
; � = �1 + i�2; �; �1; �2; 
 2 R:

�®£¤ 

�2 =

�
�2 + j�j2 (� + 
)�
(� + 
)� 
2 + j�j2

�
:

�â® á®£« áã¥âáï á (15) â®«ìª® ¢ ¤¢ãå á«¥¤ãîé¨å á«ãç ïå: � =
�I ¨

� =

�
� �
� ��

�
; �2 + j�j2 = 1: (17)

�á­®, çâ® ¯à¨ � = �I ¡ã¤¥â f�; �1g = �2�1, çâ® ¯à®â¨¢®à¥ç¨â

(16). �ãáâì â¥¯¥àì � ¨¬¥¥â ¢¨¤ (17). �®£¤ , ®ç¥¢¨¤­®, � =
�1�1 + �2�2 + ��3 ¨, ¢ á¨«ã (12), f�; �1g = 2�1I: �¬¥áâ¥ á (16)

(¯à¨ s = 1) íâ® ®§­ ç ¥â, çâ® �1 = 0. �­ «®£¨ç­® ¯®«ãç ¥¬

�2 = � = 0. �® â®£¤  � = 0, çâ® ¯à®â¨¢®à¥ç¨â (15). �

± 3. �¤­®áâ®«¡æ®¢ë¥ ¬ âà¨æë. �®®à¤¨­ â­ë¥
¯à®áâà ­áâ¢ . �¨­¥©­ë¥ ®â®¡à ¦¥­¨ï

1. �¤­®áâ®«¡æ®¢ãî ¬ âà¨æã x 2 Mn;1 ¬®¦­® § ¯¨á âì ¢

¢¨¤¥

x =

0
BB@
x11
x21
...

xn1

1
CCA :
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�®áª®«ìªã ¢â®à®© ¨­¤¥ªá ¢ íâ®¬ á«ãç ¥ ­¥ ­¥á¥â ¨­ä®à¬ æ¨¨,

¥£® ¯à¨­ïâ® ®¯ãáª âì, ¨ ¬ âà¨æã x § ¯¨áë¢ îâ â ª:

x =

0
BB@
x1
x2
...

xn

1
CCA : (1)

�«®¦¥­¨¥ ¨ ã¬­®¦¥­¨¥ ­  ç¨á«® ®¤­®áâ®«¡æ®¢ëå ¬ âà¨æ

¯à®¨§¢®¤¨âáï ¯®ª®¬¯®­¥­â­®:

�x+ �y =

0
BB@

�x1 + �y1
�x2 + �y2

...

�xn + �yn

1
CCA ; (2)

çâ® á®®â¢¥âáâ¢ã¥â ®¡é¨¬ ®¯à¥¤¥«¥­¨ï¬ (1.3) ¨ (1.4). �à¨

n = 3 íâ¨ ®¯¥à æ¨¨ ä®à¬ «ì­® á®¢¯ ¤ îâ á ¯à ¢¨« ¬¨

á«®¦¥­¨ï ¨ ã¬­®¦¥­¨ï ­  ç¨á«® ¢¥ªâ®à®¢ (¢ âà¥å¬¥à­®¬

¯à®áâà ­áâ¢¥), § ¤ ­­ëå ª®®à¤¨­ â ¬¨ ¢ ª ª®¬-«¨¡® ¡ §¨á¥.

� á¨«ã íâ®£® ®¤­®áâ®«¡æ®¢ë¥ ¬ âà¨æë â®¦¥ ­ §ë¢ îâ

¢¥ªâ®à ¬¨ (n-¬¥à­ë¬¨),   ¬­®¦¥áâ¢® ¢á¥å ¢¥ªâ®à®¢ ¢¨¤  (1)

	 ª®®à¤¨­ â­ë¬ ¯à®áâà ­áâ¢®¬ à §¬¥à­®áâ¨ n. �¬¥áâ®

®¡®§­ ç¥­¨ï Mn;1 ¡ã¤¥¬ ¯®«ì§®¢ âìáï ¤«ï ª®®à¤¨­ â­®£®

¯à®áâà ­áâ¢  áâ ­¤ àâ­ë¬ ®¡®§­ ç¥­¨¥¬ R
n ¢ ¢¥é¥áâ¢¥­­®¬

á«ãç ¥ ¨ C
n 	 ¢ ª®¬¯«¥ªá­®¬. �®à¬ã«  (2) § ¤ ¥â ¢ R

n

(¨«¨ ¢ Cn) ¤¥©áâ¢¨ï á«®¦¥­¨ï ¢¥ªâ®à®¢ ¨ ã¬­®¦¥­¨ï ¨å ­ 

ç¨á«®. �à¨ íâ®¬ ¤«ï x 2 R
n ¤®¯ãáª ¥âáï ã¬­®¦¥­¨¥ «¨èì

­  ¢¥é¥áâ¢¥­­ë¥ ç¨á« ,   ¤«ï x 2 C
n 	 ­  ª®¬¯«¥ªá­ë¥.

�à®áâà ­áâ¢® R1 ¥áâ¥áâ¢¥­­® ®â®¦¤¥áâ¢«ï¥âáï á ¬­®¦¥áâ¢®¬

R ¢á¥å ¢¥é¥áâ¢¥­­ëå ç¨á¥«, ¯à®áâà ­áâ¢® C1 	 á ¬­®¦¥áâ¢®¬

C ¢á¥å ª®¬¯«¥ªá­ëå ç¨á¥«.

�¥ªâ®à 

e1 =

0
BB@

1
0
...

0

1
CCA ; e2 =

0
BB@

0
1
...

0

1
CCA ; . . . ; en =

0
BB@

0
0
...

1

1
CCA (3)
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­ §®¢¥¬ áâ ­¤ àâ­ë¬¨ ®àâ ¬¨ ¢ Rn. � ¡®à (3) áâ ­¤ àâ­ëå

®àâ®¢ ®¡à §ã¥â (áâ ­¤ àâ­ë©) ¡ §¨á ¢ Rn ¢ â®¬ á¬ëá«¥, çâ®

¤«ï «î¡®£® ¢¥ªâ®à  (1) á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥

x = x1e1 + x2e2 + . . . + xnen: (4)

�á­®, çâ® ª®íää¨æ¨¥­âë x1; . . . ; xn ¢ áã¬¬¥ (4) ®¯à¥¤¥«ïîâáï

¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ¨ á®¢¯ ¤ îâ á ª®®à¤¨­ â ¬¨ áâ®«¡æ 

(1).

2. �¨­¥©­ë¥ ®â®¡à ¦¥­¨ï. �¥¯¥àì ¬ë á¢ï¦¥¬ ¯®­ïâ¨¥

¬ âà¨æë á ¯®­ïâ¨¥¬ «¨­¥©­®£® ®â®¡à ¦¥­¨ï7 . �á«¨ ª ¦¤®¬ã

í«¥¬¥­âã x 2 Rn ¯®áâ ¢«¥­ ¢ á®®â¢¥âáâ¢¨¥ ­¥ª®â®àë© í«¥¬¥­â

y 2 Rm, â® £®¢®àïâ, çâ® § ¤ ­® ®â®¡à ¦¥­¨¥ (¯à¥¡à §®¢ ­¨¥)

R
n ¢ Rm. �á«¨ A 	 â ª®¥ ®â®¡à ¦¥­¨¥, â® ¯¨èãâ A : Rn ! R

m

¨ y = Ax. �â®¡à ¦¥­¨¥ A ­ §ë¢ îâ «¨­¥©­ë¬, ¥á«¨ ¤«ï

«î¡ëå x; z 2 Rn ¨ «î¡ëå ¢¥é¥áâ¢¥­­ëå ç¨á¥« �;� á¯à ¢¥¤«¨¢®
à ¢¥­áâ¢®

A(�x + �z) = �Ax + �Az: (5)

�ãáâì § ¤ ­  ¢¥é¥áâ¢¥­­ ï ¬ âà¨æ  A 2 Mm;n ¨ x 2
R

n. �®£¤  ¨¬¥¥â á¬ëá« ¯à®¨§¢¥¤¥­¨¥ Ax 2 Mm;1 = R
m.

�àã£¨¬¨ á«®¢ ¬¨, ¬ âà¨æ  A ª« áá  Mm;n § ¤ ¥â ®â®¡à ¦¥­¨¥

ª®®à¤¨­ â­®£® ¯à®áâà ­áâ¢  Rn ¢ ¯à®áâà ­áâ¢® Rm. �à¨ íâ®¬

¬ë áç¨â ¥¬ ¬ âà¨æã A ä¨ªá¨à®¢ ­­®©,   áâ®«¡¥æ x 2 Rn 	

 à£ã¬¥­â®¬, ¯à®¡¥£ îé¨¬ ¢á¥ ¯à®áâà ­áâ¢® R
n. �á­®, çâ®

¤¥©áâ¢¨¥ ¬ âà¨æë A ­  ¢¥ªâ®àë ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (5).

�â® ¯àï¬® á«¥¤ã¥â ¨§ ä®à¬ã«ë (1.12). � ª¨¬ ®¡à §®¬, ¢áïª ï

¢¥é¥áâ¢¥­­ ï ¬ âà¨æ  A 2Mm;n § ¤ ¥â «¨­¥©­®¥ ®â®¡à ¦¥­¨¥

A : Rn ! R
m. � á¢®î ®ç¥à¥¤ì, ¢¥à­® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�à¥¤«®¦¥­¨¥ 1. �áïª®¥ «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ Rn ¢ Rm

§ ¤ ¥âáï ­¥ª®â®à®© ¬ âà¨æ¥© ª« áá  Mm;n, ¨ ¯à¨ íâ®¬

â®«ìª® ®¤­®©.

7 �«®¢  "äã­ªæ¨ï", "®â®¡à ¦¥­¨¥", "¯à¥®¡à §®¢ ­¨¥" ¨ â.¯.

®¡®§­ ç îâ ®¤­® ¨ â® ¦¥ ¯®­ïâ¨¥. �à¨ ¨á¯®«ì§®¢ ­¨¨ ¨å

¢ à §«¨ç­ëå à §¤¥« å ¬ â¥¬ â¨ª¨ ãç¨âë¢ îâ, çâ® á«®¢®

"äã­ªæ¨ï" ¨¬¥¥â áª®à¥¥  ­ «¨â¨ç¥áª¨©,   "¯à¥®¡à §®¢ ­¨¥" 	

£¥®¬¥âà¨ç¥áª¨© ®ââ¥­®ª.
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�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¯ãáâì A : Rn ! R
m

	 «¨­¥©­®¥ ®â®¡à ¦¥­¨¥. � áá¬®âà¨¬ ¢ R
m ¢¥ªâ®àë a1 =

Ae1; . . . ;an = Aen, £¤¥ ®àâë e1; . . . ;en ®¯à¥¤¥«¥­ë ¢ (3), ¨

§ ¯¨è¥¬ ¨å ¢ ¢¨¤¥ áâ®«¡æ®¢:

a1 =

0
BB@

a11
a21
...

am1

1
CCA ; . . . ; an =

0
BB@

a1n
a2n
...

amn

1
CCA : (6)

�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ¬ âà¨æã A = faijg 2 Mm;n. �®£¤ , ¢

á®®â¢¥âáâ¢¨¨ á (4),

Ax =

nX
k=1

xkAek =

nX
k=1

xkak;

¨«¨, ¢ ª®®à¤¨­ â­®© § ¯¨á¨,

Ax =

0
B@

a11x1 + . . . + a1nxn
a21x1 + . . . + a2nxn

. . .
am1x1 + . . . + amnxn

1
CA :

�ë ¢¨¤¨¬, â ª¨¬ ®¡à §®¬, çâ® Ax = Ax. �¤¨­áâ¢¥­­®áâì

¬ âà¨æë A á«¥¤ã¥â ¨§ â®£®, çâ® ¢¥ªâ®àë Ae1; . . . ; Aen ®ç¥¢¨¤­®
á®¢¯ ¤ îâ á® áâ®«¡æ ¬¨ ¬ âà¨æë A:

A = (a1;a2; . . . ; an): (7)

�
�®¤®¡­ë¬ ¦¥ ®¡à §®¬ ª®¬¯«¥ªá­ ï ¬ âà¨æ  ª« áá  Mm;n

®¯à¥¤¥«ï¥â «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ Cn ¢ Cm. �à¨ íâ®¬ ¢ (5) �
¨ � 	 «î¡ë¥ ª®¬¯«¥ªá­ë¥ ç¨á« .

