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Abstract

We discuss the existence criterion of surface waves based on the augmented
scattering matrices. Such matrices arise if one takes into account not only os-
cillating waves but also those which grow (attenuate) in amplitude far from the
grating.

A family of planar dielectric gratings with periodic modulation of the re-
fraction index is considered. Asymptotic and numerical analysis of the model
are given. We represent various examples of gratings which support (or do not
support) surface waves.
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1 Introduction

In this paper we discuss the existence of surface waves for a family of diffraction grat-
ings. The asymptotic and numerical analysis is based on using the ‘augmented’ scat-
tering matrices (ASM) that take into account not only oscillating waves but also waves
which grow (attenuate) in amplitude far from the grating.

In terms of the scattering matrices there has been formulated an existence criterion
for a surface wave with given order of attenuation. The criterion was obtained in
the theory of elliptic boundary value problems in domains with singularities on the
boundary [6, 7]. The definition itself of the (augmented) scattering matrices requires
some generalizations of the initial notions (of incoming and outgoing waves, etc.). Such
generalizations are related to auxiliary boundary value problems (operator pencils) that
polynomially depend on a spectral parameter. The spectrum of a pencil can be rather
complicated; generally, there are not only eigenvectors but associated vectors as well.
The structure of spectrum reflects on the definition of waves. The necessity of the
mentioned generalizations manifests itself in full measure, for instance, in problems of
elasticity theory (see [8, 7]). All the generalizations were thoroughly discussed in the



paper [8] devoted to the development of mathematical tools for the rigorous treatment
of Wood’s anomalies [14] in electromagnetics and elasticity (see also [7]). The new
technique turned out to be of use in the general theory of elliptic boundary value
problems in domains with singularities, too. In particular, it provided new statements
of the problems with radiation conditions at the singularities [7].

In [1, 2] the aforementioned criterion was put to prove the existence of surface waves
for the Helmholtz equation in some domains with periodic boundaries.

In this paper we consider a family of diffraction gratings. For the motivation see
discussion of physicists and engineers (for instance, [11, 12, 9, 4, 5, 13, 10]). Dealing
with asymptotic analysis, we provide the model with a small positive parameter. The
asymptotic and numerical analysis is given to prove the existence (or nonexistence) of
surface waves, i.e., nontrivial solutions to the homogeneous problem which exponen-
tially decay far from the grating.

The paper is organized as follows. In Section 2 we give the statement of the problem
and formulate the existence criterion for surface waves. The asymptotic analysis is
presented in Section 3. Here we use an approach similar to that in [2]. The numerical
results are collected in Section 4. Besides, some details are explained in Appendices A
and B.

2 Statement of the problem and basic conceptions

2.1 Statement of the problem

First consider a planar dielectric-layer modulated grating (Fig. 2.1).

v/

Figure 2.1: Diffraction by a planar dielectric-layer grating.
A wave field w satisfies the Helmholtz equation
(V% + k*x (21, 22))w(z1,22) = 0 (2.1)
for o > 0, zo # h; the quasi-periodicity condition

& w(z, T2) = ™) w(z —2m,25), j=0,1 (2.2)



with a constant o € (—1/2,0); the contact conditions

w(x1, b+ 0) = w(zy,h —0),

2.3
0, w(x1,h +0) = 20, w(x,h —0) (2:3)
with constant &, and the boundary condition
8$2w|$2:0 =0 (or wl,,_,=0). (2.4)
Here k is a wave number, y is a refraction index such that
1 To > h
= ’ 2.
x(@1,72) { Xo(1,%2), 0<x9 <h, (2:5)

Xo being 2m—periodic in z;. We refer to (2.1)—(2.4) as N-problem (or D-problem).
Let us comment on the statement of the problem. The quasi-periodicity condi-
tion (2.2) originates from the corresponding nonhomogeneous problem containing the
incident plane wave u(zq,x9) = exp ik(—z; sin @ — x5 cos 0). Since u satisfies the quasi-
periodicity condition with o = —ksinf and the rest characteristics of the problem
are 2m-periodic with respect to xy, it is natural to look for solutions subject to the
condition (2.2). To avoid going into nonessential details we consider « € (—1/2,0).

2.2 The scattering matrices and the existence criterion for
surface waves

In this section we give some results extracted from the general theory (see [6, 7, 8])
and adapted for the problem (2.1)—(2.5).

2.2.1 Waves. The outgoing and incoming subspaces

In view of the quasi-periodicity condition (2.2), the problem can be restricted to the
half-strip I, = {(z1,22) : =7 < 21 <7, 0 < z9}. To describe the behavior of solutions
as o — 0o we need some auxiliary notions. We introduce the equation with spectral
parameter A (that plays the role of the operator pencil mentioned at the beginning of

paper):
ANv(zy) = d*v(2y)/da] + (k> — X)v(z) =0, —7 <2 <, (2.6)

while v is subject to the condition (2.2). The spectrum of the problem (2.6) consists of

the eigenvalues \¥ = +(k?—(n+a)?)'/2, where n = 0, +1, ... . To the simple eigenvalue

AE £ 0 there corresponds the eigenfunction v, (z;) = exp(i(n+a)z,), i.e., A(AE)v, = 0.

