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Abstract

We define the Dirichlet to Neumann operator on exterior differential forms for a compact Riemannian
manifold with boundary and prove that the real additive cohomology structure of the manifold is determined
by the DN operator. In particular, an explicit formula is obtained which expresses Betti numbers of the
manifold through the DN operator. We express also the Hilbert transform through the DN map. The Hilbert
transform connects boundary traces of conjugate co-closed forms.
© 2006 Published by Elsevier Masson SAS.

1. Introduction

Throughout the paper, M is a connected compact oriented Riemannian C°°-manifold of di-
mension n with nonempty boundary dM. Let A : C®°(M) — C° (M) be the Laplace-Beltrami
operator. The classical Dirichlet to Neumann (DN) map Ay : C*®(dM) — C*°(dM) is defined
by A = dw/dv, where w is the solution to the Dirichlet problem

{A‘”:O’ (1.1)

wlagy =@

and v is the unit outer normal to the boundary. We use the term “classical DN map” and nota-
tion A in order to make a distinction between this operator and the generalization A defined
below.
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In the scope of inverse problems of reconstructing a manifold from boundary measurements,
the following question is of great theoretical and applied interest: to what extent are the topol-
ogy and geometry of M determined by the DN map? It is proved in the two-dimensional case
that M is determined by A up to a conformal equivalence [1,5]. There is the conjecture that A
determines M up to an isometry in the case of n > 3. The latter is proved for real analytic man-
ifolds [6]. In the general case, it is proved that the boundary C°°-jet of the metric is determined
by A¢ forn >3 [7].

In [1], an explicit formula is obtained which expresses the Euler characteristic of M
through A in the case of a two-dimensional M with a connected boundary. The Euler char-
acteristic completely deterrgines the topology of M in the latter case. In the three-dimensional
case, the vector DN map A:C*®(T(0M)) — C*(T(dM)) is defined on the space of vector
fields in [2], and some formulas are obtained which express the Betti numbers 81 (M) and B (M)
in terms of A. and A.

Here we present a multidimensional generalization of the latter results. We define a DN map
on the space of differential forms of all degrees and express Betti numbers in terms of the map.
As well as in the case of n = 2, 3; the background of our formula is the Friedrichs decomposition
of the space of harmonic fields. We also consider the Hilbert transform on differential forms and
express it in terms of the DN map.

2. Preliminaries

Here, following [8] and mostly adhering to notations of this book, we recall some known facts
on differential forms.

Let £2X(M) be the space of smooth real exterior differential forms of degree k and £2(M) =
DBi—o Q%(M), the graded algebra of all forms. We use the following standard operators on
£2(M): the differential d, codifferential §, Laplace operator A = d§ + 8d, and Hodge star .
Recall the relations

o= (—DFOO 0 ws = (= Dfdx,  xd=(-D""sx on Q).

The L?-product on £2(M) is defined by (o, B) = [,, o« A%p under the agreement that |, ¢ =0
for ¢ € 2X(M) with k < n. Recall Green’s formula

(da,B) — (a.8p) = / i*(a A*B),
oM

where i : 9M — M is the embedding. For @ € §2(M), the form i*« will be sometimes called the
boundary trace of «.
Elements of the space

H (M) = {r e 2X(M) |dr =0, §1 =0}
are named harmonic fields. Recall the L2-orthogonal Hodge—Morrey decomposition
k) = -y & ct ) @ HE (M),
Here
M) = {da | a € 21 (M), i*a =0)
and
CH(M) = {a | e € 2K (M), i*(xa) =0).
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There are two finite dimensional subspaces distinguished in H* (M)
Hiy (M) = {1 e HY(M) | i*2 =0},
HY (M) = {x e HE(M) | i*(x2) =0}

whose elements are named Dirichlet and Neumann harmonic fields respectively. Dimensions of
these spaces are expressed by

dim 1K, (M) = dim H%* (M) = Br(M),

where B (M) is the kth Betti number. There are two L>-orthogonal Friedrichs decompositions
HE M) =HE My @ HE (M), HE M) = HE (M) @ HE (M),

Here
HE (M) = [ e HE (M) | A=da),  HE (M) =% e HE(M) | 2 =5

are the spaces of exact harmonic, and co-exact harmonic fields.
The operator » maps the space H’I‘)(M ) isomorphically onto H’I(fk(M ). Introduce the trace
spaces

PHE M) = (i e HEOD),  PHE (M) = {i*an | Ay € HE (D))

A Neumann harmonic field A is uniquely determined by its trace i *A . Therefore the dimension
of the space i *’Hll‘\, (M) is equal to Bx(M). Let us prove the equality

iHE (M) = EROM) + it HK, (M). 2.1)
Indeed, any harmonic field A € H* (M) can be represented in the form