� â®çª¨ §à¥­¨ï

«¨­¥©­ëå ®â®¡à ¦¥­¨© ®¯à¥¤¥«¥­¨ï ¤¥©áâ¢¨© ­ ¤ ¬ âà¨æ ¬¨

®ª §ë¢ îâáï á®¢¥àè¥­­® ¥áâ¥áâ¢¥­­ë¬¨. �¨¦¥ (®¡ëç­® ¡¥§

®£®¢®à®ª) ¡ã¤¥¬ à áá¬ âà¨¢ âì â®«ìª® «¨­¥©­ë¥ ®â®¡à ¦¥­¨ï.

�ãáâì A : Rn ! R
m, B : Rn ! R

m 	 ¤¢  ®â®¡à ¦¥­¨ï. �å
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áã¬¬®© ­ §ë¢ ¥âáï ®â®¡à ¦¥­¨¥ C : Rn ! R
m, ¤¥©áâ¢ãîé¥¥

¯® ä®à¬ã«¥

y = Cx = Ax + Bx; x 2 Rn: (8)

�á«¨ â¥¯¥àì ®â®¡à ¦¥­¨¥ A § ¤ ­® ¬ âà¨æ¥© A 2 Mm;n,  

®â®¡à ¦¥­¨¥ B § ¤ ­® ¬ âà¨æ¥© B 2Mm;n, â®, ¢ á®®â¢¥âáâ¢¨¨

á ä®à¬ã«®© (1.10), ¬®¦­® § ¯¨á âì (8) ¢ ¢¨¤¥

y = Cx = (A+ B)x: (9)

�®¯®áâ ¢«¥­¨¥ (8) ¨ (9) ¯®ª §ë¢ ¥â, çâ® áã¬¬  ¬ âà¨æ C =
A +B ®¯à¥¤¥«ï¥â áã¬¬ã C á®®â¢¥âáâ¢ãîé¨å ®â®¡à ¦¥­¨©.

�ãáâì A : Rn ! R
m - ®â®¡à ¦¥­¨¥, � 2 R. �à®¨§¢¥¤¥­¨¥¬

®â®¡à ¦¥­¨ï A ­  ç¨á«® � ­ §ë¢ ¥âáï ®â®¡à ¦¥­¨¥ D : Rn !
R

m, ¤¥©áâ¢ãîé¥¥ ¯® ä®à¬ã«¥

y = Dx = �(Ax); x 2 Rn: (10)

�á«¨ ®â®¡à ¦¥­¨¥ A § ¤ ­® ¬ âà¨æ¥© A 2 Mm;n, â®, ¢

á®®â¢¥âáâ¢¨¨ á ä®à¬ã«®© (1.11), ¬®¦­® § ¯¨á âì (10) ¢ ¢¨¤¥

y = Dx = (�A)x: (11)

�®¯®áâ ¢«¥­¨¥ (10) ¨ (11) ¯®ª §ë¢ ¥â, çâ® ¬ âà¨æ  D = �A
®¯à¥¤¥«ï¥â ¯à®¨§¢¥¤¥­¨¥ ®â®¡à ¦¥­¨ï A ­  ç¨á«® �.

�ãáâì â¥¯¥àì A : Rn ! R
m, B : Rm ! R

p 	 ¤¢ 

®â®¡à ¦¥­¨ï. �å ª®¬¯®§¨æ¨¥© ­ §ë¢ ¥âáï ®â®¡à ¦¥­¨¥ F :
R

n ! R
p, § ¤ ­­®¥ ä®à¬ã«®©

y = Fx = B(Ax); x 2 Rn: (12)

�á«¨ ®â®¡à ¦¥­¨¥ A § ¤ ­® ¬ âà¨æ¥© A 2Mm;n,   ®â®¡à ¦¥­¨¥

B 	 ¬ âà¨æ¥© B 2Mp;m, â®, ¢ á®®â¢¥âáâ¢¨¨ á ä®à¬ã«®© (1.13),

¬®¦­® § ¯¨á âì (12) ¢ ¢¨¤¥

y = Fx = (BA)x; x 2 Rn: (13)

� ª¨¬ ®¡à §®¬, ¯à®¨§¢¥¤¥­¨¥ ¬ âà¨æ F = BA 2 Mp;n

®¯à¥¤¥«ï¥â ª®¬¯®§¨æ¨î á®®â¢¥âáâ¢ãîé¨å ®â®¡à ¦¥­¨©.
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�ë ¢¨¤¨¬, çâ® ¤¥©áâ¢¨ï á«®¦¥­¨ï, ã¬­®¦¥­¨ï ­  ç¨á«® ¨

ã¬­®¦¥­¨ï ¬ âà¨æ ¢¢¥¤¥­ë â ª, çâ®¡ë ®­¨ ¯®à®¦¤ «¨ áã¬¬ã

á®®â¢¥âáâ¢ãîé¨å «¨­¥©­ëå ®â®¡à ¦¥­¨©, ¯à®¨§¢¥¤¥­¨¥

®â®¡à ¦¥­¨ï ­  ç¨á«® ¨ ª®¬¯®§¨æ¨î ®â®¡à ¦¥­¨©. �â¨¬

®¡êïá­ï¥âáï æ¥«¥á®®¡à §­®áâì ä®à¬ «ì­® ¢¢¥¤¥­­ëå ¢ ± 1

¤¥©áâ¢¨© ­ ¤ ¬ âà¨æ ¬¨.

�¯à ¦­¥­¨ï.

1. �á«¨ x 2 R
n, â® âà ­á¯®­¨à®¢ ­­ ï ¬ âà¨æ  xt ¥áâì

¬ âà¨æ -áâà®ª  xt = (x1; � � � ; xn). �ãáâì B 2Mn;p. �à®¢¥àìâ¥,

çâ® xtB ¥áâì â ª¦¥ ¬ âà¨æ -áâà®ª ; ª ª®¢  ¤«¨­  íâ®© áâà®ª¨?

2. �á«¨ x ¨ y 	 ¢¥ªâ®àë ¨§ Rn, â® xty 2 R1 = R, yxt 2Mn.

�ë¯¨è¨â¥ ï¢­ë¥ ä®à¬ã«ë ¤«ï ç¨á«  xty ¨ ¤«ï í«¥¬¥­â®¢

¬ âà¨æë yxt.

3. �á«¨ x;y;z 2 Rn, â® w = (yxt)z 	 â ª¦¥ ¢¥ªâ®à ¨§ Rn.

�®ª ¦¨â¥, çâ® w = �y ¨ ­ ©¤¨â¥ ç¨á«® �.

3. � âà¨ç­ ï § ¯¨áì á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å

ãà ¢­¥­¨©. � áá¬®âà¨¬ á¨áâ¥¬ã m ãà ¢­¥­¨© á n
­¥¨§¢¥áâ­ë¬¨8><

>:
a11x1 + a12x2 + � � �+ a1nxn = f1
a21x1 + a22x2 + � � �+ a2nxn = f2
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
am1x1 + am2x2 + � � �+ amnxn = fm

: (14)

�ã¤¥¬ à áá¬ âà¨¢ âì x1; . . . ; xn ª ª ª®®à¤¨­ âë ­¥¨§¢¥áâ­®£®

¢¥ªâ®à  x 2 R
n, f1; . . . ; fm 	 ª ª ª®®à¤¨­ âë ¨§¢¥áâ­®£®

¢¥ªâ®à  f 2 R
m. �ãáâì A = faikg

k=1;...;n
i=1;...;m 	 ¬ âà¨æ 

ª®íää¨æ¨¥­â®¢; ïá­®, çâ® A 2Mm;n. �®£¤  á¨áâ¥¬ã (14) ¬®¦­®

(¨ ã¤®¡­®) § ¯¨á âì ¢ ¢¨¤¥ ®¤­®£® ¬ âà¨ç­®£® ãà ¢­¥­¨ï

Ax = f: (15)

� âà¨æ  A § ¤ ¥â «¨­¥©­®¥ ®â®¡à ¦¥­¨¥A : Rn ! R
m. �¥è¨âì

á¨áâ¥¬ã 	 §­ ç¨â ¤«ï § ¤ ­­®£® ¢¥ªâ®à  f 2 Rm ­ ©â¨ ¢¥ªâ®à

x 2 R
n, ã¤®¢«¥â¢®àïîé¨© (15). �­ë¬¨ á«®¢ ¬¨, ­¥®¡å®¤¨¬®

­ ©â¨ ¯à®®¡à § ¢¥ªâ®à  f ¯à¨ ®â®¡à ¦¥­¨¨ A. �¨áâ¥¬ 

(15) à §à¥è¨¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  â ª®© ¯à®®¡à §

áãé¥áâ¢ã¥â (å®âï ¡ë ®¤¨­). � ¯®«¥§­®áâ¨ ¨ á®¤¥à¦ â¥«ì­®áâ¨
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â ª®© â®çª¨ §à¥­¨ï ­  á¨áâ¥¬ã (14) ¬ë ­¥®¤­®ªà â­® ã¡¥¤¨¬áï

¢ ¤ «ì­¥©è¥¬.

± 4. �¥à¥áâ ­®¢ª¨ ¨ ¯®¤áâ ­®¢ª¨

�¤¥áì á®¡à ­ ¢á¯®¬®£ â¥«ì­ë© ¬ â¥à¨ «, ª®â®àë©

¯®­ ¤®¡¨âáï ¯à¨ ¨§ãç¥­¨¨ ®¯à¥¤¥«¨â¥«¥©.

1. �¥à¥áâ ­®¢ª¨. �¥à¥áâ ­®¢ª®© ¯®àï¤ª  n ­ §ë¢ ¥âáï

­ ¡®à ç¨á¥« 1; 2; . . . ; n; à á¯®«®¦¥­­ëå (¯¥à¥áâ ¢«¥­­ëå) ¢

®¯à¥¤¥«¥­­®¬ ¯®àï¤ª¥. �ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨¥

I = (i1; i2; . . . ; in);

§¤¥áì ç¨á«  i1; i2; . . . ; in, ¯à¨­¨¬ îâ ®¤­® ¨§ §­ ç¥­¨© 1; 2; . . . ; n,
¯à¨ç¥¬ áà¥¤¨ ­¨å ­¥â ¯®¢â®àïîé¨åáï. �á«¨ ¤«ï ª ª®©-

«¨¡® ¯ àë (ik; il) ¯à¨ k < l ®ª ¦¥âáï ik > il, â®

áª ¦¥¬, çâ® íâ®© ¯ à¥ ¢ ¯¥à¥áâ ­®¢ª¥ I á®®â¢¥âáâ¢ã¥â

¡¥á¯®àï¤®ª (¨­¢¥àá¨ï). � ¯à¨¬¥à, ¢ ¯¥à¥áâ ­®¢ª¥ I =
(3;5; 2; 1;4) ¨­¢¥àá¨¨ á®®â¢¥âáâ¢ãîâ ¯ à ¬ (3; 2), (3; 1), (5;2),
(5;1), (5; 4), (2; 1). � § ¢¨á¨¬®áâ¨ ®â ç¥â­®áâ¨ ç¨á« 

¡¥á¯®àï¤ª®¢ ¯¥à¥áâ ­®¢ªã ­ §ë¢ îâ ç¥â­®© ¨«¨ ­¥ç¥â­®©.

�®¦¤¥áâ¢¥­­ ï ¯¥à¥áâ ­®¢ª  I = (1; 2; . . . ; n) 	 ç¥â­ ï.