If XX = 0 for some m, then there arises not only the eigenfunction v,, but also the

associated function vy, =0 (i.e., AAL)vy, = 0 and AAL) vy + WA (NL)vy, = 0).
Consider the equation

(V2 +kHu(r) =0 (2.7)



in the strip II = {z = (z1,22) : —7 < 1, < 7, —00 < z9 < 400} with u subject
to the condition (2.2). The eigenvalues of problem (2.6) generate the solutions to the
equation (2.7):

ul (21, 22) = exp(iAfazy)v,(21) for AE #0

and the two solutions
U (2) = v (21),  Upma(T) = 220 (z1) for A, = 0.

Denote by W;s the class of functions in II, satisfying (2.2)—(2.4) that admit the
estimate |0%u(x)| = O (exp(—px2)) as x2 — +00; here § is a real number, |o| < 2, ¢
being a multi-index (o7, 02). We choose a positive § so that only the real eigenvalues
of the problem (2.6) belong to the strip {A : [ImA| < 5}.

The functions in W_g that satisfy the homogeneous problem (2.1)-(2.5) in the
half-strip I, up to a term of order O (exp(—[z3)) are called waves. By definition, two
waves w and w' are equivalent, if w — w’ € Ws. It turns out that any wave w admits
the representation

w=n (Z C;i:lli: + CnUm + Cm,lum,l) + UI, (28)

where u' € W, 1 is a cut-off function (i.e., smooth function such that 0 < n < 1,7 =0
for xo < h+1, and n = 1 for 9 > h+ 2); in the braces, the summation is over all real
nonzero eigenvalues of the problem (2.6) while the two last terms arise if zero is an
eigenvalue; finally, ¢Z, ¢, and ¢, are some constant coefficients (depending on w).
Thus, waves are equivalent if and only if there coincide the corresponding expressions
in braces in (2.8). In what follows we do not discriminate equivalent waves and by a
“wave” we mean any of them. Then the space of waves becomes finite dimensional (in
other words, we deal with the quotient space of waves modulo Wg). Its dimension is
always even and equal to the total multiplicity 27" of all real eigenvalues of the problem
(2.6).

We now choose a basis in the space of waves subject to some orthogonality and
normalization conditions. To this end it is convenient to use the Green formula

3e/ (Aut — uAv) dz + / (Auv — ulAT) dz =
{z€ll :0<x2<h} {z€l:h<z2< R}

= /7r ([220,,u]|zo=nV(x1, ) — u(21, h)[20,,V]|g,=1) dz1 +

(8
™

+ / (03, U — U0, V) |3y—r dT1 — 3e/ (04, U0 — U0, V) |g,—0 A1

—T —T

(We supposed that u and v satisfy (2.2) and (2.3).) Let u and v be waves. By virtue
of the conditions (2.3) and (2.4) we have

ae/ (Auv — uAv) dz + / (Auv — uAv) dz =
{z€ll{:0<z2<h} {z€ll:h<z2< R}

:/ (0g, U0 — U0, V) |3y=r dx1. (2.9)

—T



In view of (2.8) the right-hand side of (2.9) has a finite limit as R — oo. The limit
can be explicitly calculated in terms of the coefficients of v and v in (2.8). Denote by
q(u,v) the left-hand side in (2.9) with R = 4o0. It is invariant under changes of the
waves u and v for equivalent ones.

For the eigenvalues u* = 4 (k? — (n+a)?)'/2 # 0 of the problem (2.6) we introduce
the solutions to the equation (2.7) in the strip II

wt = (47r|ui\)’1/26i“i’”2 exp(i(n + a)z1). (2.10)
For p* =0, i.e., in the case k? = (n + «)? we introduce solutions
w(z) = (2m) 2 exp (i(n + a)z1),
@°(z) = (27) Y225 exp (i(n + @)zy).

We now provide the eigenvalues with new numbers in order to simplify notations
in what follows. Let Ay <+« < Ar < Apyq < -+« < Agr be all the real eigenvalues of
the problem (2.6). If 0 is an eigenvalue, then A\ = Ay, otherwise Ay < 0 < Ary1. By
w; we denote the function (2.10) corresponding to the eigenvalue p = A; # 0. If zero
is an eigenvalue we put

Il

g
o
>

wr(z)

wr (1) = 0°(z). (2.11)

Let us write u ~ w for a wave u with asymptotics w (i.e., w is the expression in
braces in the representation (2.8) for u). We define the waves

+

u; o~ wj, jg=1,...,T,

S

(2.12)

i~ War—j41, j:L"':Ta

S

provided zero is not an eigenvalue of (2.6). Otherwise, j runs from 1 to 7 — 1 and

1 .
uf ~ —=(wr Fiwry). (2.13)

V2

It is easy to verify the equalities

l
;—) = _i(Sjla (2'14)

The subspace of waves spanned by u; (u; ) we call the incoming (outgoing) subspace.
Its elements are called incoming (outgoing) waves.
2.2.2 The scattering matrix

Considering solutions that belong to the class Wg, we denote the problem (2.1)—(2.4)
by A(fB) (for any real (). Let kerA(f) stand for the space of all solutions to the
homogeneous problem (2.1)—(2.4). As before, we assume that a positive 3 is small so
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that the strip {A : [ImA| < } may contain only the real eigenvalues of the problem
(2.6). As was shown in [6] (see also [7]) dim ker A(—f3)/Wz = T. In other words, there
exist T" solutions to the problem linearly independent modulo W3. Moreover, one can
choose Y1, ..., Yr in kerA(—(3) such that

T
meu,’;-l-Zsm”u; form=1,...,T. (2.15)

n=1

The matrix s is unitary and is called the scattering matrix.