A=dn+iy, Ay €HK(M)
by the second Friedrichs decomposition. This implies

r=i*dn+i*ay =d@*n) +i*oy.
Conversely, for ¢ € 2% 1(dM) and Ap € H]I";r] (M),

[dwm*(*x,)):/d(wAi*(*,\D))zo.
oM oM
Thus, the form o = d¢ satisfies

da=0 and /a/\i*(*AD)=o Vip € HET (M), (2.2)
oM

By Theorem 3.2.5 of [8], (2.2) is the necessary and sufficient condition for the existence of such
L € H*(M) that o = i*A.
By the first of Friedrichs decompositions, a harmonic field A € H¥(M) can be represented as

A=8a+Aip, ipeHEM). (2.3)

We will need the following remark: in the representation, the form « can be chosen such that
do =0 and Aa = 0. Indeed, first consider representation (2.3) with some « and decompose «
by Hodge—Morrey

a=dB+8y +\, d) =68\ =0.

Please cite this article as: M. Belishev, V. Sharafutdinov, Dirichlet to Neumann operator on differential forms, Bull.
Sci. math. (2007), doi:10.1016/j.bulsci.2006.11.003

© 0 N o 0o~ O N =



© O N o 0o~ O N =

A A A B B DD DWW W W W W W W W WN NN NN NN N NN 2SS a aad S A
N o o0 A O 2 O © 00N o 0o A O 2 O O 0o N o g~ 0ON <+ O © 0o N o g s~ W NN =+ O

JID:BULSCI AID:2223 /FLA [mi+; v 1.68; Prn:13/12/2006; 11:11] P.4 (1-18)
4 M. Belishev, V. Sharafutdinov / Bull. Sci. math. eee (eeee) see—see

This implies o = 8df. Therefore, in (2.3), o can be replaced with the form & = dB which
satisfies do = 0. Next, if the form « in (2.3) satisfies da = 0, then it satisfies also the Eq. Aa =0
as is seen by applying the operator d to Eq. (2.3). A similar remark is valid on the second
Friedrichs decomposition.

3. DN operator

For any 0 < k < n — 1, the DN operator
A:28oM) — 2" om) 3.1
is defined as follows. Given ¢ € £2%(d M), the boundary value problem

{Aa):O,

fo=¢, *(6w)=0 (3.2)

is solvable, see Lemma 3.4.7 of [8]. The solution € £2¥(M) is unique up to an arbitrary Dirich-
let harmonic field Ap € H]z, (M). Therefore the form

Ap = j*(xdw) = (=D T j*(§ % w) (3.3)

is independent of the choice of the solution @ and A is a well defined operator.
In the scalar case of k = 0, our definition is equivalent to the classical one. Indeed, in this case
the boundary value problem (3.2) coincides with (1.1) and definition (3.3) gives

Jw 0
A‘P=8—UM8 (pesf2”(0M)),

where py € 2"~ 1(dM) is the boundary volume form. Thus, in the case of k = 0, our operator A
differs from the classical operator A by the presence of the factor ©y. However, some authors
prefer to consider the form-valued operator A : 200M) »> 21 (M), see for example [9].

The boundary value problem (3.2) can be written in a slightly different form as the following
statement shows.

Lemma 3.1. Given ¢ € QKOM), let w € 2¥(M) be a solution to the boundary value prob-
lem (3.2). Then dw € H**Y (M) and 8w = 0. In particular, (3.2) is equivalent to the boundary
value problem

{Aw:O, Sw=0, (3.4)

i*o=g.
Proof. Let A =dw € .Qk“(M). We state that A is a harmonic field. Indeed, d) = ddw = 0.
Since d and A commute,
Al=Adw=dAw=0.
The boundary conditions
i*0r=i"8dw=—i"déw=—d(i*Sw) =0
and

i**d)) =i*(xddw) =0
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are satisfied. Thus, A solves the boundary value problem
AL=0, i*(xd1)=0, i*6A=0.

This implies, with the help of Proposition 3.4.5(iv) of [8], that A is a harmonic field.