�¥à¥áâ ­®¢ª  ¢ à áá¬®âà¥­­®¬ ¯à¨¬¥à¥ â ª¦¥ ç¥â­ ï (ç¨á«®

¨­¢¥àá¨© à ¢­® 6).

�®¬¥­ï¥¬ ¢ I ¬¥áâ ¬¨ ª ª¨¥-­¨¡ã¤ì ¤¢  í«¥¬¥­â ; â ª ï

®¯¥à æ¨ï ­ §ë¢ ¥âáï âà ­á¯®§¨æ¨¥©.

�à¥¤«®¦¥­¨¥ 1. �áïª ï âà ­á¯®§¨æ¨ï ¬¥­ï¥â ç¥â­®áâì

¯¥à¥áâ ­®¢ª¨.

�®ª § â¥«ìáâ¢®. �­ ç «  ¯à¥¤¯®«®¦¨¬, çâ® ¯®¬¥­ï«¨

¬¥áâ ¬¨ ¤¢  á®á¥¤­¨å í«¥¬¥­â  ik; ik+1. �®£¤  «¨¡®

¤®¡ ¢¨âáï ®¤¨­ ­®¢ë© ¡¥á¯®àï¤®ª (¥á«¨ ik < ik+1), «¨¡® ®¤¨­

¡¥á¯®àï¤®ª ¨áç¥§­¥â (¥á«¨ ik > ik+1). � «î¡®¬ á«ãç ¥ ç¨á«®

¡¥á¯®àï¤ª®¢ ¨§¬¥­¨âáï ­  ¥¤¨­¨æã, ¨ ç¥â­®áâì ¯¥à¥áâ ­®¢ª¨

¯®¬¥­ï¥âáï. � áá¬®âà¨¬ â¥¯¥àì ®¡é¨© á«ãç ©. �ãáâì

¯¥à¥áâ ¢«¥­ë ¬¥áâ ¬¨ ik ¨ ik+s+1, s > 0. �âã âà ­á¯®§¨æ¨î

¬®¦­® ®áãé¥áâ¢¨âì â ª. �¥à¥áâ ¢¨¬ ik ¯®á«¥¤®¢ â¥«ì­® á

ik+1, ik+2; . . . ; ik+s+1, ­  çâ® ¯®âà¥¡ã¥âáï (s + 1) "á®á¥¤­¨å"

âà ­á¯®§¨æ¨©. � â¥¬ ik+s+1 ¯®á«¥¤®¢ â¥«ì­® ¯¥à¥áâ ¢¨¬ á
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ik+s; . . . ; ik+2; ik+1, çâ® ¯®âà¥¡ã¥â ¥é¥ s "á®á¥¤­¨å" âà ­á¯®§¨æ¨©.
� ª¨¬ ®¡à §®¬, ç¥â­®áâì ¨§¬¥­¨âáï 2s + 1 à §, â.¥. ®ª ¦¥âáï

¯à®â¨¢®¯®«®¦­®© ¨áå®¤­®©. �
�¥£ª® ¯®­ïâì, çâ® «î¡ãî ¯¥à¥áâ ­®¢ªã I ¬®¦­®

¯¥à¥¢¥áâ¨ ¢ «î¡ãî ¤àã£ãî ¯¥à¥áâ ­®¢ªã J ­¥ª®â®àë¬

ç¨á«®¬ âà ­á¯®§¨æ¨©. �â®â à¥§ã«ìâ â ¬®¦¥â ¡ëâì ¤®áâ¨£­ãâ

à §«¨ç­ë¬¨ á¯®á®¡ ¬¨. �¤­ ª®, ¥á«¨ ç¥â­®áâì I ¨ J
®¤¨­ ª®¢ , â® ç¨á«® âà ­á¯®§¨æ¨© ®¡ï§ â¥«ì­® ç¥â­®, ¨¡®

ª ¦¤ ï âà ­á¯®§¨æ¨ï ¬¥­ï¥â ç¥â­®áâì. � ¯à®â¨¢, ¥á«¨

ç¥â­®áâì I ¨ J à §«¨ç­ , â® ç¨á«® ¯®âà¥¡­ëå âà ­á¯®§¨æ¨© 	

­¥ç¥â­®¥. � ç áâ­®áâ¨, «î¡ ï ç¥â­ ï ¯¥à¥áâ ­®¢ª  ¯®«ãç ¥âáï

¨§ â®¦¤¥áâ¢¥­­®© ç¥â­ë¬,   ­¥ç¥â­ ï ¯¥à¥áâ ­®¢ª  	

­¥ç¥â­ë¬ ç¨á«®¬ âà ­á¯®§¨æ¨©.

�á¥£® à §«¨ç­ëå ¯¥à¥áâ ­®¢®ª ¯®àï¤ª  n ¨¬¥¥âáï n!.
�®«¨ç¥áâ¢® ç¥â­ëå ¨ ­¥ç¥â­ëå ¯¥à¥áâ ­®¢®ª ®¤¨­ ª®¢® ¨

à ¢­® n!=2. �â® á«¥¤ã¥â ¨§ â®£®, çâ® ¥á«¨ ¬ë ¢á¥ n!
¯¥à¥áâ ­®¢®ª ®¤­®¢à¥¬¥­­® ¯®¤¢¥à£­¥¬ ª ª®©-­¨¡ã¤ì ®¤­®© ¨

â®© ¦¥ âà ­á¯®§¨æ¨¨, â® ç¥â­ë¥ ¯¥à¥áâ ­®¢ª¨ ¯¥à¥©¤ãâ ¢

­¥ç¥â­ë¥ ¨ ­ ®¡®à®â.

�¥à¥áâ ­®¢ª ¬ á®¯®áâ ¢«ïîâ §­ ª ¯¥à¥áâ ­®¢ª¨ "(I):
"(I) = +1, ¥á«¨ I 	 ç¥â­ ï; "(I) = �1, ¥á«¨ I 	 ­¥ç¥â­ ï.

2. �®¤áâ ­®¢ª¨. �®¤áâ ­®¢ª®© ¯®àï¤ª  n ­ §ë¢ ¥âáï

¢§ ¨¬­® ®¤­®§­ ç­®¥ ®â®¡à ¦¥­¨¥ ¬­®¦¥áâ¢ , á®áâ®ïé¥£® ¨§

n à §«¨ç­ëå ¯à¥¤¬¥â®¢, ­  á¥¡ï. �à®­ã¬¥àã¥¬ íâ¨ ¯à¥¤¬¥âë.

�ãáâì ¯¥à¢ë© ¯à¥¤¬¥â ®â®¡à ¦ ¥âáï ¢ ¯à¥¤¬¥â á ­®¬¥à®¬ i1,
¢â®à®© 	 ¢ ¯à¥¤¬¥â á ­®¬¥à®¬ i2 ¨ â.¤. �¨á«  I = (i1; . . . ; in)
®¡à §ãîâ ¯¥à¥áâ ­®¢ªã, ª®â®à ï ®¤­®§­ ç­® ®¯à¥¤¥«ï¥â ­ èã

¯®¤áâ ­®¢ªã. �¨¬¢®«¨ç¥áª¨ íâ® ¬®¦­® § ¯¨á âì â ª:

� =

�
1; 2; . . . ; n
i1; i2; . . . ; in

�
= (I;I); (1)

£¤¥ � 	 à áá¬ âà¨¢ ¥¬ ï ¯®¤áâ ­®¢ª . �ã ¦¥ ¯®¤áâ ­®¢ªã

¬®¦­® § ¯¨á âì ¨ ¨­ ç¥. �ãáâì ¢ ¯¥à¢ë© ¯à¥¤¬¥â ¯¥à¥å®¤¨â

¯à¥¤¬¥â á ­®¬¥à®¬ j1, ¢® ¢â®à®© 	 á ­®¬¥à®¬ j2, ¨ â.¤. �®£¤ 

� § ¯¨è¥âáï ¢ ¢¨¤¥

� =

�
j1; j2; . . . ; jn
1; 2; . . . ; n

�
= (J ; I): (2)
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� ¯à¨¬¥à,�
1; 2; 3; 4; 5
3; 5; 2; 1; 4

�
=

�
4; 3; 1; 5; 2
1; 2; 3; 4; 5

�
:

�®®¡é¥, ïá­®, çâ® � ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

� =

�
k1; k2; . . . ; kn
l1; l2; . . . ; ln

�
= (K;L); (3)

¥á«¨ (3) ¯®«ãç¥­® ¨§ (1) ¯à¨¬¥­¥­¨¥¬ ®¤­®© ¨ â®© ¦¥

¯¥à¥áâ ­®¢ª¨ ª í«¥¬¥­â ¬ ®¡¥¨å áâà®ª ä®à¬ã«ë (1). � ª¨¬

®¡à §®¬, ¯®¤áâ ­®¢ª  � ®¯à¥¤¥«ï¥âáï ¯ à®© ¯¥à¥áâ ­®¢®ª

(K;L), ®¯à¥¤¥«¥­­ëå á â®ç­®áâìî ¤® ®¤­®© ¨ â®© ¦¥

¯¥à¥áâ ­®¢ª¨ ­ ¤ í«¥¬¥­â ¬¨ K ¨ L. �¬¥áâ® (1)�(3) ã¤®¡­®

ª®à®âª® ¯¨á âì

� = (I;I) = (J ; I) = (K;L):

�®¦¤¥áâ¢¥­­ãî ¯®¤áâ ­®¢ªã ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ 1:

1 = (I; I) = (K;K);

£¤¥ K 	 «î¡ ï ¯¥à¥áâ ­®¢ª .

�®¢®ªã¯­®áâì ¢á¥å ¯®¤áâ ­®¢®ª ®¡®§­ ç¨¬ ç¥à¥§ Pn. � ª

ª ª ¢áïª ï ¯®¤áâ ­®¢ª  ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ § ¯¨áë¢ ¥âáï

¢ ¢¨¤¥ (1), â® ¬­®¦¥áâ¢® Pn á®¤¥à¦¨â n! í«¥¬¥­â®¢.

3. �à®¨§¢¥¤¥­¨¥ ¯®¤áâ ­®¢®ª.

�ë¯®«­ïï ¯®á«¥¤®¢ â¥«ì­® ¯®¤áâ ­®¢ª¨ (®â®¡à ¦¥­¨ï) � ¨

�, ¬ë á­®¢  ¯®«ãç¨¬ ¯®¤áâ ­®¢ªã, ®â¢¥ç îéãî ª®¬¯®§¨æ¨¨

íâ¨å ®â®¡à ¦¥­¨©. �â  ¯®¤áâ ­®¢ª  ®¡®§­ ç ¥âáï ç¥à¥§

�� ¨ ­ §ë¢ ¥âáï ¯à®¨§¢¥¤¥­¨¥¬ ¯®¤áâ ­®¢®ª � ¨ �. �â®

¯à®¨§¢¥¤¥­¨¥ ¯à¨ n > 2 ­¥ ª®¬¬ãâ â¨¢­®: �� ¨ ��, ¢®®¡é¥
£®¢®àï, à §«¨ç­ë. �à¨ ®¡à §®¢ ­¨¨ ¯à®¨§¢¥¤¥­¨ï �� ã¤®¡­®

¯à¥¤áâ ¢¨âì � ¨ � ¢ ¢¨¤¥ � = (I;K), � = (K;L). �á­®, çâ® â®£¤ 
�� = (I;L). � ¯à¨¬¥à, ¯ãáâì

� =

�
1; 2; 3; 4; 5
3; 5; 2; 1; 4

�
;

� =

�
1; 2; 3; 4; 5
5; 3; 4; 1; 2

�
=

�
3; 5; 2; 1; 4
4; 2; 3; 5; 1

�
:

25



�®£¤ 

�� =

�
1; 2; 3; 4; 5
4; 2; 3; 5; 1

�
:

�¯à ¦­¥­¨¥. � ©¤¨â¥ ¤«ï íâ®£® ¯à¨¬¥à  ¯®¤áâ ­®¢ªã ��.