A few words on the definitions of waves and the scattering matrix. We emphasize
that the waves u% in (2.13), too, are considered as incoming or outgoing. Therefore,
one can state the problems with radiation conditions and define the scattering matrix
even at the threshold values of the parameter k. In particular, such a “threshold”
scattering matrix was used in [1] to describe the asymptotic behavior of the scattering

matrix near the threshold. It will be of use in what follows (for the same purpose).

2.2.3 The augmented scattering matrix

To define the matrix we introduce into consideration the waves corresponding to the
imaginary eigenvalues of problem (2 6). Let A7 1, A7,0, ... stand for these eigenvalues
numbered so that Im/\+ > 0, Im\j,; <ImAj,, <...,and )\+ = =, . To every )\i we
associate the solutlon w of the problem (2.7) deﬁned by (2 2.1). Let v be a p0s1t1ve
number different from Im/\i, j=T+4+1,T+2,..., and such that 0 < 8 < 7, 8 being
chosen above. Assume that /\i for j = T +1,. M are all the eigenvalues of problem
(2.6) that satisfy 8 < \Im/\i\ <.
A function u € W_, is called a wave if

u=n Zc]wj = Z (cFwi +cjwy)| +u, (2.16)

j=T+1

where v’ € W,, ¢;, c;-t are some constant coefficients, and 7 is the same cut-off function
as in (2.8). By definition, waves u,v are equivalent, i.e., u ~ v, if u —v € W,. We do
not distinguish equivalent waves. The dimension of the space of waves is equal to 2M.
Put

uf ~ 27wt Fiwy), j=T+1,...,M. (2.17)

The waves u, j = 1,..., M, defined by (2.12), (2.13), and (2.17) satisfy the relation
(2.14). The u} and u; are called incoming and outgoing waves, respectively. There
holds the equality dim kerA(—v) = M. One can choose elements Y7,..., Yy, in the
space ker A(—+) such that

M
Yoo~ uf + Y Spntt,, m=1,..., M. (2.18)

n=1

The matrix S depending on 7 is called the augmented scattering matrix (ASM).



2.2.4 The existence criterion of surface waves

Any function u € kerA(vy) with positive v is said to be a surface wave. In other words,
u satisfies the problem (2.1)—(2.4) and admits the estimate u = O (exp(—~x2)) as
T9g — +00.

Let 0 <~' <* and let 4/ differ from ImA\7, , ¢ =1,2,.... The ASM defined for
A(—~7) will be denoted by S,;. Assume that S.; is of size M; x M;. It is obvious that
My > M.

We write S,2 in the form

Syz = (IS¢ llij=1.2;
where the block S99 is of size (My — M;) x (My — M;).

The existence criterion for surface waves reads
dim kerA(y') — dim kerA(y*) = dim ker(S(s) — 1). 2.19)

(

We comment on (2.19). If dim ker(S(s2) — 1) > 0, then there exists u € kerA(y") \
kerA(7?). Thus u is a surface wave that admits the estimate v = O (exp(—~'z,)) and
does not satisfy u = O(exp(—~%z3)). In particular, put v* = 8 > 0, where 3 is the
sufficiently small number chosen above. If one can take 2 > (3 such that

dim ker(Sp9) — 1) # 0, (2.20)

then one proves the existence of a surface wave.

3 Asymptotic analysis of the problem

3.1 Model with a small parameter

In order to make the problem (2.1)—(2.4) available for asymptotic analysis we introduce
a small parameter € into the model. We assume that a wave field satisfies the equation

(V2 + k() x (21, 32, €)) (w1, T2,6) = 0 (3.1)
for 5 > 0, x5 # h(e); the quasi-periodicity condition (2.2); the contact conditions
'(U(.Tl, h(é’) + 07 8) = '(U(.’El, h(E) - OJ 6)7

ow(xy,h(e) +0,e) %an(xl, h(e) —0,¢) (3.2)
8352 N 8x2 ’
and the boundary condition (2.4). Furthermore,
N 1, To > h(E),
X(#1,22,€) = { N(e) + acos(z1) + beos(2x1), 0< xo < hle), (3.3)
la| +[b] < 1.

We suppose that
E*(e) = (n+a)* — A%* + ...,
h(e) = hie+ ..., (3.4)
N(E)=1+Nie+...,



where n = 0,41,+2,.... The first asymptotic expansion (for £?) is in powers of &*
while the two other expansions are in powers of ¢.

We now explain the expansion (3.4) for k%(g). The asymptotics of solutions to the
problem (2.1)—(2.4) (as x5 — o) changes its form at the points k¥? = (n + «)? which
are called the thresholds. So it is convenient to consider k?(¢) as a perturbation of a
threshold value. The scattering matrices will be defined in terms of solutions to the
problem (2.1)—(2.4) subject to some orthogonality and normalization conditions. Such
solutions depend on the parameter (k? — (n + «)?)%/* that can be taken as a natural
small parameter in the problem, i.e., we assume that (k2(g) — (n + )?)Y4 = O(e).

There is another hint at the expansions (3.4). It is known that if a = 0, b = 0 in
(2.5) and the dispersion relation

22 =wd VY k>N — o?(tan hv/k?N — o2)~!  for D-problem at x5 = 0,
B VEZN — o? tan hv/k2N — o? for N-problem at x5 = 0
(3.5)

holds then, generally, there can exist surface waves. (They always exist for the N/-
problem and arise for the D-problem, too, under some additional condition.) Near the
threshold k = |a| the relation (3.5) admits a solution of the form k = |a| — kse* + ...
with ks = |a|(aNihy)?/2 for any N; and h;.