Let now &€ = w. Then ¢ is a harmonic field. Indeed, ¢ = 86w =0 and de =déw = —ddw =
—38X = 0. Since i*& = 0 by the second of the boundary conditions (3.2), ¢ is a Dirichlet harmonic
field. We have thus proved that ¢ = dw is a co-exact harmonic field and it is a Dirichlet harmonic
field. This implies, by the first Friedrichs decomposition, that e =0. O

The operator A is nonnegative in the following sense: the integral

[tpAAso

oM

is nonnegative for any ¢ € £2(dM). This follows from the next statement. Given two forms
@, Y € 2(0M), let w and ¢ be the corresponding solutions to the boundary value problem (3.2),
i.e.,

Aw =0, Ae =0,
{i*a):(p, i*(bw) =0, {i*s:w, i*(8e) =0. 3.5
Then
f(p/\Alﬂ: / YA Ap=(dw,de)+ (bw, 5¢). (3.6)
oM aM

Indeed, by Green’s formula

(dw,de) = (0, 8de) + /(i*a)) A (* xde),
oM

(Bw, 8¢) = (w, dSe) — /(i*(Ss) A G % ).
oM

Summing these equalities and using (3.5), we obtain (3.6).
To find the dual operator A*, we write the first of equalities (3.6) in the form

(@, % AY) = (Y, %y Ap), (3.7
where *; : 2(0M) — $2(dM) is the Hodge star on d M. Setting ¥ = *3¢’ on (3.7), we obtain
(0, %9 A%y Y') = (xa ¥, xa Ag) = (¥, Ag).
The last equality holds because *j is the L2-isometry of £2(dM). We have thus obtained
A =%y Axy . (3.8)

The kernel and range of the operator A are described by the following

Lemma 3.2. The kernel of A coincides with the range of A. A form ¢ € 2%(9M) belongs to
Ker A =Ran A if and only if it is the trace of a harmonic field, i.e., ¢ = i* A for » € H*(M).
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Proof. We first prove the equality
Ker A = i*H(M),
where H(M) = @;_, H¥* (M) is the space of all harmonic fields. If ¢ € Ker A and w is a solution
to the boundary value problem (3.2), then ¢ = i*w and
dw,dw) + (bw, dw) = / o NANAp=0
oM

by (3.6). This means that w € HK(M). Conversely, if ¢ = i*w for w € H(M), then w is a solution
to the boundary value problem (3.2) and Ap =i*(xdw) = 0.
Next, we prove the equality

Ran A =i"H(M).

Let ¥ € Ran A, ¥ = Ag. This means the existence of a solution w € §2(M) to the boundary
value problem

Awo=0, dSw=0,
*o=¢, *(xdw)="1.

By Lemma 3.1, dw is a harmonic field. Therefore *dw is a harmonic field too. Hence ¢ =
i*(xdw) € i*H(M). Conversely, let y € i*H(M), i.e.,

Y =i*A, reHM). (3.9)
By the second Friedrichs decomposition, the harmonic field xA can be represented as
*A=dw+ Ay, (3.10)

where Ay is a Neumann harmonic field and w is chosen such that (see the remark at the end of
Section 2)

Sw =0, Aw=0.
This implies
Al w) = i*(xdw).
Applying the operator i *x to (3.10), we obtain
i*(xdw) = £i*\.
Two last equations imply
i*) =LA w).
Comparing this equality with (3.9), we see that ¢ = A(+£i*w), i.e., ¥ e RanA. O

Corollary 3.3. The operator A possesses the following properties:
Ad=0, dA=0, A*=0. (3.11)

Proof. The first of equalities (3.11) means that any exact form is the trace of a harmonic field.
This is true by (2.1). The second of equalities (3.11) is equivalent to the obvious fact: the trace of
a harmonic field is a closed form. The last of equalities (3.11) follows from the relation Ker A =
RanA. O
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Corollary 3.4. The operator d A~" is well defined on boundary traces of harmonic fields, i.e., the
equation Ap = has a solution ¢ for any V¥ € i*H(M), and d¢ is uniquely determined by .
In particular, the operator dA='d : 2(AM) — 2(IM) is well defined.

Proof. The boundary trace ¥ € i*H (M) of a harmonic field belongs to Ran A by Lemma 3.2,
so the equation Ag = v is solvable. If Ag; = Agy, then the form @1 — ¢ is closed since it is the
trace of a harmonic field. Therefore dg; = d¢;. An exact form is the trace of a harmonic field
by (2.1). O

Remark 1. There is some freedom in the definition of the DN operator. One can define the DN
map as

A= (=D %y A: 2F0OM) > Q2%OM).

This operator preserves the degree of a form. Moreover, it is a nonnegative self-dual operator,
ie., (Ap,¢) >0 and A* = A as is seen from (3.6) and (3.8). Thus, the operator A has more
conventional properties than A. Just A is used in [2]. Nevertheless, we have chosen A in our
definition of the DN map since we share the opinion by J. Sylvester [9]: the DN operator should
transform a k-form to an (n — k — 1)-form. The operators A and A are equivalent in the following
sense: given the Riemannian manifold 9 M, we can express A through A and vise versa.