�à¨¢¥¤¥¬ á¢®©áâ¢  ¯à®¨§¢¥¤¥­¨ï ¯®¤áâ ­®¢®ª.

1. �áá®æ¨ â¨¢­®áâì:

�(�� ) = (��)�:

�«ï ¤®ª § â¥«ìáâ¢  ¯à¥¤áâ ¢¨¬ ¯®¤áâ ­®¢ª¨ ¢ ¢¨¤¥: � =
(I;K), � = (K;L), � = (L;J ). �®£¤  �� = (I;L), �(�� ) = (I;J ).
� ¤àã£®© áâ®à®­ë, �� = (K;J ), (��)� = (I;J ). �

2. �ãé¥áâ¢®¢ ­¨¥ "¥¤¨­¨æë". �«ï â®¦¤¥áâ¢¥­­®©

¯®¤áâ ­®¢ª¨ 1 ¨ «î¡®© ¯®¤áâ ­®¢ª¨ �, ®ç¥¢¨¤­®,

1� = �1 = �:

3. �ãé¥áâ¢®¢ ­¨¥ ®¡à â­®© ¯®¤áâ ­®¢ª¨. �«ï «î¡®©

¯®¤áâ ­®¢ª¨ � áãé¥áâ¢ã¥â ¯®¤áâ ­®¢ª  �, â ª ï çâ®

�� = �� = 1:

�®¤áâ ­®¢ª  � ­ §ë¢ ¥âáï ®¡à â­®© ª ¯®¤áâ ­®¢ª¥ � ¨

®¡®§­ ç ¥âáï ç¥à¥§ ��1. �¥£ª® ¯®­ïâì, çâ® ¤«ï � = (I; I)
®¡à â­®© ï¢«ï¥âáï ¯®¤áâ ­®¢ª  ��1 = (I; I). � ç áâ­®áâ¨,

1
�1

= 1.

�¢®©áâ¢  1, 2, 3 ®§­ ç îâ, çâ® ¬­®¦¥áâ¢® ¯®¤áâ ­®¢®ª Pn á

®¯¥à æ¨¥© ¯à®¨§¢¥¤¥­¨ï ®¡à §ã¥â £àã¯¯ã, â® ¥áâì ¬­®¦¥áâ¢®

á  áá®æ¨ â¨¢­®© ¢­ãâà¥­­¥© ®¯¥à æ¨¥©, ¢ ª®â®à®¬ áãé¥áâ¢ã¥â

¥¤¨­¨æ  ¨ ª ¦¤ë© í«¥¬¥­â ¨¬¥¥â ®¡à â­ë©.

4. �­ ª ¯®¤áâ ­®¢ª¨. �­ ª®¬ ¯®¤áâ ­®¢ª¨ � = (K;L)
­ §ë¢ ¥âáï ç¨á«® "(�) = "(K)"(L). �à®¢¥à¨¬ ª®àà¥ªâ­®áâì

íâ®£® ®¯à¥¤¥«¥­¨ï. �­ ª "(�) § ¢¨á¨â â®«ìª® ®â �, ­® ­¥

®â â®£®, ª ª®© ¨¬¥­­® ¯ à®© ¯¥à¥áâ ­®¢®ª § ¤ ¥âáï �. �

á ¬®¬ ¤¥«¥, ¥á«¨ í«¥¬¥­âë K ¨ L ¯®¤¢¥à£­ãâì ®¤­®© ¨ â®©

¦¥ ¯¥à¥áâ ­®¢ª¥, â® ç¥â­®áâì ¨ K, ¨ L «¨¡® á®åà ­¨âáï (¥á«¨
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¢ë¯®«­ï¥¬ ï ¯¥à¥áâ ­®¢ª  ç¥â­ ï), «¨¡® ¨§¬¥­¨âáï. � ®¡®¨å

á«ãç ïå ¯à®¨§¢¥¤¥­¨¥ "(K)"(L) ®áâ ­¥âáï ¯à¥¦­¨¬.

�ç¥¢¨¤­®, "(1) = 1. �®ª ¦¥¬ â¥¯¥àì, çâ®

"(�� ) = "(�)"(� ): (4)

�«ï ¤®ª § â¥«ìáâ¢  ¯à¥¤áâ ¢¨¬ ¯®¤áâ ­®¢ª¨ ¢ ¢¨¤¥ � = (I;K),
� = (K;L). �®£¤  �� = (I;L) ¨ "(� ) = "(I)"(K) = "(K), "(�) =
"(K)"(L), "(�� ) = "(L). �®íâ®¬ã, "(�)"(� ) = ("(K))2"(L) = "(L) =
"(�� ). �

�§ (4), ¢ ç áâ­®áâ¨, á«¥¤ã¥â, çâ® "(�� ) = "(��). �à®¬¥ â®£®,
"(��1)"(�) = "(��1�) = "(1) = 1,   ¯®â®¬ã

"(��1) = "(�):

�®¤áâ ­®¢ª  ­ §ë¢ ¥âáï ç¥â­®©, ¥á«¨ "(�) = 1, ¨ ­¥ç¥â­®©,

¥á«¨ "(�) = �1. �­®¦¥áâ¢® ç¥â­ëå ¯®¤áâ ­®¢®ª ®¡à §ã¥â

£àã¯¯ã (¯®¤£àã¯¯ã £àã¯¯ë Pn). �­®¦¥áâ¢® ­¥ç¥â­ëå

¯®¤áâ ­®¢®ª ­¥ ®¡à §ã¥â £àã¯¯ã, ¯®áª®«ìªã ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå

­¥ç¥â­ëå ¯®¤áâ ­®¢®ª ï¢«ï¥âáï ç¥â­®© ¯®¤áâ ­®¢ª®©.

± 5. �¯à¥¤¥«¨â¥«¨

1. �¯à¥¤¥«¥­¨¥. �ë ã¦¥ ¢áâà¥ç «¨áì á ®¯à¥¤¥«¨â¥«ï¬¨

¢â®à®£® ¨ âà¥âì¥£® ¯®àï¤ª  ¢ ªãàá¥  ­ «¨â¨ç¥áª®© £¥®¬¥âà¨¨.

�­ «®£¨ç­ë¬ ®¡à §®¬ ®¯à¥¤¥«¨â¥«¨ ¢¢®¤ïâáï ¤«ï ª¢ ¤à â­ëå

¬ âà¨æ «î¡®£® ¯®àï¤ª . �­¨ ¨£à îâ áãé¥áâ¢¥­­ãî à®«ì

¯à¨ ¨áá«¥¤®¢ ­¨¨ á¨áâ¥¬ «¨­¥©­ëå ãà ¢­¥­¨©, ¯à¨ ¨§ãç¥­¨¨

á¢®©áâ¢ «¨­¥©­ëå ¯à¥®¡à §®¢ ­¨© ª®®à¤¨­ â­ëå ¯à®áâà ­áâ¢

¨ ¢ àï¤¥ ¤àã£¨å ¢®¯à®á®¢  «£¥¡àë ¨  ­ «¨§ .

�ãáâì A 2Mn, â.¥.

A =

0
BB@
a11 a12 � � � a1n
a21 a22 � � � a2n
...

...
. . .

...

an1 an2 � � � ann

1
CCA :

�®­®¬®¬ ­ §ë¢ ¥âáï ¯à®¨§¢¥¤¥­¨¥ n í«¥¬¥­â®¢ ¬ âà¨æë A,
¢ ª®â®à®¥ ¢å®¤¨â ¯® ®¤­®¬ã í«¥¬¥­âã ¨§ ª ¦¤®© áâà®ª¨ ¨ ¨§

ª ¦¤®£® áâ®«¡æ . �®­®¬ ¨¬¥¥â ¢¨¤

ai1j1ai2j2 . . . ainjn = a1k1a2k2 . . . ankn = al11al22 . . .alnn: (1)
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�à¥¤¨ ¯¥à¢ëå ¨­¤¥ªá®¢ i1; . . . ; in ­¥â ®¤¨­ ª®¢ëå, â.¥. íâ¨

¨­¤¥ªáë ®¡à §ãîâ ¯¥à¥áâ ­®¢ªã; â® ¦¥ ®â­®á¨âáï ª® ¢â®àë¬

¨­¤¥ªá ¬ j1; . . . ; jn. � «¥¥, ¬ë ¢®á¯®«ì§®¢ «¨áì â¥¬, çâ®

á®¬­®¦¨â¥«¨ ¢ ¯à®¨§¢¥¤¥­¨¨ ¬®¦­® ¯¥à¥áâ ¢«ïâì ¬¥áâ ¬¨,

¯à¨ç¥¬ ¬®¦­® ¤®¡¨âìáï ã¯®àï¤®ç¥­¨ï ¨«¨ ¯® ¯¥à¢ë¬ §­ çª ¬,

¨«¨ ¯® ¢â®àë¬. �¯à®ç¥¬, ¬®¦­® ¨ ­¥ áâà¥¬¨âìáï ª â ª®¬ã

ã¯®àï¤®ç¥­¨î (á¬. ¯¥à¢®¥ ¢ëà ¦¥­¨¥ ¢ (1)). �á­®, çâ® ª ¦¤ë©

¬®­®¬ ®¯à¥¤¥«ï¥âáï ­¥ª®â®à®© ¯®¤áâ ­®¢ª®© � 2 Pn:

� =

�
i1; . . . ; in
j1; . . . ; jn

�
=

�
1; . . . ; n
k1; . . . ; kn

�
=

�
l1; . . . ; ln
1; . . . ; n

�
:

� §«¨ç­ëå ¬®­®¬®¢ áâ®«ìª®, áª®«ìª® à §«¨ç­ëå ¯®¤áâ ­®¢®ª,

â.¥. n!. �á«®¢¨¬áï ®¡®§­ ç âì ¬®­®¬ ª®à®âª® ç¥à¥§ (a)�:

(a)� = ai1j1ai2j2 . . . ainjn ; � =

�
i1; . . . ; in
j1; . . . ; jn

�
= (I;J ): (2)

� ¦¤®¬ã ¬®­®¬ã (2) ¯à¨¯¨è¥¬ §­ ª "(�) ¨ á®áâ ¢¨¬

áã¬¬ã ¢á¥å ¯®«ãç¥­­ëå n! á« £ ¥¬ëå ¢¨¤  "(�)(a)� .
�®«ãç¨¢è ïáï ¢¥«¨ç¨­  (ç¨á«®) ­ §ë¢ ¥âáï ®¯à¥¤¥«¨â¥«¥¬

(¨«¨ ¤¥â¥à¬¨­ ­â®¬) ¬ âà¨æë A ¨ ®¡®§­ ç ¥âáï ç¥à¥§ detA:

detA =
X
�2Pn

"(�)(a)�: (3)

� ¯à¨¬¥à, ¯à¨ n = 2 detA = a11a22 � a12a21; ¯à¨ n = 3

detA = a11a22a33 + a12a23a31 + a13a21a32�
�a13a22a31 � a12a21a33 � a11a23a32;

(4)

çâ® á®¢¯ ¤ ¥â á ã¦¥ ¨§¢¥áâ­ë¬¨ ­ ¬ ®¯à¥¤¥«¥­¨ï¬¨. (�à¨

¢ë¯¨áë¢ ­¨¨ ç«¥­®¢ ¬ë ã¯®àï¤®ç¨«¨ ¯à®¨§¢¥¤¥­¨ï ¯®

¯¥à¢®¬ã §­ çªã). �«ï ®¡®§­ ç¥­¨ï ®¯à¥¤¥«¨â¥«ï ¯®«ì§ãîâáï

â ª¦¥ ¡®«¥¥ ¯®¤à®¡­ë¬ á¨¬¢®«®¬

detA =

��������
a11 a12 � � � a1n
a21 a22 � � � a2n
...

...
. . .