In what follows we restrict ourselves to considering the case k2(g) = (1+a)? — A2%e?
with small positive €. In other words, we deal with k%() close to the threshold value
k%(0) = (1 + )2

Moreover, we look for a surface wave in kerA(f3) \ kerA(+y) with a positive § and =
such that # < 7 while the strip 0 < ImA < [ contains two eigenvalues of the problem
(2.6), and only one eigenvalue belongs to the strip f < ImA < 7. Thus, the augmented
scattering matrix is of size 2x2 and the existence criterion reads

Spl(e) = 1. (3.6)
Since S(g) is unitary, this is equivalent to the equations

512(5) = O, IIIISQQ(E) =0. (37)

3.2 Contrast dielectric grating

First we consider the case of a contrast dielectric grating under the assumptions that
in (3.3) we have b =0, N(¢) is equal to N and is independent of ¢ while N # 1 (which
is contrary to the last expansion (3.4)). One can show that in the A'—problem

_ (i—=1)y/A/2a 5
812(6) - 6(1 + 204)1/4(]\7 - 1) +O(8 ):
2A
ha(l+ a)2(N — 1)

(3.8)

Sp(e)=i+e +0(e?).

It means that Sy (g) # 1, and there is no surface wave. We dropped details of the
analysis because they are similar to the reasons given below.



Note that in the D—problem we have

which leads to the same conclusion.

3.3 Weakly contrast grating

The formulae (3.8) are valid provided N —1 # 0. In the case N(¢)—1 = 0O(¢) ase — 0,
the grating is called weakly contrast. We now assume there hold the expansions (3.4)
and seek the asymptotics of Sa(g) as € — 0.

For the same « as in Section 2.1 we consider two problems Ay(y) and A(y). Here
Ag(7) stands for the problem (3.1)—(3.3), where k£ = (1 + a)?. Emphasize that Ay(7),
too, depends on ¢ in accordance with (3.1)—(3.3).

Let S(¢) be the augmented scattering matrix for A(y) and s(¢) is the scattering
matrix for Ay(7y). The asymptotics of S(¢) as ¢ — 0 will be found in two steps. First we
describe the connection between S(¢) and s(¢). After that we derive the asymptotics
of s(e). To compare S(e) and s(¢) we consider the basis {Y7, Yo} in kerA(—7) (see
2.15). Then we express the basis waves u;t corresponding to A(—y) by means of those
corresponding to Ag(—7).

We need some new notation. Let Uji, 7 = 1,2, denote the solutions to the equation
(2.7) with k2 = (1 + )? — A%e* defined by

1

VAT |G|

with AT (e) = +1/k2(¢) — a2 and

UL (21, 29) = exp{ioy T i(1 + 20 — A2eh) 2.} (3.9)

U (z1,35) = exp{i(1 + a)z; He 2% T e’ o] (3.10)

1
\/47T‘)‘1|

with Af(e) = £1/k?() — (1+ )% From now on by uj, j = 1,2, we denote the
solutions of equation (2.7) with k? = (1 + «)? defined by

1
+ _ : : 1/2
ui (z,22) = exp{iazs Fi(l + 2a) “ x5},
47| A5 (0)]
1 , :
uF(ry,19) = ——exp{i(1+ o)z }(1F izs). (3.11)

vVamr
We have
(20M)Y2e(1 + ) USE (21, 29,6) = uf(x1, 20) + uy (21, 22) £

+ A?(ug (21, 72) — uy (71, 12)) + O(ex3),
UE(z1,20,6) = ui(w1,12) + O(c'2). (3.12)



The element Y, in the basis of kerA(—+) takes the form

uy 1+ Ag? 1 — Ag?
Yalay, 25,8) = = [(2A)1/2(1 ) 52O gryEa - i)]
uy uy 1 — Ag? 1+ Ae?
+ ?5512(5) + ? |:—(2A)1/2(1 n Z) + 522(5)—(2A)1/2(1 — ’L):| + ..., (313)

where the dots stand for a term that is O (e~ 7*?) uniformly with respect to €. This
expression hints that we should compare Y, with an element in ker Ag(—7) of the form

n(w1, 29, €) = e ug (21, 22) + e uy (21, 29)512(€) +
+& tuy (71, 72)892(8) + ..., (3.14)

where the dots are of the same sense as in (3.13). Combining (3.13) and (3.14), we
obtain the equalities

S
€ 12(5) — 812(6) + 0(54 ]0g2 g) (315)
(1+7As2 s (E)i)
(2A)172(1+1) 2285) (20)172 (1—3)
and
1—Ag2 1+Ae?
(7, -+ 522(5)%>
1/2(144 1/2(1—4
(2A)172(144) CAYRA ) 522(€) + O(e" log’ ¢). (3.16)

14Ae? 1—Ag?
(@it + 2 e
We now turn to the asymptotics of s12(g) and sx(g) as € — 0. We seek it in the form
s12(€) = 8%y +esly + 255 4+ ..., Saa(€) = 89y + €5y + 2559 + ... . (3.17)

Represent 7 as the asymptotic series

N(z1, T9,6) =€ Z Cm (xl, %) g™ for0<xy <eh
m=0 (3.18)
n(x1,T9,6) =€ ! Z N (z1,22) €™ for z9 > eh

m=0

Using the procedure of matched asymptotic expansions (see Appendix A), we arrive
at the relations

312(5) = —2i€Q + 0(52)5

3.19
s92(e) =1 —2e2P 4+ O(&%), (3.19)
where
_ 1+a)? a
Q_ hl%(1+2a)1/427
. (1+a)* o
P = ‘Q|2 — 'théﬂ(l + a)2 <h1%mz + Ni+ (320)

+ hyee(l + 04)2%2 ((4|a1|)1/2 MG +411a)1/2>) ‘

10



Taking into account (3.19) and (3.15), (3.16),

_ (80 @
SulE) = 577 15 p T OO (3.21)
A-P '

Sao(e) = (—z)A P + O(e).