Remark 2. Quite different definition of the DN map is chosen in [4]. By this definition, the DN
operator maps a form ¢ € 2%(M)|5) to dw/dv, where w is the solution to the boundary value
problem (1.1). The main result of [4] is that the full symbol of the latter DN map QKM gy —
Q2K(M)|34 determines the boundary C*-jet of the metric for any .

4. Betti numbers

If we know the kernel of A, we can write down some low bounds for Betti numbers as is seen
from the following

Theorem 4.1. Let Ay be the restriction of the operator A to 2%(OM). The kernel Ker Ay con-

tains the space EX(dM) of exact forms and
dim[Ker A¢/EX(9M)] < min{ B (M), Bi(IM)}.

Proof. Consider the Hodge decomposition for o M
ek@m) =ckom) e oM o H BM).

The space of closed forms coincides with the sum of two last summands of the decomposition.
The kernel Ker A consists of closed forms by Lemma 3.2 and contains all exact forms by
(3.11), i.e.,

EX@OM) c Ker Ay C EX(OM) @ HF (O M).
This implies
dim[Ker Ax/EX(OM)] < dimH* (M) = Br(3M).
By Lemma 3.2 and (2.1),
Ker Ay = EX@M) + j*HY, (M).
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Therefore

dim[Ker Ax/EX(OM)] < dim HE (M) = Br(M). O
The main result of the article is the following

Theorem 4.2. For any 0 < k < n — 1, the range of the operator
A4 (=R g A= g @ M) — 2" M)
is i*H’;V_k_l(M) and

dimRan[A + (=D g A7 d] = B, k1 (M).

Proof. We have to prove the equality
(A+ (=D rEng AT ) K M) = i* My ). 4.1

Given ¢ € .Qk(aM ), let w € .Qk(M ) be a solution to the boundary value problem (3.2). By
Lemma 3.1, dw € H*1(M). We apply the first Friedrichs decomposition to dw

dw=8a+ip, wherepeHSM(M). 4.2)

As is mentioned at the end of Section 2, the form « € £2¥t2(M) can be chosen such that

da =0, Aa =0. 4.3)
We set 8 = € 2" %2(M). (4.3) implies
88 =0, AB =0. 4.4)
Substituting the value o = (—Dk=k) , B into (4.2), we have
do=(—DK""Ps % B+ ap. 4.5)

Apply the operator i* to Eq. (4.5)
i*(dw) = (=DFO=R* (5 % B). (4.6)
Using the relations
i*(dw) =d({i*w) =dg
and
§xB=(—1)""*"xap,

we rewrite (4.6) in the form

do = (=" Hi*(xdp). .7
Formulas (4.4) and (4.7) mean that
do = (=) A, (4.8)

Next, we apply the operator  to Eq. (4.5)
rdw = (=" 5« B+ *Ap
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and take the restriction to the boundary
i* (xdw) = (=D % (%8 % B) + i* (%A D). (4.9)
The left-hand side of this formula is equal to Ag. Using the relation
x5+ f = (—D"dp,
we transform the first term on the right-hand side of (4.9) as follows:
(8% p) = (=D)"i*dp = (~D"d(i*B).
Thus, (4.9) is equivalent to the equation
Ag = (—D*d(i*B) +i* (*xAp). (4.10)

The form i* 8 can be eliminated from the system of Egs. (4.8) and (4.10). Indeed, (4.8) implies
with the help of Corollary 3.3

d(l*,B) — (—l)kn+n+1(d/\_ld)(p.
Inserting this expression into (4.10), we obtain
(A+ (=D g A7 d) g = i* (xAp).

We have thus proved that the left-hand side of (4.1) is a subset of the right-hand side.
To prove the converse inclusion, we first recall that

HA (M) N HE (M) = 0.
Together with Friedrichs decompositions, this implies that
HE (M) = HE (M) + HEo (M),

i.e., a harmonic field can be represented as a sum of exact and co-exact harmonic fields.
Given Ay € H'Ii,_k_l (M), the representation

Ay =da + 5B (4.11)
exists by the remark of the previous paragraph. The forms « and 8 can be chosen such that

da =0, Aa=0 (4.12)
and

dg =0, AB=0. (4.13)

The latter statement is proved by the same argument as one used at the end of Section 2.
We set

w= (=11 4 . g = (—1)fnthtng,
Relations (4.12)—(4.13) imply
sw=0, Aw=0, (4.14)
3e =0, Ae=0, (4.15)
and Eq. (4.11) is rewritten in the form
Ay =*dw + (=D e (4.16)
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Applying the operator « to the latter equation, we obtain

*Ay = (— DR (wde — dw). (4.17)
We define forms ¢, ¢ € 2(dM) by
p=i'w, v =i'e. (4.18)