...

an1 an2 � � � ann

��������
:
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2. �¢®©áâ¢  ®¯à¥¤¥«¨â¥«¥©. �àï¬®¥ ¢ëç¨á«¥­¨¥ ¨

¨áá«¥¤®¢ ­¨¥ ®¯à¥¤¥«¨â¥«¥© ­  ®á­®¢ ­¨¨ ®¯à¥¤¥«¥­¨ï (3)

­¥ ¢¯®«­¥ ã¤®¡­®, â ª ª ª á à®áâ®¬ n ç¨á«® á« £ ¥¬ëå

¡ëáâà® à áâ¥â. �®íâ®¬ã ¬ë ®¡áã¤¨¬ á¢®©áâ¢  ®¯à¥¤¥«¨â¥«¥©,

¯®§¢®«ïîé¨¥ ã¯à®áâ¨âì ¨å ¨áá«¥¤®¢ ­¨¥ ¨ ¢ëç¨á«¥­¨¥.

1. �à¨ § ¬¥­¥ áâà®ª ¨ áâ®«¡æ®¢ à®«ï¬¨ ®¯à¥¤¥«¨â¥«ì

¬ âà¨æë ­¥ ¬¥­ï¥âáï. �­ ç¥ £®¢®àï,

detAt = detA: (5)

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, detA ¨ detAt, ®ç¥¢¨¤­®,

á®áâ ¢«¥­ë ¨§ ®¤­¨å ¨ â¥å ¦¥ ¬®­®¬®¢. �à¨ íâ®¬, ¥á«¨ ¢ detA
¬®­®¬ (2) ¢å®¤¨â á® §­ ª®¬ ¯®¤áâ ­®¢ª¨

� = (I;J ) =

�
i1; . . . ; in
j1; . . . ; jn

�
;

â® ¢ detAt íâ®â ¦¥ ¬®­®¬ ¢å®¤¨â á® §­ ª®¬ ¯®¤áâ ­®¢ª¨

��1 = (J ; I) =

�
j1; . . . ; jn
i1; . . . ; in

�
;

çâ® á®®â¢¥âáâ¢ã¥â ¯¥à¥¬¥­¥ à®«¥© ­®¬¥à®¢ áâà®ª ¨ áâ®«¡æ®¢.

� ª ª ª "(�) = "(��1), â® áã¬¬ë (3) ¤«ï detA ¨ detAt á®áâ®ïâ

¨§ ®¤­¨å ¨ â¥å ¦¥ á« £ ¥¬ëå. �
�â¬¥â¨¬ à ¢¥­áâ¢®, ª®â®à®¥ ¯àï¬® ¢ëâ¥ª ¥â ¨§ (5):

detA� = detA:

� ¤ «ì­¥©è¥¬ ¬®¦­® ¢á¥ á¢®©áâ¢  ä®à¬ã«¨à®¢ âì ¨

¤®ª §ë¢ âì â®«ìª® ¤«ï áâà®ª (¨«¨ â®«ìª® ¤«ï áâ®«¡æ®¢).

2. �¯à¥¤¥«¨â¥«ì detA ¥áâì «¨­¥©­ ï ®¤­®à®¤­ ï

äã­ªæ¨ï í«¥¬¥­â®¢ ä¨ªá¨à®¢ ­­®© áâà®ª¨ (áâ®«¡æ ).

�®ª § â¥«ìáâ¢®. � ª ¦¤ë© ¬®­®¬ ¢å®¤¨â à®¢­® ®¤¨­

á®¬­®¦¨â¥«ì ¨§ i-®© áâà®ª¨. �®¡¥à¥¬ ¢á¥ ç«¥­ë áã¬¬ë (3),

á®¤¥à¦ é¨¥ í«¥¬¥­â aij ; ¢ë­¥á¥¬ aij §  áª®¡ª¨, ª®íää¨æ¨¥­â

¯à¨ ­¥¬ ®¡®§­ ç¨¬ ç¥à¥§ Aij . �®£¤  áã¬¬  ¢ë¤¥«¥­­ëå ç«¥­®¢

¨¬¥¥â ¢¨¤ aijAij . �á«¨ ¬ë (¯à¨ ä¨ªá¨à®¢ ­­®¬ i) ¡ã¤¥¬ ¬¥­ïâì
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j ®â 1 ¤® n, â® ¢ ¨â®£¥ ¯¥à¥¡¥à¥¬ ¢ â®ç­®áâ¨ ¢á¥ á« £ ¥¬ë¥,

¢å®¤ïé¨¥ ¢ (3). �®â ¦¥ à¥§ã«ìâ â ¯®«ãç¨âáï, ¥á«¨ ¬ë ¯à¨

ä¨ªá¨à®¢ ­­®¬ j ¡ã¤¥¬ ¬¥­ïâì i ®â 1 ¤® n. � à¥§ã«ìâ â¥ ¬ë

¯à¨å®¤¨¬ ª à ¢¥­áâ¢ ¬

detA =

nX
j=1

aijAij; i = 1; . . . ; n; (61)

detA =

nX
i=1

aijAij ; j = 1; . . . ; n: (62)

�®à¬ã«ë (61) (á®®â¢¥âáâ¢¥­­®, (62)) ¨ ®§­ ç îâ, çâ® detA
¥áâì «¨­¥©­ ï ®¤­®à®¤­ ï äã­ªæ¨ï í«¥¬¥­â®¢ i-®© áâà®ª¨

(á®®â¢¥âáâ¢¥­­®, j-®£® áâ®«¡æ ). �
�®à¬ã«ë (6) ¯à¥¤áâ ¢«ïîâ á®¡®© 2n à §«¨ç­ëå ä®à¬ã«

¤«ï ¢ëç¨á«¥­¨ï ®¯à¥¤¥«¨â¥«ï. �®à¬ã«  (61) ¤ ¥â à §«®¦¥­¨¥
¯® í«¥¬¥­â ¬ i-®© áâà®ª¨, ä®à¬ã«  (62) 	 ¯® í«¥¬¥­â ¬ j-
£® áâ®«¡æ . �®à¬ã«ë (6) ¯à¨®¡à¥âãâ ¯à ªâ¨ç¥áª¨© á¬ëá«,

¥á«¨ ¬ë ­ ©¤¥¬ ã¤®¡­ë© á¯®á®¡ ¢ëç¨á«¥­¨ï ª®íää¨æ¨¥­â®¢

Aij . �â® ¡ã¤¥â á¤¥« ­® ¢ ¯. 3. �®íää¨æ¨¥­â Aij ­ §ë¢ îâ

 «£¥¡à ¨ç¥áª¨¬ ¤®¯®«­¥­¨¥¬ í«¥¬¥­â  aij ¬ âà¨æë A.
�à¨¬¥à. � §«®¦¨âì ®¯à¥¤¥«¨â¥«ì âà¥âì¥£® ¯®àï¤ª  ¯®

í«¥¬¥­â ¬ ¢â®à®© áâà®ª¨. �àã¯¯¨àãï ç«¥­ë ¢ (4), ¯®«ãç ¥¬:

detA =
a21(a13a32 � a12a33) + a22(a11a33 � a13a31) + a23(a12a31 � a11a32):

(7)
3. �¯à¥¤¥«¨â¥«ì ¬ âà¨æë, ¨¬¥îé¥© áâà®ªã (áâ®«¡¥æ),

á®áâ®ïéãî á¯«®èì ¨§ ­ã«¥©, à ¢¥­ ­ã«î.

�â® áà §ã á«¥¤ã¥â ¨§ (6).

4. �«¥¤ãîé¥¥ á¢®©áâ¢® (¯à ¢¨«® á«®¦¥­¨ï), ¢ëà ¦ ¥¬®¥

ä®à¬ã«®©�����������

a11 a12 � � � a1n
...

...
. . .

...

ai1 + �ai1 ai2 + �ai2 � � � ain + �ain
...

...
. . .

...

an1 an2 � � � ann

�����������
=
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=

�����������

a11 a12 � � � a1n
...

...
. . .

...

ai1 ai2 � � � ain
...

...
. . .

...

an1 an2 � � � ann

�����������
+

�����������

a11 a12 � � � a1n
...

...
. . .

...

�ai1 �ai2 � � � �ain
...

...
. . .

...

an1 an2 � � � ann

�����������
; (8)

â ª¦¥ ®¡«¥£ç ¥â ¢ëç¨á«¥­¨¥ ®¯à¥¤¥«¨â¥«¥©. � ä®à¬ã«¥ (8) ¢á¥

áâà®ª¨, ªà®¬¥ i-®©, ®¤¨­ ª®¢ë ¤«ï ¢á¥å âà¥å ®¯à¥¤¥«¨â¥«¥©.

�«ï ¤®ª § â¥«ìáâ¢  ­ ¤® à §«®¦¨âì ®¯à¥¤¥«¨â¥«¨ ¯® i-
®© áâà®ª¥ (á¬. (61)). �®íää¨æ¨¥­âë Aij ¯à¨ í«¥¬¥­â å i-®©
áâà®ª¨ ­¥ á®¤¥à¦ â ¢ á¥¡¥ í«¥¬¥­â®¢ íâ®© áâà®ª¨. �®íâ®¬ã

ª®íää¨æ¨¥­âë Aij ¢® ¢á¥å âà¥å ®¯à¥¤¥«¨â¥«ïå ¢ (8) ®¤­¨ ¨ â¥

¦¥. �¬¥¥¬:

nX
j=1

(aij + �aij)Aij =

nX
j=1

aijAij +

nX
j=1

�aijAij: �

�¯à ¦­¥­¨¥. �ä®à¬ã«¨àã©â¥ ¨ ¯à®¢¥àìâ¥  ­ «®£¨ç­®¥

¯à ¢¨«® á«®¦¥­¨ï ¤«ï ¢ë¤¥«¥­­®£® áâ®«¡æ  ®¯à¥¤¥«¨â¥«ï.

5. �§ í«¥¬¥­â®¢ áâà®ª¨ (áâ®«¡æ ) ®¯à¥¤¥«¨â¥«ï ¬®¦­®

¢ë­®á¨âì ®¡é¨© ¬­®¦¨â¥«ì:

�����������

a11 a12 � � � a1n
...

...
. . .

...

�ai1 �ai2 � � � �ain
...

...
. . .

...

an1 an2 � � � ann

�����������
= �

�����������

a11 a12 � � � a1n
...

...
. . .

...

ai1 ai2 � � � ain
...

...
. . .

...

an1 an2 � � � ann

�����������
: (9)

�â  ä®à¬ã«  â ª¦¥ ¯àï¬® á«¥¤ã¥â ¨§ (61). �§ (9), ¢ á¢®î

®ç¥à¥¤ì, ¯®«ãç ¥¬

det (�A) =

�����������

�a11 �a12 � � � �a1n
...

...
. . .

...

�ai1 �ai2 � � � �ain
...

...
. . .

...

�an1 �an2 � � � �ann

�����������
= �n

�����������

a11 a12 � � � a1n
...

...
. . .

...

ai1 ai2 � � � ain
...

...
. . .

...

an1 an2 � � � ann

�����������
;
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â® ¥áâì

det (�A) = �ndetA: (10)

6. �à¨ ¯¥à¥áâ ­®¢ª¥ ¬¥áâ ¬¨ ¤¢ãå áâà®ª (áâ®«¡æ®¢)

®¯à¥¤¥«¨â¥«ì ¬¥­ï¥â §­ ª.