3.4 Verification of the equality Sy =1

Since ReSy > 0 due to AImP < 0, it is sufficient to check the solvability of the system
consisting of the two equations in (3.7). We rewrite the system in the form

Q = (bl(QaAvg)’

A= By(Q, A, 2) (3.22)

with .
®,(Q,Ne)=Q — ﬁ(l\ + P)Sia(e),
Im{SQQ(E)}

2|P|
The asymptotics of S(¢) as € — 0 enables us to show the mapping (Q, A) = ®(Q, A, ¢)
is a contraction (uniformly with respect to ) in a neighborhood of the point (0, |P|).

Moreover, the disk centered at (0, |P|) with radius of O(¢) is sent into itself by the
mapping ®. Hence there exists a fixed point (Q*, A*) of the mapping. It is clear that

D2(Q,Aye) = A+ ((A+1QF)* + [ImP[?).

Q7+ [A" = |P[| = O(e). (3.23)

The existence of the fixed point implies the existence of a surface wave. From the
relations (3.20) and (3.23) it follows that the surface wave arises for the grating with
coefficient @ in (3.3) vanishing as ¢ — 0. The coefficient b in (3.3) may be chosen
arbitrarily; the point (0, |P|) depends on b in accordance with (3.20).

4 Rigorous coupled wave approach: analysis and
numerical results

In this section we discuss a numerical implementation of the existence criterion. We
examine numerically the function

depending on all parameters of the problem. Recall that the block Sy is of size
(M —T) x (M —T), where 27 is the number of real eigenvalues of the problem (2.6)
and 2M is the total number of eigenvalues of the same problem in the strip [ImA| < 7
(see Section 2.2.4).

The manifold(s) in the parameter’s space at which the function (4.1) vanishes for
some M corresponds to surface waves. The trivial case of such a manifold arises if

11



the function yp in (2.5) is a constant and the rest parameters are constrained by the
dispersion relation (3.5).

In what follows we present some numerical results concerning non-trivial cases of
arising of surface waves. We examine the planar grating model (2.1)—(2.5) with the peri-
odic modulation which admits the rigorous coupled wave approach (see Appendix B.1).

The function (4.1) can also have local minima which are close to zero. The waves
whose asymptotics as o — 00 contain growing exponents with small coefficients arise
if the parameters belong to a neighborhood of such a minimum. Such waves are called
“quasi-surface waves”. Apparently, in applications these waves are of the same impor-
tance as the “pure” surface waves. We also discuss the example of such kind.

To be specific, we consider the N -problem only and assume that the constant e is
equal to one.

4.1 Numerical results related to the model (3.3)—(3.4)

First consider ASM corresponding to the same numbers 0 < v < 3 as in Section 3, i.e.,
5(12) and 5(22) are scalars. Fig. 4.1 shows comparison of the asymptotic results (3.21)
with the numerics.

¢|m 822 3
: ﬁ're 822
Tim 812
e=04
- ; ; j i ; ;
0 0.5 1 1.5 2 0 05 1 1.5 2
A A

Figure 4.1: Entries of ASM as functions of A for the model (3.3)—(3.4): comparison of
numerical results (solid lines) with the asymptotic formulas (3.21) (dashed lines) for
different e-s. Other parameters: a=1,b=1, Ny =1, hy = 0.1, a = —0.1.

Figure 4.2 shows the function (4.1) depending on a and A while b = 0. The rest
parameters are fixed.

It is seen that the function (4.1) is close to zero in a neighborhood of the point
(0, |P]) (see (3.20) and Section 3.4). This coincides with the results of the asymptotic
analysis of Section 3. However, the fixed point of the contraction (3.22) is (0, P*): the
function (4.1) has no zeros if a # 0 (see the right-hand part of Fig. 4.2). Therefore,
only the trivial case of the existence of surface waves is observed in this example.

12
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Figure 4.2: Left: The surface of logarithm (with the minus sign) of the module of
function (4.1) for the model (3.3)—(3.4) depending on a and A; Right: The cross-section
of this surface by the plane a = 0.01 (solid line), dashed line shows log |Si2(A)]|,—g.0;-
Other parameters: b=0, ¢ =0.01, Ny =1, hy = 0.1, « = —0.1.

Now apply the numerical approach to the problem more general then (3.3)—(3.4).
Namely, let in (3.3)

6
X(x1,29,€) = N(g) + acos(z1) + beos(2z) + Z cjcos(jzy) (4.2)
=3

for 0 < 9 < h(e). Fig. 4.3 shows numerical evidences of the existence of surface waves
for a = 0 provided one of the Fourier coefficients b, c3, ¢4 differs from zero. It is seen
that the real and imaginary parts of the function (4.1) vanish simultaneously. This
implies the existence of a surface wave.