Restricting Eq. (4.16) to the boundary, we obtain
Ay = i* (xdw) + (=D g %), (4.19)

Egs. (4.14) and the first of equalities (4.18) mean that i *(xdw) = A¢. Therefore (4.19) can be
rewritten as

iy = Ag + (= DR e). (4.20)
On the other hand, restricting Eq. (4.17) to the boundary, we obtain
i*(xde) = d(i*w). 4.21)

Egs. (4.15) and the second of equalities (4.18) mean that i *(xde) = Avr. Therefore (4.21) can be
rewritten as

Ay =do. 4.22)

Finally, we eliminate the form i from the system of Eqgs. (4.20) and (4.22) with the help of
Corollary 3.3 and obtain

i*ay = (A+ (D" MaA"d)e. O
5. Hilbert transform

One of equivalent definitions of the classical Hilbert transform T on the unit circle S = {¢/?}
is as follows. Let f =& + iw be a holomorphic function in the disc {re’? | 0 < r < 1} so that @
and ¢ are conjugate by Cauchy—Riemann: dw = xde. If ¢ = w|s and ¢ = ¢|g are the boundary
traces, then T‘é—‘g = ”ZI—G.

Returning to the general case, we define the Hilbert transform as follows:

T =dA™ i HY (M) — i*H"F(M).

This is a well defined operator by Corollary 3.4. In particular, T is defined on exact boundary
forms and maps such forms again to exact forms, i.e.,

T:E5@OM) — £ @OM).

In the present section, we use T as the operator on the space of exact boundary forms.
Let w € 2X(M) and ¢ € 2" %=2(M) (0 < k < n — 2) be two co-closed forms,

Sw =0, de =0.
The form ¢ is named the conjugate form of w if

dw = xde. 6.
This implies immediately that

Aw =0, Ae =0,
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and (—1)km+k+n+ly, s the conjugate form of .

Not any o satisfying Aw = 0 and dw = 0 has a conjugate form. The remarkable fact is that
the existence of the conjugate form can be checked in terms of the trace ¢ = i*w and of the
operator A.

Theorem 5.1. A form w € (M) satisfying Aw =0 and Sw = 0 has a conjugate form if and
only if the trace ¢ = i*w satisfies

(A+ (=DF g A~ d) g = 0. (5.2)
In this case, if € is the conjugate form of w and ¥ = i*e, then

Tdo = dvy. (5.3)

Proof. Necessity. Let a co-closed form w € £2%(M) have a conjugate co-closed form & €
"% =2(M). Set ¢ = i*w and Y = i*¢. The forms w and ¢ solve boundary value problems (3.5).
Therefore

Ap =i*(xdw), Ay =i*(xde). 54
The second of equalities (5.4) and (5.1) imply

AY =i*do=d(i*w) =de.
Applying the operator * to (5.1), we get

wdw = (—Dkntktntl g
Together with the latter relation, the first of equalities (5.4) gives

A = (= 1)kmthntlpx o (_pylnthntl gy — (_qykntkandl gy,
‘We have thus proved that

{ A = (= Dfn+ktntl gy,

Ay =de.

Eliminating v from the latter system, we obtain (5.2). The second of equations (5.5) is equivalent
to (5.3).

Sufficiency. Let a form ¢ € K@oM) satisfy (5.2) and w be a solution to the boundary value
problem (3.2). Applying the operator T =d A~! to Eq. (5.2), we obtain

(I + (=D 172 dg =0, (5.6)

(5.5)

where [ is the identity operator.
By Corollary 3.4, the equation

Ay =do (5.7)
is solvable. Fix a solution v to the equation and consider the boundary value problem

de = x = (—=Dkntktntl g, 8¢ =0,
i*e =1.

By Theorem 3.2.5 of [8], the necessary and sufficient conditions for solvability of the problem

are

(5.8)

Please cite this article as: M. Belishev, V. Sharafutdinov, Dirichlet to Neumann operator on differential forms, Bull.
Sci. math. (2007), doi:10.1016/j.bulsci.2006.11.003

© 0 N o 0o~ O N =



© O N o 0o~ O N =

A A A B B DD DWW W W W W W W W WN NN NN NN N NN 2SS a aad S A
N o o0 A O 2 O © 00N o 0o A O 2 O O 0o N o g~ 0ON <+ O © 0o N o g s~ W NN =+ O

JID:BULSCI AID:2223 /FLA [mi+; v 1.68; Prn:13/12/2006; 11:11] P.12(1-18)
12 M. Belishev, V. Sharafutdinov / Bull. Sci. math. eee (eeee) see—see

and

(X,,\D)szm*(*,\l)) Vip € H (M), (5.9)
oM

The first condition is satisfied since
dx =Ftdxdwo=*x8dw=1*xAw=0.
The second condition holds since, by (5.2),
iy = (= DR gy — (Rl g — g A g = diyr,

It remains to check (5.9).
The left-hand side of (5.9) is equal to zero for any Dirichlet harmonic field A p. Indeed, sub-
stituting the value of x from (5.8), we can write

(X, Ap) = £(xdw, Ap) = £(dw, *Ap).