�®ª § â¥«ìáâ¢®. �ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ ¯¥à¥áâ ¢«¥­ë

¬¥áâ ¬¨ k-ë© ¨ l-ë© áâ®«¡æë ¬ âà¨æë A. �®«ãç¥­­ãî

¬ âà¨æã ®¡®§­ ç¨¬ ç¥à¥§ �A. �à®¨§¢¥¤¥­¨ï (¬®­®¬ë) (2),

¢å®¤ïé¨¥ ¢ det �A, ¯à¨ íâ®¬ ®áâ ­ãâáï â¥¬¨ ¦¥. �¤­ ª®

§­ ª ¯à¨ ª ¦¤®¬ ¬®­®¬¥ ¡ã¤¥â ã¦¥ ®¯à¥¤¥«ïâìáï ­¥ ¯à¥¦­¥©

¯®¤áâ ­®¢ª®©

� =

�
i1; . . . ; in
j1; . . . ; jn

�
;

  ¯®¤áâ ­®¢ª®© ��, ª®â®à ï ¯®«ãç ¥âáï ¨§ � ®¤­®©

âà ­á¯®§¨æ¨¥© ¢ ­¨¦­¥© áâà®ª¥: ­®¬¥à  jk ¨ jl ¤®«¦­ë

¯®¬¥­ïâìáï ¬¥áâ ¬¨. � ª ª ª ¯à¨ íâ®¬ §­ ª ��, ®ç¥¢¨¤­®,

¯à®â¨¢®¯®«®¦¥­ §­ ªã �, â.¥. "(��) = �"(�), â® ¢á¥

ç«¥­ë ¢ áã¬¬¥ ¢¨¤  (3) ¤«ï det �A ®â«¨ç îâáï §­ ª®¬ ®â

á®®â¢¥âáâ¢ãîé¨å ç«¥­®¢ ¤«ï detA. �
7. �¯à¥¤¥«¨â¥«ì ¬ âà¨æë á ¤¢ã¬ï ®¤¨­ ª®¢ë¬¨

áâà®ª ¬¨ (áâ®«¡æ ¬¨) à ¢¥­ ­ã«î.

�®ª § â¥«ìáâ¢®. �á«¨ ¬ë ¯¥à¥áâ ¢¨¬ íâ¨ áâà®ª¨ ¬¥áâ ¬¨,

â® ®¯à¥¤¥«¨â¥«ì ¤®«¦¥­ ¨§¬¥­¨âì §­ ª. �¤­ ª® ¬ âà¨æ 

(¨ ®¯à¥¤¥«¨â¥«ì) ­¥ ¨§¬¥­¨âáï. �®íâ®¬ã detA = �detA,  
á«¥¤®¢ â¥«ì­®, detA = 0. �

8. �á«¨ ¤¢¥ áâà®ª¨ (¤¢  áâ®«¡æ ) ¯à®¯®àæ¨®­ «ì­ë, â®

®¯à¥¤¥«¨â¥«ì à ¢¥­ ­ã«î.

�â® áà §ã ¦¥ á«¥¤ã¥â ¨§ á¢®©áâ¢ 5 ¨ 7.

9. �¯à¥¤¥«¨â¥«ì ­¥ ¨§¬¥­¨âáï, ¥á«¨ ª ª ª®©-­¨¡ã¤ì

¥£® áâà®ª¥ ¯à¨¡ ¢¨âì ª ªãî-«¨¡® «¨­¥©­ãî ª®¬¡¨­ æ¨î

®áâ «ì­ëå áâà®ª. (�­ «®£¨ç­® ¨ ¤«ï áâ®«¡æ®¢.)

�®ª § â¥«ìáâ¢®. �ãáâì, ­ ¯à¨¬¥à, ª i-®© áâà®ª¥

¯à¨¡ ¢«¥­ë ®áâ «ì­ë¥ áâà®ª¨, ã¬­®¦¥­­ë¥ á®®â¢¥âáâ¢¥­­® ­ 

ç¨á«  �1; . . . ; �i�1; �i+1; . . . ; �n: (�à¨ íâ®¬ á ¬¨ íâ¨ áâà®ª¨ ­ 

á¢®¨å ¬¥áâ å ®áâ îâáï ¡¥§ ¨§¬¥­¥­¨©.) �®£¤  ¢ i-®© áâà®ª¥ ­ 

j-®¬ ¬¥áâ¥ ¡ã¤¥â áâ®ïâì í«¥¬¥­â

aij + �1a1j + . . . + �i�1ai�1;j + �i+1ai+1;j + . . . + �nanj :
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�à¨¬¥­ïï ä®à¬ã«ã (8) ­¥áª®«ìª® à §, ¯à¥¤áâ ¢¨¬ íâ®â

®¯à¥¤¥«¨â¥«ì ¢ ¢¨¤¥ áã¬¬ë n ®¯à¥¤¥«¨â¥«¥©, ¯à¨ç¥¬ ¯¥à¢®¥

á« £ ¥¬®¥ ¥áâì detA,   ®áâ «ì­ë¥ á« £ ¥¬ë¥ ¯à¥¤áâ ¢«ïîâ

á®¡®© ®¯à¥¤¥«¨â¥«¨ á ¤¢ã¬ï ¯à®¯®àæ¨®­ «ì­ë¬¨ áâà®ª ¬¨.

� ª¨¥ ®¯à¥¤¥«¨â¥«¨ à ¢­ë ­ã«î. �

3. �¨­®àë ¨  «£¥¡à ¨ç¥áª¨¥ ¤®¯®«­¥­¨ï. �ãáâì ¢

¬ âà¨æ¥ A 2 Mn ¢ëç¥àª­ãâë i- ï áâà®ª  ¨ j-ë© áâ®«¡¥æ.

�¯à¥¤¥«¨â¥«ì ®áâ ¢è¥©áï ¬ âà¨æë ¯®àï¤ª  n � 1 ®¡®§­ ç¨¬

ç¥à¥§ Mij: ��������������������

a11 a12 � � � a1j

???? � � � a1n

a21 a22 � � � a2j

????? � � � a2n

: : : : : : : : : : : : : : : : : : : : : : : : : : : :

ai1 ai2 � � � aij

????? � � � ain

: : : : : : : : : : : : : : : : : : : : : : : : : : : :

an1 an2 � � � anj

????? � � � ann

��������������������
�¯à¥¤¥«¨â¥«ì Mij ­ §ë¢ îâ ¬¨­®à®¬, ®â¢¥ç îé¨¬ í«¥¬¥­âã

aij . �ë ¯®ª ¦¥¬, çâ® ª®íää¨æ¨¥­âë Aij ( «£¥¡à ¨ç¥áª¨¥

¤®¯®«­¥­¨ï) ¢ à §«®¦¥­¨ïå (6) ®¯à¥¤¥«¨â¥«ï detA ¯®

í«¥¬¥­â ¬ i-®© áâà®ª¨ ¨«¨ j-®£® áâ®«¡æ  ¢ëà ¦ îâáï ç¥à¥§

¬¨­®àë ¯® ä®à¬ã«¥

Aij = (�1)i+jMij : (11)

�¥¬ á ¬ë¬, ä®à¬ã«ë (6) á¢®¤ïâ ¢ëç¨á«¥­¨¥ detA ª

¢ëç¨á«¥­¨î ®¯à¥¤¥«¨â¥«¥© ¬¥­ìè¥£® ¯®àï¤ª .

�®ª § â¥«ìáâ¢® ä®à¬ã«ë (11). �áâ ­®¢¨¬ á­ ç « , çâ®

Ann = Mnn. �á¥ ¬®­®¬ë, á®¤¥à¦ é¨¥ ann, ¨¬¥îâ ¢¨¤

a1i1a2i2 . . .an�1;in�1ann; (12)

£¤¥ (i1; i2; . . . ; in�1) 	 ¯à®¨§¢®«ì­ ï ¯¥à¥áâ ­®¢ª  ¨­¤¥ªá®¢

1; 2; . . . ; n� 1. �­ ª ¯à¨ íâ®¬ ¬®­®¬¥ ®¯à¥¤¥«ï¥âáï §­ ª®¬ "(�)
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¯®¤áâ ­®¢ª¨

� =

�
1; 2; . . . ; n � 1; n
i1; i2; . . . ; in�1; n

�
2 Pn:

�á­®, çâ® "(�) = "(� ), £¤¥

� =

�
1; 2; . . . ; n� 1
i1; i2; . . . ; in�1

�
2 Pn�1:

�¥©áâ¢¨â¥«ì­®, ç¨á«® ¨­¢¥àá¨© ¢ ­¨¦­¨å áâà®ª å ¯®¤áâ ­®¢®ª

� ¨ � ®¤¨­ ª®¢®. �ã¬¬  ¢á¥å ¬®­®¬®¢ ¢¨¤  (12) ¥áâì annAnn,

£¤¥  «£¥¡à ¨ç¥áª®¥ ¤®¯®«­¥­¨¥ Ann ¨¬¥¥â ¢¨¤

Ann =
X

�2Pn�1

"(� )a1i1a2i2 . . . an�1;in�1 :

�à ¢ ï ç áâì ¯® ®¯à¥¤¥«¥­¨î ¥áâì ¤¥â¥à¬¨­ ­â ¬ âà¨æë

¯®àï¤ª  n�1, áâ®ïé¥© ¢ ¢¥àå­¥¬ «¥¢®¬ ã£«ã ¬ âà¨æë A. �â ª,
Ann = Mnn.

�ãáâì â¥¯¥àì ¢ë¤¥«¥­ í«¥¬¥­â aij . �¥à¥áâ ¢¨¬ áâà®ª¨

¬ âà¨æë A ¯®á«¥¤®¢ â¥«ì­® â ª, çâ®¡ë i- ï áâà®ª  áâ « 

¯®á«¥¤­¥©,   ®áâ «ì­ë¥ è«¨ ¢ "¯à ¢¨«ì­®¬" ¯®àï¤ª¥. � 

íâ® ã©¤¥â n � i ¯¥à¥áâ ­®¢®ª. � â¥¬ j-ë© áâ®«¡¥æ â ª¦¥

¯¥à¥áâ ¢¨¬ ­  ¯®á«¥¤­¥¥ ¬¥áâ® (¥é¥ n � j ¯¥à¥áâ ­®¢®ª).

� ­®¢®¬ ®¯à¥¤¥«¨â¥«¥ í«¥¬¥­â aij § ©¬¥â ¬¥áâ® ¢ ¯à ¢®¬

­¨¦­¥¬ ã£«ã,   ¥£® ¬¨­®à ®áâ ­¥âáï ­¥¨§¬¥­­ë¬, â.ª.

®áâ «ì­ë¥ áâà®ª¨ ¨ áâ®«¡æë áâ®ïâ ¢ ¯à¥¦­¥¬ ¯®àï¤ª¥.

�ã¦­® ãç¥áâì, çâ® ­®¢ë© ®¯à¥¤¥«¨â¥«ì ®â«¨ç ¥âáï ®â

áâ à®£® ¬­®¦¨â¥«¥¬ (�1)2n�i�j = (�1)i+j . �¤­®¢à¥¬¥­­® ¨

 «£¥¡à ¨ç¥áª®¥ ¤®¯®«­¥­¨¥ ¢ë¤¥«¥­­®£® í«¥¬¥­â  ¢ ­®¢®¬

®¯à¥¤¥«¨â¥«¥ ®â«¨ç ¥âáï ®â áâ à®£® â¥¬ ¦¥ ¬­®¦¨â¥«¥¬.

�®£¤  (11) á«¥¤ã¥â ¨§ ã¦¥ ¯®«ãç¥­­®£® á®®â­®è¥­¨ï Ann = Mnn.