Fig. 4.4 shows the location of curves in the plane of parameters which correspond
to zeros of the function (4.1), i.e., to surface waves. In the left-hand part of this figure
the parabolic line in the plane (b, A) is seen. This parabolic line is in agreement with
the formula (3.20) of the asymptotic analysis in Section 3.3. The right-hand part of
the same figure shows that a surface wave arises under a similar dependence between
A and one of the other Fourier coefficients (say, ¢4) in (4.2).

In Section 3 we did not work with the situation where the block S(;1y of ASM was
of size T greater than one. Now we discuss numerical results related to certain cases
with 7' > 1 (see Fig. 4.5 and Fig. 4.6).

In Fig. 4.5 a few examples showing the non-vanishing behaviour of the function
(4.1) depending on A are listed. In all these examples the size T' of the block S(;1y of
ASM is greater than or equal to the number R of the first non-zero coefficient in the
Fourier expansion of the periodic modulation. The natural hypothesis is there are no
surface waves in this case. Fig. 4.6 shows two examples corresponding to the inequality
T < R: every of them manifests the existence of surface waves.

13
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Figure 4.3: The function (4.1) for the model (3.4), (4.2) depending on A; the solid lines
are used for the real and imaginary parts of this function, the dashed line shows its
module. Left: b=1,¢; =0, 7 =3,...,6; Middle: b=0,c3=1,¢; =0, j =4,5,6;
Right: b=0,cs =1, ¢; =0, j = 3,5,6; Other parameters: € =0.01, Ny =1, hy =0.1,
a=-01,a=0,T=1, M -T = 4.

0.082
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Figure 4.4: The function £ = —log|det (Sgg) — 1) for the model (3.4), (4.2): the
brighter point the larger = is. Left: The function = depending on b and A provided
¢c; =0,7 =3,...,6; Right: The function = depending on ¢4 and A provided b = 0,
c; =0, 7 =3,5,6; Other parameters: ¢ = 0.01, Ny =1, hy = 0.1, o = —0.1, a = 0,
T=1,M-T=4.
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Figure 4.5: The function (4.1) for the model (3.4), (4.2) depending on A; the solid lines
are used for the real and imaginary parts of this function, the dashed line shows its
module. Left: b=1,¢;=0,7=3,...,6;T =3, M —T = 4; Middle: b =0, c3 =1,
¢;=0,7=4,5,6;T=3, M—T =4; Right: b=0,c4=1,¢; =0, 5 =3,5,6; T =5,
M —T =T7; Other parameters: € =0.01, Ny =1, hy =0.1, « = —0.1, a = 0.
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Figure 4.6: The function (4.1) for the model (3.4), (4.2) depending on A; the solid lines
are used for the real and imaginary parts of this function, the dashed line shows its
module. Left: b=0,c3 =1,¢; =0,7 =3,56;T =3, M —T = 4; Right: b =0,
c6s=1,¢=0,5=3,4,5T =5 M—T =7; Other parameters: € = 0.01, Ny =1,
hy=01,a=-01,a=0,T=1, M -T =4.
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We formulate the following conjecture based on the above observations.
Conjecture: let in the model (3.1), (3.2) and (3./) the periodic modulation be given

by

( ) 1, xo > h(e),
X1 22,€) =\ N(e) + >0 vi€ ™, 0 < a5 < hie)

and let the total multiplicity of real eigenvalues of the problem (2.6) be equal to 2T.
Then a surface wave arises for such a grating if vo41 = ...vepr = 0.

4.2 Grating with characteristics oscillating in z-

We now turn to the analysis of the grating (2.1)—(2.5) with the refraction index (2.5)
of the form

Xo(z1,22) =1+ N + acos(z; + wxe) + bcos2(x1 + wxa), |a|+ b <1+ N, (4.3)

provided some grating parameters are constrained by some an additional (dispersion)
relation. The motivation for introducing of this additional relation is based on the
analysis in Appendix B.2.

In Appendix B.2 a more general model is examined under assumption of smallness
of the Fourier coefficients of periodic modulation. As a result, the entries of ASM are
given as St + €S4 + ... with explicit formulas (B.11) and (B.12) for S and Sha.
To verify the existence criterion one has

SO =G, SV =0,..., n=1,...M (4.4)
(we assume here M = T +1). The first equation in (4.4) yields the dispersion relation

‘AM‘ = XxO )M tan(aMh) . (45)

Note that the analysis of Appendix B.2 is also motivated if w > 1 since 5’7% =
O(1/w) as w — oo. Therefore, the assumption of smallness of Fourier coefficients is
irrelevant for the motivation.

The numerical results for the model (4.3) with parameters constrained by the dis-
persion relation (4.5) are presented in Fig. 4.7. The entries |Sga — 1| and | Sy | are shown
depending on wh in the right-hand part of Fig. 4.7. It is seen that these entries display
synchronized oscillations in wh independently of a. The appearance of oscillations in
wh is explained by the analysis in Appendix B.2. The left-hand part of the same figure
shows that these oscillations correspond to relative minima of the function (4.1) in
neighborhoods of the points wh = 2xl, | # 0. Thus, the model with characteristics
oscillating in x5 exhibits the existence of quasi-surface waves in the the non-trivial case

a # 0.
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Figure 4.7: Left: The surface of logarithm (with the minus sign) of the module of
function (4.1) for the model (2.1)—(2.5), (4.3), (4.5) depending on a and wh; Right:
The cross-section of this surface by the plane @ = 1 (solid line), dashed line shows
log |Si2(wh/m)||,—,- Other parameters: b=0, N =1, a=-01,T=1, M =T +1.