The right-hand side of the latter formula is zero by the second Friedrichs decomposition since dw
is an exact harmonic field and xA p is a Neumann harmonic field. Condition (5.9) is thus reduced
to the following one:

f Y Ai*Ay =0 ViyeHNT ). (5.10)
aM
By Theorem 4.2, i *H]]‘\,Jrl (M) coincides with the range of the operator
G=A+ (=Dt Hrga=lq. @k 2Mm) - 2 oMm). (5.11)
Therefore condition (5.10) can be rewritten as follows:
(¥, %yGn) = % / YAGn=0 Vnef"*20oM).

oM

In other words, 1 must belong to the kernel of the operator (x3G)*,
(*x3G)* =0. (5.12)
One easily obtains from (3.8)
G* =x3Gxy
and
(*3G)* =+ %3 G.
Therefore (5.12) is equivalent to the equation
Gy =0. (5.13)
Finally, substituting the values ¥ = A~ 'd¢g and
G=A+ (—Dfrthing 4=1gq

into (5.13), we see that the latter equation is equivalent to (5.6).
We have thus proved the solvability of the boundary value problem (5.8). The solution ¢ to
the problem is the conjugate form of . 0O
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Corollary 5.2. For 1 <k < n — 1, introduce the space

BX@M) = {dg | ¢ € 27 (M), Gp =0} c EX(am),
where the operator G : 2(0M) — 2(0M) is defined by (5.11). The Hilbert transform T maps
B (d M) isomorphically onto B"*(dM). If

Te: BX(M) — B *@M) (5.14)

is the restriction of T to BX(dM), then 7~"k_1 = (=DkntkT, .

Proof. For a form ¢ € QK1oM) satisfying Gp =0, let w € .Qk_l(M) be a solution to the
boundary value problem (3.2). Then  has a conjugate form & € 2" ~*~!(M) by Theorem 5.1.
The trace ¥ = i*e satisfies (5.3). The form ¢ has the conjugate (—1)*"**w, and Gy = 0 by
Theorem 5.1. Now, (5.3) shows that Tdg = dy € B"%(3M). We have thus proved that T
maps BX(dM) to B*¥(d M) and operator (5.14) is well defined. By (5.6), Ty Ty = (—Dkntky
Therefore T is an isomorphism. O

Corollary 5.3. Let 1 <k <n— 1. If Br(M) = Bu—x (M) =0, then the Hilbert transform T maps
EX(OM) isomorphically onto E""F(dM). If
Te: EXOM) — % M)
is the restriction of T to EX(OM), then T,:l = (=DkntkT, 4.
Proof. If Bx(M) = B,—x(M) = 0, then the operator G vanishes on 21@M) and on

2" k=1(3M) by Theorem 4.2. Therefore BX(dM) = EK(dM) and B * (M) = E"F(OM).
It remains to apply Corollary 5.2. O

6. DN map on highest degree forms

We prove here that the volume of the manifold can be easily determined from the DN map
known on forms of highest degree.

Theorem 6.1. For ¢ € 2"YM), where n = dim M, the function Ag € 2% M) is constant
and
1

Vol(M) / &
oM

Ap =

This is a generalization of the classical formula
2Vol(M) = /(x dy — ydx)
oM
for a plane domain M.
Proof. Let w be a solution to the boundary value problem (3.2). By Lemma 3.1, dw is a harmonic

field. The space H" (M) of harmonic fields of highest degree consists of forms Cu, where C =
const and u is the volume form. Thus,

dw=Cu, C =const.
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From this, xdw = C and
Ap =i*(xdw) =C. 6.1)

Write down the Stockes formula for w

/dw:/i*w.
M aM

Since dw = Cu and i *w = g, this gives

C Vol(M) = / 0.
aM
Together with (6.1), the last formula gives the statement of the theorem. O

Let 1y be the volume form of d M. Choosing a function A € C*°(d M) and setting ¢ = Ay in
Theorem 6.1, we obtain

1
Vol(M) = fkua.
A
( MB)BM

Perhaps, this formula is of some interest for applications, e.g., in electro impedance tomography.
The question is whether the value of the constant function A(Auy) can be extracted from bound-
ary measurements. If so, the volume Vol(M) can be determined from boundary measurements
implemented on an arbitrarily small part of the boundary. Indeed, the function A can be chosen
to be supported in an arbitrary open subset of d M and it is enough to measure the value of the
constant function A(Auy) at one point.