�
� áá¬®âà¨¬ â¥¯¥àì áã¬¬ã

nX
j=1

aijAkj ; k 6= i; (13)
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â.¥. ¡ã¤¥¬ ã¬­®¦ âì í«¥¬¥­âë áâà®ª¨ ­   «£¥¡à ¨ç¥áª¨¥

¤®¯®«­¥­¨ï "çã¦®©" áâà®ª¨. � ªãî áã¬¬ã ¬ë ¯®«ãç¨¬, ¥á«¨

¡ã¤¥¬ ¢ëç¨á«ïâì ®¯à¥¤¥«¨â¥«ì, ã ª®â®à®£® ­  ¬¥áâ® k-®©
áâà®ª¨ ¯®¤áâ ¢«¥­  i- ï áâà®ª  (®áâ «ì­ë¥ áâà®ª¨ 	 â¥ ¦¥,

çâ® ¢ ¨áå®¤­®© ¬ âà¨æ¥). �¥¬ á ¬ë¬, ¯®«ãç ¥¬ ®¯à¥¤¥«¨â¥«ì

á ¤¢ã¬ï ®¤¨­ ª®¢ë¬¨ áâà®ª ¬¨, ®­ à ¢¥­ ­ã«î. �â ª, áã¬¬ 

(13) à ¢­  ­ã«î. �­ «®£¨ç­®,

nX
i=1

aijAik = 0; k 6= j:

�¡ê¥¤¨­¨¬ íâ®â à¥§ã«ìâ â á ä®à¬ã« ¬¨ (6), ¨á¯®«ì§ãï á¨¬¢®«

�à®­¥ª¥à . �®£¤  ¯®«ãç¨¬

nX
j=1

aijAkj = �ik detA;

nX
i=1

aijAik = �jk detA: (14)

4. �à¨¬¥àë ¢ëç¨á«¥­¨ï ®¯à¥¤¥«¨â¥«¥©. �ëç¨á«¥­¨¥

®¯à¥¤¥«¨â¥«ï ã¯à®é ¥âáï, ª®£¤  ¬ âà¨æ  á®¤¥à¦¨â ¬­®£®

­ã«¥©. �ãáâì, ­ ¯à¨¬¥à, ¬ âà¨æ  ¢¥àå­¥âà¥ã£®«ì­ ï:

A =

0
BB@
a11 a12 � � � a1n
0 a22 � � � a2n
...

...
. . .

...

0 0 � � � ann

1
CCA :

�®£¤ , à áªàë¢ ï detA ¯® í«¥¬¥­â ¬ ¯¥à¢®£® áâ®«¡æ , ­ å®¤¨¬:

detA = a11

��������
a22 a23 � � � a2n
0 a33 � � � a3n
...

...
. . .

...

0 0 � � � ann

��������
:

�à®¤®«¦ ï íâ®â ¯à®æ¥áá, ¯®«ãç¨¬, çâ® detA = a11a22 . . .ann.
� ª ï ¦¥ ä®à¬ã«  ¯®«ãç¨âáï ¤«ï ­¨¦­¥âà¥ã£®«ì­®© ¬ âà¨æë.

� ª¨¬ ®¡à §®¬, ®¯à¥¤¥«¨â¥«ì âà¥ã£®«ì­®© ¬ âà¨æë à ¢¥­
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¯à®¨§¢¥¤¥­¨î í«¥¬¥­â®¢ £« ¢­®© ¤¨ £®­ «¨. � ç áâ­®áâ¨,

det I = 1.
�ëç¨á«¨¬ â¥¯¥àì ®¯à¥¤¥«¨â¥«ì � ­¤¥à¬®­¤  ¯®àï¤ª  n+

1:

Én+1 = Én+1(x1; x2; . . . ; xn+1) =

�����������

1 1 � � � 1
x1 x2 � � � xn+1

x21 x22 � � � x2n+1

...
...

. . .
...

xn1 xn2 � � � xnn+1

�����������
; (15)

£¤¥ x1; x2; . . . ; xn+1 	 ª ª¨¥-«¨¡® ª®¬¯«¥ªá­ë¥ ç¨á« .

�®ª ¦¥¬,çâ®

Én+1 = Én+1(x1; x2; . . . ; xn+1) =
Y
j>k

(xj � xk): (16)

�á«¨ áà¥¤¨ x1; x2; . . . ; xn+1 å®âï ¡ë ¤¢  ç¨á«  á®¢¯ ¤ îâ,

â® ®¯à¥¤¥«¨â¥«ì (15) á®¤¥à¦¨â ¤¢  ®¤¨­ ª®¢ëå áâ®«¡æ  ¨,

á«¥¤®¢ â¥«ì­®, à ¢¥­ ­ã«î. �®à¬ã«  (16) ¢ íâ®¬ á«ãç ¥

®ç¥¢¨¤­ . �®íâ®¬ã ¬®¦­® áç¨â âì, çâ® áà¥¤¨ ç¨á¥« x1; . . . ; xn
(¡¥§ xn+1) ­¥â ®¤¨­ ª®¢ëå. � áá¬®âà¨¬ Én+1 ª ª äã­ªæ¨î

®â ¯¥à¥¬¥­­®© x = xn+1 ¯à¨ ä¨ªá¨à®¢ ­­ëå x1; x2; . . . ; xn.
� áª« ¤ë¢ ï ®¯à¥¤¥«¨â¥«ì (15) ¯® ¯®á«¥¤­¥¬ã áâ®«¡æã, ¢¨¤¨¬,

çâ® Én+1 ¥áâì ¯®«¨­®¬ áâ¥¯¥­¨ n ®â x:

Én+1(x1; . . . ; xn; x) = anx
n + . . . + a1x + a0 := Pn(x): (17)

�®íää¨æ¨¥­â an ¯à¨ xn ¥áâì  «£¥¡à ¨ç¥áª®¥ ¤®¯®«­¥­¨¥

An+1;n+1 í«¥¬¥­â  xn, áâ®ïé¥£® ¢ ¯à ¢®¬ ­¨¦­¥¬ ã£«ã

®¯à¥¤¥«¨â¥«ï. �ç¥¢¨¤­®,

an =

����������

1 1 � � � 1
x1 x2 � � � xn

x21 x22 � � � x2
n

...
...

. . .
...

xn�11 xn�12 � � � xn�1n

����������
= Én (18)
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ï¢«ï¥âáï ®¯à¥¤¥«¨â¥«¥¬ � ­¤¥à¬®­¤  ¯®àï¤ª  n. � ª ã¦¥

®â¬¥ç «®áì, ¯à¨ x = xj , j = 1; . . . ; n, ®¯à¥¤¥«¨â¥«ì à ¢¥­ ­ã«î,

â® ¥áâì ç¨á«  x1; . . . ; xn áãâì ª®à­¨ ¬­®£®ç«¥­  Pn. �ë¯¨è¥¬

à §«®¦¥­¨¥ Pn ­  ¬­®¦¨â¥«¨,

Pn(x) = an(x� x1)(x� x2) . . . (x � xn): (19)

�ç¨âë¢ ï (17), (18), ¯®«ãç ¥¬ à¥ªãàà¥­â­ãî ä®à¬ã«ã

Én+1 = (xn+1 � x1)(xn+1 � x2) . . . (xn+1 � xn)Én: (20)

�à¨¬¥­ïï ä®à¬ã«ã (20) ¯®á«¥¤®¢ â¥«ì­® n à § ¨ ãç¨âë¢ ï,

çâ® É1 = 1, ¯®«ãç ¥¬ (16).

± 6. �¥®à¥¬  ®¡ ®¯à¥¤¥«¨â¥«¥ ¯à®¨§¢¥¤¥­¨ï ¬ âà¨æ

�¥®à¥¬  1. �¯à¥¤¥«¨â¥«ì ¯à®¨§¢¥¤¥­¨ï ¬ âà¨æ à ¢¥­

¯à®¨§¢¥¤¥­¨î ¨å ®¯à¥¤¥«¨â¥«¥©:

detAB = detAdetB; A 2Mn; B 2Mn: (1)

�ë ¤ ¤¨¬ ¤¢  à §«¨ç­ëå8 ¤®ª § â¥«ìáâ¢  íâ®©

äã­¤ ¬¥­â «ì­®© â¥®à¥¬ë.

�¥à¢ë© á¯®á®¡. �àï¬®¥ ¤®ª § â¥«ìáâ¢®. �ãáâì C = AB.
�®£¤  cij =

Pn

k=1 aikbkj . �«ï detC § ¯¨è¥¬ ¢ëà ¦¥­¨¥ ¢ ¢¨¤¥

áã¬¬ë n! ¬®­®¬®¢, ã¯®àï¤®ç¥­­ëå ¯® ¯¥à¢®¬ã §­ çªã:

detC =
X
J

"(J )c1j1 . . . cnjn :

�¤¥áì áã¬¬¨à®¢ ­¨¥ ¢¥¤¥âáï ¯® ¢á¥¬ ¯¥à¥áâ ­®¢ª ¬ J =
(j1; . . . ; jn) ç¨á¥« 1; 2; . . . ; n. �®¤áâ ¢«ïï ¢¬¥áâ® í«¥¬¥­â®¢ cij

8 �à¨ ¨§ãç¥­¨¨ ªãàá  ¤®áâ â®ç­® à §®¡à âì ª ª®¥-«¨¡® ®¤­®

¤®ª § â¥«ìáâ¢®. � àãª®¢®¤áâ¢ å ¯® «¨­¥©­®©  «£¥¡à¥ ¬®¦­®

­ ©â¨ ¨ ¤àã£¨¥ ¤®ª § â¥«ìáâ¢  á®®â­®è¥­¨ï (1).
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¨å ¢ëà ¦¥­¨ï, ¯®«ãç¨¬

detC =

=
X
J

"(J )

 
nX

k1=1

a1k1bk1j1

! 
nX

k2=1

a2k2bk2j2

!
. . .

 
nX

kn=1

anknbknjn

!

=
X

J=(j1;...;jn)

"(J )

nX
k1;...;kn=1

a1k1a2k2 . . . anknbk1j1bk2j2 . . . bknjn :

�® ¢­ãâà¥­­¥© áã¬¬¥ ¨­¤¥ªáë k1; . . . ; kn ¬®£ãâ ¯à¨­¨¬ âì ¨

á®¢¯ ¤ îé¨¥ §­ ç¥­¨ï, ¢ â® ¢à¥¬ï ª ª ¢® ¢­¥è­¥© áã¬¬¥

§­ ç¥­¨ï ¢á¥å ¨­¤¥ªá®¢ j1; j2; . . . ; jn à §«¨ç­ë. �¥­ïï ¯®àï¤®ª

áã¬¬¨à®¢ ­¨ï, ­ ©¤¥¬:

detC =

nX
k1;...;kn=1

a1k1a2k2 . . .ankn
X

J=(j1;...;jn)

"(J )bk1j1bk2j2 . . . bknjn

=

nX
k1;...;kn=1

a1k1a2k2 . . .anknSk1;k2;...;kn ;

(2)

£¤¥

Sk1;k2;...;kn =
X

J=(j1;...;jn)

"(J )bk1j1bk2j2 . . . bknjn : (3)

�®¬¥­ï¥¬ ¢ (3) ª ª¨¥-«¨¡® ¤¢  ¨§ ¨­¤¥ªá®¢ k1; k2; . . . ; kn
¬¥áâ ¬¨. � ¢ëà ¦¥­¨¨ (3) íâ® á®®â¢¥âáâ¢ã¥â ¯¥à¥áâ ­®¢ª¥

¤¢ãå á®®â¢¥âáâ¢ãîé¨å á®¬­®¦¨â¥«¥© ¢¨¤  bksjs ¬¥áâ ¬¨.