5 Conclusion

In the paper we dealt with the periodically modulated planar diffraction grating and
concentrated on the problem of existence of surface waves whose amplitudes vanish
exponentially apart from the grating. The universal existence criterion was formulated.
It was applied to the asymptotic analysis of a model with small parameter and to
numerical investigation of planar gratings. Evidences of the existence of surface waves
have been given.
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A Construction of asymptotic expansion for s(¢)

We substitute series (3.18) into the problem (3.1)—(3.2) with k%(e) = k3 = (1+«)? and obtain
the sequence of problems (m =0,1,2...)

0%Cm

= —(02, + k3[1 + acos(z1) + beos(221)])m—2 —

— k3 N1C¢m—3 — kg Nolmea, 0<y<hy, (1 =C2=C(3=0, (A.l)
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where (,, satisfies the quasi-periodicity conditions (2.2); Ny, Ny are the coefficients in (3.4),

0
oy y=0
_aCm a77m—1
= + F,,_ 0, S , A3
OY ly=n, Oxy |pg 2(Thn—2 o) (A.3)
77*1 :’[”72 = 0’ Ffl = F,Q — 0
with 2
0
F0(770) =hiee _7720 )
O0xs 29=0
0? 9
F1(770;771) = hi® _7721 + h%ae/2 720 ,
8-7/'2 z9=0 8_'];2 29=0

etc. The function 7, satisfies

(A.4)
the condition (2.2), and
ONm . 1 0¢mq1
0z |, "= Oy v fm—1(m—1,---,1m0) (A.5)
f—l = Oa
with o2
o
fo(mo) = h1 ;
o3 29=0

m hi 8o

no) = by 2T hi 8°mo
Ji(n1,m0) 1 953 $2:0+ > B3
&1y hi 8*m B} 8'no
oz3 2y 2 ox3 2p—0 O o} xz:O’

and so on. Besides, for large z2 ~ M|loge| we have the matching condition

)
xo=0

fa(n2,m,m0) = b1

no(z1,x2) ~ ug (x1,T2) +ul (T1,72)8% + uy (21, 22)53, (A.6)
N (T1,T2) ~ uy (T1,T2)sT + uy (x1,12)s0y, m> 1, '
which follows from (3.14).

From the contact condition [7]|z,=r,e = 0 we deduce

Cm(z1, P1) = Nm(21,0) + Yo 1 (Dm—1,---,70)

(A.7)
with
v_; =0, LI’0(770) =h gzz 3:2—0’
1(n1,m0) = ha o nom ’
0xo 29=0 2 Bx% 22=0
2 (n2,m1,m0) = M g—zz - %% ?92—:;7%1 290 %? %3—;730 z2:0’
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and so on.

The homogeneous problem corresponding to (A.1)—(A.3) always has a nontrivial solution
which is an arbitrary function in 1 subject to (2.2). The solvability condition for the problem
(A.1)—-(A3)

aCm—H

/{ .t E3[1 4 acos(x1) + beos(221)]) Gmot (21, 1) +

+ k'gNlCm_Q(.'El, t) + k§N24m_3(.Z‘1, t)} dt. (A8)

Thus, we obtain the boundary condition for 7, combining (A.5)-(A.8). The procedure of
finding (,,, and 7y, is as follows. We first obtain (,, from (A.1)—(A.3) up to a solution of the
homogeneous problem. Then we use (A.4)—(A.6) to find 7,,. Finally, with the help of (A.7)
we eliminate the arbitrariness in the choice of (,,,. Let us implement this plan for the three
first terms.

For the leading term we find

Ino _ _exp[i(l + a)z1] expli(l + a)z1]
61'2 a0 - 0a770(371>$2) - \/7? aCO(Ilay) - \/7_1' ’
5(1)2 =0, 382 = L (Ag)

For m = 1 we obtain

om (1+a) o, 4 e Do,
vin — i ez( —I—a)a:la 4+ efamig 4 ez(a 1)$1b+ 6Z(a+3)$1b,
3.7,‘2 Z2=0 ! 2\/7_'(' [ ]
m(z1,z2) = b_yw™ (21, 22) + by uy (T1,T2) + by uy (21, 72)
+ bowy (z1, 32) + bywy (31, 32),
G(z1,y) = m(z1,0),
whereu , 7 =1,2, are defined in (3.11) while w;* satisfies (2.10) with u* = +(k*—(n+a)?)'/2.
Be51des
- . (1+ a)? _ B (1+ a)?
bl —zhlae(1+2a)1/4a, b2 —0, bz—hl%(3+2a)1/4a,
(1+a)? (1+a)?
b_1 = hi@——"bb3 = hje-——————
3%2 = b;, 3%2 = b; =0. (A].O)

For m = 2 a bit more tedious calculation leads to

% —w(_h &) (1—|—Oé)2 2 + ( ’ T4
023 |,—g  Vam ! (B+20)/427 " (1+2a

@)

)1/
(1+a)2b (1+a)? b
T3 B a

—b3 + ...,
(4]e)!/

2(1 N
+2(1 +a)*Ny + (8 1 40) /32
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where the dots stands for the terms not needed for computing s2,, s3,,

n2(w1,T2) = c_1w"_'1(:c1, T2) + c_3wf3(ac1, T3)
+ coowly (w1, 22) + ¢y uy (21, 22) + ¢y uy (21, 22) +
+ cowy (71, 2) + cswy (1, 22) + caw]f (21, 32) + cswd (z1,72)
with

(1+a)? o*
1+ 2a)/2 2

0% (i )]