7. Recovering the additive real cohomology structure from the DN map

The exact cohomology sequence of the pair (M, 9 M) looks as follows

2 HR ML oMy S BY O -S HY oMy S B M, am) L 7.1)

We consider cohomologies with real coefficients. Recall that the finite dimensional vector spaces
H¥*(M) are defined as cohomologies of the De Rham complex

2 oty <L ok oy <L @ oy s

Similarly, H¥(d M) are cohomologies of the De Rham complex of the boundary. The operator i *
on (7.1) is defined by the equality i*[w]py = [i*w]ys, Where [w]p is the cohomology class of a
closed form w in H¥(M) and [i*w]yy is the cohomology class of the form i*w in HX(OM). The
definition is correct since d and i* commute.

Let us recall the definition of relative cohomologies. Let £2%(M, M) be the space of forms
w € 2K(M) satisfying i*w = 0. If i*w = 0 then also i*(dw) = 0. Therefore we have the well-
defined cochain complex

2L RN oMy < @k, am) - @k ML oMy < -

The spaces H*(M,dM) are cohomologies of the latter complex. The operator j* on (7.1) is
induced by the embedding of pairs j : (M, ) C (M, dM). In other words, j*[w]m,am) = [©]lm
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for a closed form w € 2% (M) satisfying i*w = 0. The definition is correct since [w]y = 0 if
[w]l(m,om) = 0. Finally, the coboundary operator 3* on (7.1) is defined as follows. Given a closed
boundary form w € QKOM),leta € Qk(M) be an extension of w to M, i.e., i*a = w. The form
do is closed and has the zero boundary trace. We set 0*[w]ym = [dal(ar,9m)- One can check the
correctness of the definition.

Sequence (7.1) is exact, i.e., the kernel of each operator of the sequence coincides with the
range of the preceding operator. This is the standard fact of cohomology theory [3].

Now, we pose the inverse problem: Given the data (0 M, A), one has to recover sequence (7.1)
up to an isomorphism, i.e., to construct a sequence

2 qR oL oMy 2 m2R ) < YoMy s 3R L oy <Ss (7.2)

of vector spaces and operators which is isomorphic to sequence (7.1). The latter means the exis-
tence of a commutative diagram

N BR oL amy L BR O S EROM) S AR (ML amy S
wi A Ly w (7.3)

P HY M, aM) L H*(M) 5 H oMy S v M oMy s

where A, i are isomorphisms and ¢ is the identity operator.
We present the solution of the inverse problem based on the results of previous sections.
By Theorem 4.2, we can determine the spaces i *H'I‘\, (M) from our data (0 M, A). We define

AY(M) =i*HA M), BN M, M) = iR (M.
The homomorphism H*(M) '—*> H¥(@M) is defined as follows. If ¢ = i*w e HY (M) for w €
HX, (M), then the form ¢ € 2%(9M) is closed, and we set i*¢ = [@]sm.

In Section 5, we defined the Hilbert transform as an operator on the space of boundary traces
of harmonic fields:

T =dA " i*HN (M) — i*H" % (M).

Moreover, the following holds:

Lemma 7.1. The Hilbert transform maps traces of Neumann harmonic fields again to traces of
Neumann harmonic fields, i.e.,

T =dA™" i HK (M) — HETH (M),
Proof. Let ¢ € i*'Hlj‘V (M). By Theorem 4.2, ¥ can be represented as
w — (A + (_l)kn+k+1dA—ld)(p
with some ¢ € 2" %~1(dM). From this
Ty =dA 'y =dA™ (A+ (D" aa"1a)e
— (d + (_l)kn+k+ldA—ldA—ld)(p — (A + (—l)kn+k+ldA_ld)A_ld§0.

The right-hand side of the latter formula belongs to i *H;‘v*k (M) by the same Theorem 4.2. O

Please cite this article as: M. Belishev, V. Sharafutdinov, Dirichlet to Neumann operator on differential forms, Bull.
Sci. math. (2007), doi:10.1016/j.bulsci.2006.11.003

© 0 N o 0o~ O N =



© O N o 0o~ O N =

A A A B B DD DWW W W W W W W W WN NN NN NN N NN 2SS a aad S A
N o o0 A O 2 O © 00N o 0o A O 2 O O 0o N o g~ 0ON <+ O © 0o N o g s~ W NN =+ O

JID:BULSCI AID:2223 /FLA [mi+; v 1.68; Prn:13/12/2006; 11:11] P.16 (1-18)
16 M. Belishev, V. Sharafutdinov / Bull. Sci. math. eee (eeee) see—eee

_ We continue constructing sequence (7.2). On using Lemma 7.1, we define the homomorphism
J* HY(M,9M) — HX(M) as

JF = (=D gR M, aM) = i H R (M) — i HE (M) = BF ().
Finally, the homomorphism 3*: H*(9M) — H**1' (M, 9M) is defined as
3% = (= Dkttt A gh oMy — T ) = BN (M, om.