�­ ç¥ £®¢®àï, ­ ¤ ¯¥à¥áâ ­®¢ª®© J = (j1; . . . ; jn) á®¢¥àè ¥âáï
®¤­  âà ­á¯®§¨æ¨ï. � à¥§ã«ìâ â¥ ª ¦¤®¥ á« £ ¥¬®¥ ¢ (3)

¨§¬¥­¨â §­ ª. � ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬, çâ® ¯¥à¥áâ ­®¢ª 

¬¥áâ ¬¨ ª ª¨å-«¨¡® ¤¢ãå ¨§ ¨­¤¥ªá®¢ k1; . . . ; kn ¯à¨¢®¤¨â ª

¨§¬¥­¥­¨î §­ ª  ã áã¬¬ë (3). �âáî¤  á«¥¤ã¥â, çâ® Sk1;k2;...;kn =
0, ¥á«¨ áà¥¤¨ ¨­¤¥ªá®¢ k1; . . . ; kn ­ ©¤ãâáï ®¤¨­ ª®¢ë¥. �á¥

íâ® ¯®§¢®«ï¥â ¢ ¢ëà ¦¥­¨¨ (2) § ¬¥­¨âì áã¬¬¨à®¢ ­¨¥ ¯®

­¥§ ¢¨á¨¬® ¬¥­ïîé¨¬áï ¨­¤¥ªá ¬ k1; . . . ; kn ­  áã¬¬¨à®¢ ­¨¥
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¯® ¯¥à¥áâ ­®¢ª ¬ K = (k1; . . . ; kn):

detC =

=
X

K=(k1;...;kn)

a1k1a2k2 . . . ankn
X

J=(j1;...;jn)

"(J )bk1j1bk2j2 . . . bknjn

=
X

K=(k1;...;kn)

"(K)a1k1a2k2 . . .ankn
X

J=(j1;...;jn)

"(K;J )bk1j1bk2j2 . . . bknjn :

(4)

� ¯®á«¥¤­¥© ¢ëª« ¤ª¥ ¨á¯®«ì§®¢ ­®, çâ® "(K)"(K;J ) =
"2(K)"(J ) = "(J ). �­ãâà¥­­ïï áã¬¬  ¢ ¯à ¢®© ç áâ¨ (4) ¥áâì

detB . � ª¨¬ ®¡à §®¬,

detC =

0
@ X
K=(k1;...;kn)

"(K)a1k1a2k2 . . .ankn

1
A detB = detA detB;

çâ® á®¢¯ ¤ ¥â á (1). �

2. �¨­¥©­ë¥ ¨ ¯®«¨«¨­¥©­ë¥ ä®à¬ë. � íâ®¬ ¯ã­ªâ¥

¬ë ¯®¤£®â®¢¨¬ ¬ â¥à¨ « ¤«ï ¢â®à®£® á¯®á®¡  ¤®ª § â¥«ìáâ¢ 

â¥®à¥¬ë 1. �â®â ¬ â¥à¨ « ¯à¥¤áâ ¢«ï¥â ¨ á ¬®áâ®ïâ¥«ì­ë©

¨­â¥à¥á.

�¨­¥©­®© ä®à¬®© ®â n ª®¬¯«¥ªá­ëå ¯¥à¥¬¥­­ëå x1; . . . ; xn
­ §ë¢ îâ «¨­¥©­ãî ®¤­®à®¤­ãî äã­ªæ¨î íâ¨å ¯¥à¥¬¥­­ëå.

�à®¨§¢®«ì­ ï «¨­¥©­ ï ä®à¬  Ð ¯¥à¥¬¥­­ëå x1; . . . ; xn ¨¬¥¥â

¢¨¤

Ð(x) = '1x1 + '2x2 + . . . + 'nxn: (5)

�¤¥áì ­ ¡®à x1; . . . ; xn ®â®¦¤¥áâ¢«¥­ á ¢¥ªâ®à®¬ x 2 C
n ¢¨¤ 

(3.1),   ç¨á«  '1; . . . ; 'n (ª®íää¨æ¨¥­âë ä®à¬ë) ä¨ªá¨à®¢ ­ë.

�®¤áâ ¢«ïï ¢ (5) x = ek, £¤¥ ek 	 ®àâ (3.3), ¯®«ãç¨¬:

Ð(ek) = 'k; k = 1; . . . ; n: (6)

� ª¨¬ ®¡à §®¬, ä®à¬  (5) ¯®«­®áâìî ®¯à¥¤¥«ï¥âáï á¢®¨¬¨

§­ ç¥­¨ï¬¨ ­  ®àâ å. �á«¨ § ¤ ­ë ¤¢¥ ä®à¬ë Ð ¨ Ñ, â®
¤«ï ¨å à ¢¥­áâ¢  ­  ¢á¥å x 2 C

n, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®

¢ë¯®«­¥­¨ï n à ¢¥­áâ¢

Ð(ek) = Ñ(ek); k = 1; . . . ; n: (7)
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�ãáâì â¥¯¥àì x1;x2 2 C
n ¨ ä®à¬  Ð = Ð(x1;x2) «¨­¥©­ 

¯® x1 ¨ x2 ¯®à®§­ì. �®à¬  Ð â®£¤  ­ §ë¢ ¥âáï 2-ä®à¬®©.

�á¯®«ì§ãï à §«®¦¥­¨¥ (3.4) ¤«ï x1 ¨ x2, ­ å®¤¨¬, çâ®

ä®à¬  Ð(x1;x2) ¯®«­®áâìî ®¯à¥¤¥«ï¥âáï §­ ç¥­¨ï¬¨ n2 ç¨á¥«

Ð(ek1 ; ek2), k1; k2 = 1; . . . ; n. �­ «®£¨ç­® ®¯à¥¤¥«ïîâáï ä®à¬ë

¡®«¥¥ ¢ëá®ª¨å ¯®àï¤ª®¢ (¯®«¨«¨­¥©­ë¥ ä®à¬ë). �á®¡®¥

§­ ç¥­¨¥ ¤«ï ­ á ¨¬¥îâ n-ä®à¬ë Ð(x1; . . . ;xn). �ç¥¢¨¤­®, ¤¢¥
n-ä®à¬ë Ð, Ñ á®¢¯ ¤ îâ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­¥­®

nn à ¢¥­áâ¢

Ð(ek1; ek2 ; . . . ; ekn) = Ñ(ek1 ; ek2 ; . . . ; ekn);

k1; k2; . . . ; kn = 1; . . . ; n:
(8)

�®¢®ªã¯­®áâì à ¢¥­áâ¢

(8) á¢®¤¨âáï ª ¢á¥£® «¨èì ®¤­®¬ã à ¢¥­áâ¢ã, ¥á«¨ n-ä®à¬ë
Ð; Ñ ¯®«­®áâìî  ­â¨á¨¬¬¥âà¨ç­ë, â.¥. ¬¥­ïîâ §­ ª ¯à¨

¯¥à¥áâ ­®¢ª¥ «î¡®© ¯ àë  à£ã¬¥­â®¢ x1; . . . ;xn. �¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. �¢¥ ¯®«­®áâìî  ­â¨á¨¬¬¥âà¨ç­ë¥ n-ä®à¬ë
Ð ¨ Ñ á®¢¯ ¤ îâ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

Ð(e1; . . . ; en) = Ñ(e1; . . . ;en): (9)

�®ª § â¥«ìáâ¢®. �á«¨ áà¥¤¨ ¨­¤¥ªá®¢ k1; . . . ; kn ¢ (8) ¥áâì

á®¢¯ ¤ îé¨¥, â®, ®ç¥¢¨¤­®, ®¡¥ ç áâ¨ à ¢­ë ­ã«î. � ª¨¬

®¡à §®¬, ¤®áâ â®ç­® áç¨â âì, çâ® ¨­¤¥ªáë k1; . . . ; kn ¢ (8)

®¡à §ãîâ ¯¥à¥áâ ­®¢ªã K = (k1; k2; . . . ; kn). �¥à¥¢®¤ï ¥¥

âà ­á¯®§¨æ¨ï¬¨ ¢ â®¦¤¥áâ¢¥­­ãî ¯¥à¥áâ ­®¢ªã (1; 2; . . . ; n),
¬ë ¯à¨¢¥¤¥¬ (8) ª (9). �

�áå®¤ï ¨§ â¥®à¥¬ë 2, ¬®¦­® ¤ âì ï¢­®¥ ®¯¨á ­¨¥ ¢á¥å

¯®«­®áâìî  ­â¨á¨¬¬¥âà¨ç­ëå n-ä®à¬. �à¨ íâ®¬ ­ ¬ á¥©ç á

ã¤®¡­® § ¯¨áë¢ âì  à£ã¬¥­âë ¢ ¢¨¤¥ áâ®«¡æ®¢ a1; . . . ; an (á¬.

(3.6)), ®¡ê¥¤¨­ïï ¨å ¢ ¬ âà¨æã A (á¬. (3.7)). � ª¨¬ ®¡à §®¬,

áâ ­¥¬ ¯¨á âì Ð(A) = Ð(a1; . . . ; an):
�¥®à¥¬ 

3. �ãáâì Ð(A) 	 ¯®«­®áâìî  ­â¨á¨¬¬¥âà¨ç­ ï n-ä®à¬ 
®â­®á¨â¥«ì­® áâ®«¡æ®¢ ¬ âà¨æë A. �®£¤ 

Ð(A) = (detA)Ð(I): (10)
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�®ª § â¥«ìáâ¢®. �¥«¨ç¨­  detA «¨­¥©­® § ¢¨á¨â ®â

ª ¦¤®£® ¨§ áâ®«¡æ®¢ a1; . . . ;an (á¬. ä®à¬ã«ë (5:62)), â.¥.

ï¢«ï¥âáï n-ä®à¬®©. �­  ¯®«­®áâìî  ­â¨á¨¬¬¥âà¨ç­  (á¬.

á¢®©áâ¢® 6 ¢ ± 5). � á¨«ã â¥®à¥¬ë 2 ¤®áâ â®ç­® ¯à®¢¥à¨âì

(10) ¯à¨ A = I . �® â®£¤  (10), ®ç¥¢¨¤­®, ¢ë¯®«­¥­® ¢ á¨«ã

à ¢¥­áâ¢  det I = 1. �

3. �â®à®¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 (¬¥â®¤ n-ä®à¬).
�â®¡ë ­¥ ¬¥­ïâì ®¡®§­ ç¥­¨©, ãáâ ­®¢¨¬ (1) ¢ íª¢¨¢ «¥­â­®©

ä®à¬¥:

detAdetB = detBA: (11)

�ã¤¥¬ áç¨â âì ¬ âà¨æã B ä¨ªá¨à®¢ ­­®©. �ç¥¢¨¤­®,

«¥¢ ï ç áâì ¢ (11) 	 ¯®«­®áâìî  ­â¨á¨¬¬¥âà¨ç­ ï n-ä®à¬ 
®â­®á¨â¥«ì­® áâ®«¡æ®¢ ¬ âà¨æë A. �à®¢¥à¨¬, çâ® â® ¦¥

¢¥à­® ¨ ¤«ï ¯à ¢®© ç áâ¨. �¡®§­ ç¨¬ ç¥à¥§ bt
1; . . . ;b

t
n

¯®á«¥¤®¢ â¥«ì­ë¥ áâà®ª¨ ¬ âà¨æë B . �á­®, çâ® â®£¤ 

detBA =

�������
bt
1a1 bt

1a2 . . . bt
1an

bt
2a1 bt

2a2 . . . bt
2an

: : : : : : : : : : : : : : : : : : : : : :
bt
na1 bt

na2 . . . bt
nan

������� : (12)

�§ ¯à¥¤áâ ¢«¥­¨ï (12) ­¥¯®áà¥¤áâ¢¥­­® ïá­®, çâ® detBA ¥áâì

n-ä®à¬  ®â­®á¨â¥«ì­® ¢¥ªâ®à®¢ a1; . . . ; an. �á­® â ª¦¥, çâ®

¯¥à¥¬¥­  ¬¥áâ ¬¨ «î¡ëå ¤¢ãå ¢¥ªâ®à®¢ ¨§ ­ ¡®à  a1; . . . ; an
¯à¨¢®¤¨â ª âà ­á¯®§¨æ¨¨ ¤¢ãå á®®â¢¥âáâ¢ãîé¨å áâ®«¡æ®¢ ¢

®¯à¥¤¥«¨â¥«¥ (12). � ª¨¬ ®¡à §®¬, n-ä®à¬  detBA ¯®«­®áâìî

 ­â¨á¨¬¬¥âà¨ç­ . � á¨«ã â¥®à¥¬ë 2, ¤®áâ â®ç­® ¯à®¢¥à¨âì

(11) ¯à¨ A = I . �® ¯à¨ A = I á®®â­®è¥­¨¥ (11) ®ç¥¢¨¤­®. �
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