. 1+a)?® o
i (hlae((ia)a—-l—2N1+

¢y = hize(l + a)? [—hwe 31 20)172 2

sy = 1y 532 = Cy - (A.11)

B Rigorous coupled-wave approach for planar grat-
ing
B.1 General algorithm

Consider the planar grating (2.1)—(2.5) whose periodic refraction index xo(z1 + wzs) in (2.5)
is expanded into the Fourier series

Xo() =1+N+) el (B.1)
1£0

Inside the layer 0 < z9 < h, we seek a solution of the form

o0

u(z1,z2) = Z )Ty (1,). (B.2)

n=—oo

Note that the quasi-periodicity condition (2.2) is automatically satisfied by the series (B.2).
Substitution of (B.2) and (B.1) into the Helmholtz equation inside the layer leads to the
system of ordinary differential equations

up(z2) + + [K2(1 + N) — (n + @)?] up(z2) + &° Z Up 1€ D924 (15) = 0, (B.3)
l#n
n=0,%1,..., for the unknown functions u,, in (B.2).

By the substitution u, () = e@™T®)%2y, (14) system (B.3) is reduced to the system with
constant coefficients

vl (w2) + 2iw(n + a)v), (z2) + (B.4)
+[F(1+N) = (14 ) (n+ a)*] vn(@2) + £ Y vn_ywi(z2) =0,
I£n
whose solution is of the form
Up(z2) = Z ey, (B.5)
1
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where (ip; {vn}0 _ ) are eigenpairs of the matrix

( 0 E ) A=lanl, an=—kvo— K1+ N)—(1+w)(n+ )0,
A B)’ B= ||bnl||, b = —2iw(n + a)6nl,

FE is the identity matrix and §,; is the Kronecker symbol.

The coefficients ¢; are to be found by matching the solution (B.5) with the boundary
conditions (2.4) and with the solution outside the grating.

The series (B.2) must be truncated in order to keep into consideration only those Floquet
waves which correspond to the eigenvalues in the strip 8 < ImA < 7. Let as before M
stand for the size of ASM. Thus, the m-th row of the ASM (1 < m < M), together with

2M unknown coefficients cl(m), is determined by the following linear algebraic system of size

3M x 3M:

( 2M ) d 2M .
St g, | =g or LS gt ey,
=1 22=0 T2

=0

r2=0

2M

=1
2M
R

dr L
[ Y2 =1

- (v,g+>5mn + Smnv,g—>)

xo=h xo=h

1 d
_ = (+) (-)
ro=h e d.TQ (Vm 5mn + Smn Vn )

n=1,..., M, (B.6)

Uni

7
xro=h

where the functions V,;f(z9) are the Floquet waves without factors e*("te)e1,

B.2 Analysis of weakly—modulated grating
Now suppose that the Fourier coefficients in (B.1) are small:
XO(y)=1+N+eZule”y, ek 1. (B.7)
1£0

Then the matrix corresponding to system (B.3) is

(;1)0 Jg)“(AI(OxQ) 103) (B.8)

where Ay = || — 02,0nl, 02 = k*(1 + N) — (@ + n)? and Ai(z2) = |lan(z2)|], an(z2) =
—k2v,_e(n=022 Application of the standard perturbation technique to system (B.3) shows
that the spectrum of the unperturbed matrix in (B.8) does not change in the first order of
perturbation, and

un(x2) = A,(I())e"‘f’””2 + B7(lo)e_i””mz + (B.9)
. A%l) 107, T2 B7(ll) 100 T2
+k2€zyn_jezw(n—l)$2 [ e — . e — - + 0(62)
2 (0 +wn—3))" — 2 (0 —w(n—3)) — o2

with unknown coefficients A%O’l), 7(10’1).
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Outside the grating the solution is VT%H + ZM S’mnVn(_), where exp {i(n + o)z, }Véi)

n=1
are Floquet waves. Let us seek the entries of ASM as series
Smn =Y _ Siihel. (B.10)
J=0

Now one can satisfy the contact and the boundary conditions (2.3) and (2.4) in powers of €.
To shorten, we discuss the procedure for the A/-problem only.
In the leading approximation Sr(,?% and A%O) = szo) = Cﬁ,?% are obtained from the system

CQ) cos(onh) = (5mnv,§+> + 55321) :
xro=h
d
— 0) - (+) 4+ 50
&0, Cyr sin(oph) - ((5mnVn + Smn> et

Therefore, in this approximation the scattering matrix is diagonal

o _ _9ix,h 1A — &0y tan(oph) " 2 S B.11
St Omne iXn + 0y, tan(o,h) or An>0, (B
Sr(r?r)z = Omn ?e‘in‘h [ An] + @ tan(onh)] + e AP [ Ay| — o, tan(os b)) for A2 <0,

ieldnh |\, | + oy, tan(aph)] — e Anlh |\, | — oy, tan(o, b))

where A2 = k? — (o + n)? are eigenvalues of the problem (2.6).
We also have
Vn_jC(O)

mj x

(1) — 42k’D;"
St ek ; [(Uj +w(n—j))? - ‘7721] [(Uj —wn—j)’ - 0’21]

X {eiw(n*j)hcos(ojh) X

X ([UJQ- — 02 +wi(n— j)Z} [on tan(ojh) — ojtan(oph) +iw(n — 7)] +

+ iwojloj — op tan(oyh) tan(ojh)]) +
+ w(n —j)a?-/cos(anh)} , (B.12)

where D, is the same denominator as in (B.11).
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