More precisely, we observe that, given a closed form ¢ € 2%(9M), the form Ag be-
longs to the space i*H','\,_k_l(M) in view of Theorem 4.2 and of the equality A¢p = (A +
(—Dkrtktng A=1d) . We set

The definition is correct since Ad = 0.
We have thus constructed sequence (7.2). Next, we will define the vertical isomorphisms A
and p participating on diagram (7.3).

The operator HF (M) —)L> Hk(M) is defined as follows. If ¢ = i*w for w € 'Hll‘v (M), then
Ap = [w]p. It is the isomorphism because there exists a unique Neumann harmonic field in any
cohomology class.

The homomorphism H*(M, M) > H¥(M, M) is defined as follows. If ¢ = i*w for w €
H';\,_k (M), then the form *xw € le) (M) is closed and i* (xw) = 0. We set po = [*w]lm,om). It is
the isomorphism because every relative cohomology class contains a unique Dirichlet harmonic
field.

We have thus defined all terms of diagram (7.3). Now, we have to check that the diagram is
commutative.

The commutativity of the square

H*(M) i H*(M)
A ty
HE M) -5 HY M)

is almost obvious. Indeed, a form ¢ € HY(M) = i*H’I‘V (M) can be uniquely represented as ¢ =
i* with @ € HX,(M). Then

i*Ap = [i*wlom = [@lom = i*p.

Next, we check the commutativity of the square

HY(M, dM) g, H*(M)
7 . Al
HAN M, aM) s HF(M)

Letp € HY(M,9M) = i*H',lV_k(M). Represent it as
p=i*w, weHLTFM).
By the definition of u,

1o = [*w](m,3Mm)-
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Therefore

J e = xoly. (7.4)
The form ¢ = j*¢ € H*(M) = i*H’f\,(M) can be also represented as

o=y =i, ve HI;\,(M).
By the definition of A,

M= =Dln. (7.5)

Comparing (7.4) and (7.5), we see that the commutativity of the square is equivalent to the
equality

xoly = [vim
which means that the Friedrichs decomposition of the form xw must look as follows:
xw=v+da, ocN(M). (7.6)
By the remark at the end of Section 2, we can assume the form « to satisfy the equations
Aa =0, da =0.
Restricting equation (7.6) to the boundary, we have
Y =i"v=—i"da = —di*a. (7.7)
On the other hand, applying « to (7.6), we obtain
(= D0 ) = wv + *d.
Take the restriction of the last equation to the boundary
(—=D*=R gy = (— k=R = i* (xda) = Aj*a.
From this
o = (= K=k g1y,
Substituting the latter value into (7.7), we obtain
W = (= Dfrthlg =1y — (_pkntktirg
or
o = (—1)knHktlTg,
This is just our definition of j*.

Finally, we check the commutativity of the square

HE@M) - BM(M, M)
Ly 7
H M) 5 HMY(M, M)

Given a closed form ¢ € 0k (M), let w € .Qk(M ) be a solution to the boundary value problem
(3.2). Then

*[@lam = ldwlm,om) (7.8)
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and
Ap =i*(xdw).
By the definition of u,
1AQ = [x*dolaom = (—D" T dwl o au). (7.9)

Comparing (7.8) and (7.9), we obtain
pAQ = (= Dykntktntlgsn

According to our definition of 5*, the last equation means that
w3 @lam = 0*[@lom-

We have thus proved the commutativity of diagram (7.3). Let us mention the following sup-
plement to Lemma 7.1:

Corollary 7.2. If Bx—1(0M) = B (0 M) = 0, then the Hilbert transform
T i K (M) — i*HA (M)

is the isomorphism.

In conclusion, we emphasize the key role of the operators A and 7T in the construction of
sequence (7.2). Probably, such a role inscribes the DN map and Hilbert transform into the list
of objects of algebraic topology. We also set up an important open question. Recall that the
cohomology spaces H*(M) = ®}_, H*(M) and H*(M, M) = @}_, H*(M,dM) have the
structure of graded rings with the multiplication induced by the wedge product of forms. Can
the multiplicative structure of cohomologies be recovered from our data (d M, A)? Till now, the
authors cannot answer the question.
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